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1. A..ctivity -f t ...... he!...Israel# i ... te am. 

During this period the Israeli team has carried out the folowing 
tasks, along thP proj ect plan: 

(i) The theoretical approach to identify the aquifer properties
and the natur-al recharge undEr unsteady conditions developed durin 
the precedinci period has been applied to a portion of the Israeli 
Coastal Aqui fer. The analvsim and !:he result arc presented in tho 
f:irs: Appendix of this report. The mat,_r-ia C has been accepted and is 
due to be publ i shed as an art i cIe 3 n the j ournal Water Resources 
Research. 

(ii) Collaborative work has been carried out with the Portugaese 
team during its visit in Israel toward application oF the 
methodology to the Rio Maio r aquifer in Portugal. A full account of 
this activity and of results is given below in the Portugaes team 
report. 

(i:ii) Prof. G. Dagan has visited LNEC in Lisbon in Marzh, 1988. 
Besides intensive talks Pbout the project. a series of lectures on 
the inverse problem and its solution by the methodology developed in 
the frame of the project has been given. These lectures have been 
attended by the research Leam as well as by other Portugaese 
hydrologists interested in the subject. 

During the 6-month period starting january 1, 1988, the 
Portuguese team-worked mainly in the following areas: 

(i) Collection and analysis of piezometric data of the Rio Maior 
Aquifer (January and February). 

(ii) Completion of the geology and hydrogeology description of 
the Rio Maior Aquifer. A synthesis of this description is presented 
in Appendix 2. 
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(iii) Application of the theory developed by the 
Israeli team to 
the Rio Maior Aquifer. The data information selected for this case­
study includes a 19 month sequential set of 18 piezometric head data 
and a set of 3 (out of 4 available) trarnemissi /itV values. This data 
corresponds to t:he No thern region of the Rio Maior aquifer, which
 
in this area is a confined aquifer. The Southern part of 
the aquifer

has different characteristics. being an unconfined aquifer. 
The
 
January 1988 piezometric data 
was also analyzed, being considered 
as 
an extra reference value. 

The results of the case-study will be part of a paper submitted 
to The journal of Hydrology. They are presented in Appendix & 

(iv) Two further applications of 
 the theory were carried out
 
during this period. The first one analyzes the Southern part of 
the
 
Rio Maior Aquifer. The seco d cne deals wit-i the deep quaternary 
aqui f er of AVEIRO. The results otained were not: considered
 
satisfactory, due to scarcitv of 
hydroneologic data. The two case­
studies will be further developed durino the next research ner-iod. 

(v) Dr. Lobo Ferreira and Dr. Delgado Rodrigues visited for a 
month and for three weeks, respectively, the University of Tel-Aviv, 
working with F'rof. G. Daran and with Dr . Y. Rubin, mainly on the 
case-study described i item 3. 

Reported by Drs. J.P. Lobo Ferreira and 
J. Delgado Rodriques.
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Reported under items I (ii), (iii) and 2 (v) above.
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STOCHASTIC IDENTIFICATION OF RECHARGE, TRANSMISSIVITY AND 

STORATIVITY IN AQUIFER UNSTEADY FLOW: 2. CASE STUDY. 

by 

YORAM RUBIN and GEDEON DAGAN
 

Dept. of Fluid Mechanics and Heat Transfer, Faculty of Engineering
 

Tel-Aviv University, Ramat-Aviv, Tz.Jl-Aviv, 69978, Israel
 

ABSTRACT
 

The stbchastic-analytic solution to the inverse problem in aquifer flow 

under transient conditions, which was developed in Part 1 (Dagan and Rubin, 

this issue) is applied to a section of the Israeli coastal aquifer. This is a 

heavily pumped aquifer and the input data consists of measured monthly heads, 

a few transmissivities and wells rates of pumpage and recharge. In the first 

stage, identification of the model parameters by a maximum-likelihood 

procedure (MLP), based on head and transmissivity measurements is carried out. 

Relatively small parameters' variances prove the suitability of the approach 

to the case at hand. The model parameters then serve to estimate the monthly 

natural recharges, which are compared to recorded precipitation. Furthermore, 

the M1,P estimates include that of storativity. Results are found to be in fair 

agreement with previously obtained estimates. In the second stage the spatial 

distributions or head and logtransmisslvity through their conditional first two 

moments are dcotermined, which completes the solution of the inverse problem. 

The selected aquifer is characterized by few measurements of transmissivity 

(five) and a larger number of heads (thirty five). It is found that under these 
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conditions the solution of the inverse problem is extremely beneficial in 

obtaining sound estimates for the aquifer parameters. 



INTRODUCTION
 

A solution to the inverse problem in unsteady groundwater flow is presented 

in an accompanying paper (Dagan and Rubin, this issue). The oolution includes 

the identification of recharge, transmissivity and storativity under transient 

conditions. 

The main distinctive feature of the model is its reliance on an analytic 

solution of the stochastic flow equation, aL compared with the numerical study 

of Carrera and Neuman (1986) and other works reviewed by Yeh (1986). Closed 

form, simple analytic expressions were obtained for rI, the time dependent 

head residuals variogram, and for CyH, the time dependent 

logtransmissivity-head crosscovariance, for a given exponential 

logtransmissivity covariance "unction C . An has been madeattempt to include 

as small as possible number of parameters in these expressions, and 

consequently, a parsimonious model parametrization was achieved. 

The main aim of this part of the study is to apply the newly proposed 

method to a real-life case. This task is done stagewise, as follows: In Section 

2, the hydrogeology of a section of Israel's coastal aquifer, which serves as 

our case study, is briefly described. In Section 3, the details of the 

methodology are Ilucldated. Section 11 contains the main results, followed by a 

summarizing discussion in Section 5. 

2. HYDROGEOLOGICAL BACKGROUND 

As a case study we chose to concentrate on a section of Israel's coastal 

aquifer. The coastal aquifer, of length 120 Km and width 12 to 20 Kin, 

stretches along the Mediteranean coast. The aquifer is wedge-shaped in a 
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vertical cross-section perpendicular to the coast, reaching there its maximal 

depth of 180 m'. Our case study IJslocated in the Be'er Tuvia region, which is 
on the south-eastern periphery of the aquifer - about 9 Km east of the 

coastline, and covers a rectangular - shaped area of dimenson 7x7 Km 2
 .
 

Figure I depicts a typical vertical cross-section of the aquifer, In a 

direction perpendicular to the coastline. The aquifer consists mainly of medium 

tc coarse-grai ted sand and sandstone of the Plioplelstocene age, 'i th 

sub-layers and lenses or clay and loam. The aquifer is underlain by an 

impervious clay bottom (Mercado, 1970), and is covered by a semipervious loam 

layer.
 

Tne aquifer is. replenished by rain and by artificial recharge through wells. 

The direction of the flow Is generally seaward, with some exceptions in areas 
where head dpressions were caused by heavy pumping. The Beler Tuvia region is 

such an area, in which Intensive pumpage in summertime, is followed by 
artificial recharge through wells in wintertime. The aquifer is constantly 

monitored by Tahal - Israel Water Planning Ltd., and the Israeli Hydrological 

Service. We have chosen to analyze here a period of 7 months, starting October 

1970 until april 1971. For this period Tahal has provided us with records of 

heads and pumping rates (see Sect. 4). 

3. DETAILS OF THE METHODOLOGY APPLIED TO THE COASTAL AQUIFER 

The observations vector is defined by: 

-(Y hl,k-hNk)i , i-l,..M; l-M+I,..,N-1; k-1,..,P (1)
 

h l,k "H,k-<Hl,k> ; H-H -H W 

where Ht 
(the total head), H (the well induced head) and H (the difference 

7
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between thie first two) are defined in eqs.(3-5) in Part 1. It is reminded that 

M is the number of points at which the transmisivity Tl ln Yi has been 

measured, whereas N-M is the number of points at which heads were monitored. 

Angle brackets denotes the expectation operator, whereas single index indicates 

location in space. When double indexing is used, the second one (k) denotes in 

running order the month in which the head measurement was taken. The size of 

Z is L=M+CN-1-M)P, and head residuals spatial increments are employed rather 

than h alone for rea:;cns given in Dagan (1985), and Rubin an Dagan (1987). Thus 

Z is of a dimension lesser, by unity than the number of head measurements. 

The observation vector Z is employed to identify with the aid of a maximum 

likelihood procedure (MLP) the optimal estimator ; of the vector 0, which is 

defined as follows. 

01-m y; 0,2Oy ; 03-W; 04=I y; 0,-S; 

0 6,k°JOx,k; ;07,k=JOy,k 8,k"c11,k; 8 9,k 2 O2,kc 

0 1,k 0c22,k; 011,k=HO,k; (kk1,..,P) (2) 

The first four parameters pertain to the statistical structure of Y, which is 

defined in eq.2 of Part 1. The others are the parameters of the time-dependent 

quadratic polynomial which describes tha mean recharge-induced flow given by 

eq.9 in Part 1. P is the number of periods over which heads were measured in 

the field. 

Posing the inverse problem as a maximum-likelihood procedure (MLP) was 

first suggested by Kitanidis and Vomvoris (1983), and later adopted in the 

studies of Dagan (1985), Carrera and Neuman (1986) and Rubin and Dagan (1987). 

MLP estimators are unbiased, ccisistent, asymptotically unique, of minimum 

variance, and normally distributed (Mood and Graybill, 1963). 
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MLP, in our case, requires the maximization 
of the Gaussian likelihood
 

function
 

-1 -1
 

whore Q is the covariance 
matrix defined as 9=<(Z-<Z))(Z-<Z>)T>, and is of
 

order 12. :;uperscript T denotes 
the transpose operator. Also In eq.3 we define:
 

<Z j 
 (4) 

0 i-M+,..,N-1 and all k 

The matrix Q is comprised of submatrices as follows. 

WoW..., ..wK ........ Wp
 

W1Tr
 

Q=: (5) 

Wk' * 4 Ekk, 

WT, . FP
 

The submatrix 
Q0 is the covariance matrix of the Y-measurements, which is
 

time independent, and its terms are
 

(Q)il <Yi YCxil) i,i .... M) (6) 

Wk is the crossoovarlance matrix of logtransmissivities and the heads 

residuals increments at time t-tk, and its terms are 

(d il <Y i(hlk hNK))>i l . M - + , . N I (7) 
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Ekk' is the covariance matrix of the head residuals increments at tk and tk,, 

and its terms are: 

(Ekk,)pl <(hpk-hNk )(hlk,-hNk,)> (pl-M+1 .... N- (8) 

The covariance structure given in (5) is required for a simultaneous 

identification of all the parameters in 0. The MLP in this case may, however, 

be quite cumbersome. One reason is the heavy computational burden associated 

with the mauipulation and inversion of matrices of the order L2. 

Following the discussion in Section 4 of Part 1, this problem is reduced 

considerably if we replace the process of simultaneous identification of 8 at 

all times by a sequence of P sub-processes, where in each one we identify only 

a part of a. Hence, instead of identifying _ as given in (2), we identify a 

sequence of vectors 8 where k-1,..,P and each vector pertains to one of the P 
--k
 

periods during which head measurements were taken. 8 is given by: 

(t k)=( my W, 2 Iy , S, J0,k, eIj k , Hok) (i.j-1,2)) 

and contains only 11 terms instead of 5+6P in 8 (2). 

The objective 'unction is obtained now by substituting L-N-1 in (3). The 

vector oF expected values <Z> remains as given in (4). However, it contains now 

only N-I terms, instead of the E M+(N-1-M)P] terms it contained before. The 

covariance matrix reduces to: 

SQ9 W
 

(10) 

WT
 E
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The structure of Qo is given by (6), with Cy given by eq.2 in Part 1. W is 

given by:
 

WheCyH(XiXltk)-CyH(XeXN tk (1I...M I-M+I.... N-I) (1i
 

Where CyH(X, tk) is expressed, with the aid of 2, by eq.16 In Part 1. The 
computation of the submatrix E in (10) reduces to that of any one of the
submatrires on the diagonal of Q in (5), and its terms are given by: 

(E) i:Cf(x i x itk) _ C H ( Xi ox N 9tk (12)-CH(XNXj ,tk)+CH(xN , xN, tk) (j-M+IN-1) 

CH in (12) is formally replaced by 
the variogram given 
in eq.19 of Part 
1,
 

leading to:
 

(E) ijPH(XXN tk) + rH(Xj1XN tk)- r (Xioxjitk) (13)
 

in (10) is of the 2order (N-) rather then the higher order [M+(N-1-M)p]2 
of Q in (5). It has to be computed repeatedly for each of the P identification 

subprocesses. 

The basis for the qua.si-steady analysis is discussed in Section 4 of Part 
1, and it is realized that some loss of information (in the sense of Shannon) 
concerning the parameters might be Incurrcd due to the neglect of the 
Inter-time correlation structure, i.e. by considering Ekk of' (5) to be a null 
matrix for k.k'. However, the assumption that this loss is minimal is supported 
by two observations. First, the major information concerning the values of 

II
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0,,..,6,1 at time tk can be extracted from the head measurements of that 
period. Second, the head measurements of consecutive periods may hardly be 
considered as independent realizations of a stochastic process. On the 

contrary, they are very strongly correlated over time, and thus add little or 
no information at all with regard to 01,..,0, when considered jointly. The same 

conjecture was reported by Carrera and Neuman (1986b, pp. 232), based on their 
numerical simulations. Thus it is assumed here that the possible loss of 

information is a worthwhile trade-off versus the considerable reduction in 

computatiorial cost and burden, and the possibility to obtain a quick estimate 

of the hydraulic parameters of the aquifer. 

4. RESULTS* 

THE DATA BASE. 

The data which serves for the purpose of identification is extracted from 

39 wells and only in 5 of them pumping tests were conducted. 10 of the 39 
wells are observation wells, and do not serve for pumpage or recharge 

purposes. The rest 29 wells are pumping wells, 6 of which are also recharging 
wells at times. Heads were measured monthly in 35 of the 39 wells. Employing 

the terminology of eq.A.2 ofi Part 1, we have: Nw-29, of which M,-5, and M,-2 14. 

Refering to eq. (1), we have M-5, and N-40. The head records are available for 
many years. However, in our study we concentrated over the data collected 

during the 7 winter months starting October 1970 up P-7.to April 1971, i.e. 

This data is reported In detail in the dissertation of Rubin (1988). 

A recovery period of 211-118 hours is usually allowed before heads are 

measured, and the monthly pumpages or recharges were recorded when measuring 
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the heads.
 

MLP ESTIMATES OF THE PARAMETERS.
 

Table I comprises the MLP estimates of O),my, 02 -w, 83­0 2y, 0,-I and 0,-S, 

which were obtained by employing the two different approaches discussed in 
Part 1. The first is the simplified approach, described in Appendix B of Part 1, 
in which the effect of well pumpage or recharge was smeared over the aquifer 
and incorporated in R the effective recharge. The second Is the general 

approach, in which the wells effects are incorporated explicitely, by using the
stepwise 
time records of Q k' The results for the other parameters for both 

methods are given in tables 2 and 3.
 
The important finding is 
 the fact that the incorporation of the head 

measurements in the identification 
process, 
in addition 
to the measured
 
transmissivities, 
enabled to 
obtain meaningfull estimatec 
for the parameters
 

of the random Y field. This task would have 
been otherwise impossible d, 2 to 
the fact that only five 
transmissivity measurements are at 
our disposal in the
 

present case, unlike the abundant data available in the Avra Valley aquifer 
case-study (Clifton and Neuman, 1982, and Rubin and Dagan, 1987). 

inspection of the Tables 1,2 
and 3 leads to the following conclusions: 
1. The relatively small variance of the MLP estimates Indicates an appropriate 

model parametrization, and the suitability of the approach to the case at hand. 
2. The MLP estimates of 0 1,..,0, obtained by 
both methods 
are quite close. The
 

'smearing' of 
the effect of the point source/sink terms of the flow equation 
by the simplified approach did not cause any pronounced bias in the MLP 
estimates. This is mostly due to the fact that a recovery period was allowed 
before taking head measurements. Furthermore, the wells are scattered quite 
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evenly over the aquifer, and their pumping regimes are quite similar. 

3. Close parameters estimates were obtained for 01,..,0, when applying the 

method for differenL months. This Indicates that the quasi-steady analysis Is 

justified in the pre-ent case. 

4. The MLP estlimaten of consecutive months display a certain variation, i.e. 

dispersion around their arithmetic mean. This is, however, of the order of the 

spread indicited by thtir variance of estimation. 

5. The aquifer is of relatively low variability with variance of correlated 
residuals ay about 0.19 and nugget effect w around 0.11 , which is well within 

the range 
for which the first-order approximation of the flow equation is a
 

valid aproximation, as indicated in the study of Dagan (1985b). The Integral 

scale is estimated 0=0.44 kin, which is relatively small compared to the values 

provided by Hoeksema and Kitanldis (1985). However, it is larger than the 

minimal distance between measurement points (r mn0.1 kin). Its coefficient of 

variation is about 0.2. 

6. The resulLs for O-S indicate that the storativity is a parameter of low 

variability. This conclusion is In agreement with the study of Freeze (1975). 
butbul (1983) found the values of S of that region to vary between 0.15-0.22 

as compared to S-0.2 found here.
 

7. The results given in Tables 2 and 3 lend evidence to two previously-stated 

ansumptions. First, the proximity of the parameters' estimates of consecutive 

months support, our assumption that the data they are based on do not 

represent independent realizations, i.e. different flow regimes. Consequently, 

little information can be gained by a simultaneous identification of 0 (2) at 

various tk' Second, the small change of these estimates from month to month is 
indicativ, of the gradual change of the head, and is in agreement with the 

assumptions underlying the quasi-steady analysis of the time-dependent 

1
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quadratic mean flow field given by eq.9 of Part 1. Eq.12 in Part 1 states the 
criterion for the head variogram in two-dimensional flow to adapt to its 

steady state expression, which was obtained by Dagan (1982). This criterion can 
now be checked based on the data in lable I and 5, dH1/dt being given in the 

last. Typical values for T are about 10 months. For a typical distance of 2500 

m', we get values of 9 and 2 for the left hand and right hand sides of the 
inequality (12) of Part 1, respectively, and the condition for quasi-steady 

analysis is met. 

8. The analysis based on the general model, which accounts for the local 

effects of the point source/sink recharge is in general favorable, in the sense 

of reducing mod,:l uncertainty, and this is shown below.
 

The pai'amcters of Table 2 and 
 3 difrer in their physical meaning, since 
0,,.., 010 in the simplified approach include the effect of the wells.
 

Consequently, it is best to measure the reduction of the parameters' variances 

globally, by employing Information Theory, which regards variance reduction as 

gain in information, rather then by comparing separately and directly the 
variance 
 of each parameter. Table 4 contains Shannon's (1948) index of 

information pertaining to the seven months of the analysis. This index Is 
defined by I-log det( E), where E is the estimation error covariance matrix of 
the parameters (0,=S excluded, since it is not common to both methods). 

Information is gained upon minimizing I.
 

It is evident from Table 
 1 that ignoring the local effect of the point 

source/sink terms leads to some lose of information, expressed by larger I. 
Furthermore, the additionai computational complexity of the general model is 

evidently worthwhile in light of the gain in information made available without 
resorting to additional measurements in the field. There is an additional gain 

in informatios, namely the estimates of the natural recharge and of the 



storativity and their variances, which are available only in the general model. 

ESTIMATION OF T11E NATURAL RECHARGE 

The ostimiition of natural recharge is carried out based on eq.10 of part 1 

and on the procedure outlined there in Section 6. The details and results are 
given in Table 5, covering the winter period between Oct ber 1970 and April 

1971. 

The results show that the water table at that area rose steadily by a 

total of 1.39 m' during that period. The total natural recharge for that period 
is estimated in Table 5 to be 0.055 m'± 0.0053 m'. The precipitation in that 

area can be estimated according to the data collected by the Be'er Tuvia 
meteorologic station. Th( total precipitation as measured by the station during 

the winter of 1970/71 was 0.50 m'. 

It is instructive to compare our recharge estimates with those obtained by 
Tahal-Israel Water Planning Ltd. Tahal employed two methods for that purpose 
(Morcado, 1970): The first is based on multi-seasonal and regional water 
balances. Thesc data served to calibrate the model Ri=a(Pi- ), where a and B 
are two constants. B in sometimes refered to in the literature as treshold 

rain, and P areRi the yearly natural recharge and precipitation, respectively. 

For' that area it was found that a-0.267 and B-260 (mm/year). According to 
these values, the anticipated natural recharge for the winter of 1970/71 is 
0.064 m. Different values for a and a were found when calibrating the coastal 

aquifer by an analogue computer in which each cell represeited a smaller zone. 
There it waj found a=0.1 and B-15 mm/year, which leads to an estimated R of 
0.0488 m,. ater report by Tahal (Butbul, 1983), in which the Coastal aquifer 
was calibrated by an indirect numerical method, the calibration is based on a 

i(
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only, B being neglected. There it was found a=0.1, which gives R-0.0503 m'. 
Thence, the three different values are quite close to the one we found. 

Another method employed by Tahal (Mercado, 1970) is based on the fact that 

the relationship between R and Pi depends mainly on the texture of the earth 
cover layer. P'or the coastal aquifer it was found that this relationship is 
given by Ri/Pi=6. 37 8xilO-'(2),4.558'10-'(.2)+3.45610-4 ( 3)40.0207 where njn 2 and 
rl 3 are the share (in I) of sand, red loam and clays in the layer which 
constitutes the upper cover, respectively. For that area n2-10 and n3-90, which 

leads to Ri/P 1 .0.097 or R-0.048 m' for the winter under consideration. All 
these estimate. *e in close agreement with our results. 

The data of Table I and 3 offer the possibility to estimate the monthly 
recharge to the aquifer In the area under consideration, which is given in 
Table 5. The results are Illustrated In fig.2, in which we also have 
represented the monthly measured rainfall, and they permit one to learn about 
the effects of the upper soil cover on the recharge. First, it can be seen that 
although the monthly rain vary from month to month, the rate of infiltration 

is quite steady on the average, which is generally expected due to the buffer 
effect of the unsaturated zone. It is interesting to note that the relatively 

heavy rain of April 1970 did not contribute to the recharge of that month and 
the following one, and seems to have turned into floods. This again can be 

explained by the texture of the earth cover mentioned above. 

ESTIMATIO OF THE CONDITIONAL HEAD MEAN FIELD. 

The conditional head mean field and its generalized conditional variance are 
computed by following the prucedure given In Section 3 of the study of Rubin 

and Dagan (1987a,b), with toe conditioning equations given In Dagan (19811). The 

I­
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computati(,, of the conditional head mean field for each month is carried out 

based on the head measurements of that month only, Lullowlng the discussion in 
Section 7 of Part 1 and verification of the criterion for quasi- steady 

analysis given there in section 11. The conditional mean head is calculated 

repeatedly for 112 points of a regular grid, which then serve to plot contour 

maps ( conditioning is an exact interpolator since the value of the conditional 
mean head at a measurement point is equal to the measured value and the 

conditional variance is zero).
 

To illustrate the result,,,, the head 
 contour maps for the months of October 

1970 and aprIl 1971 are given In figure 3. These maps demonstrate tile rise of 
the water table during the winter months. The water table gradient is steeper 

in the east,*corresponding to the wedge-shaped vertical cross-section.
 

The efferts of the recharging wells 
on the mean flow field can be studied 
thr.ugh these maps. Artificial recharge during that hydrologic year took place 

mainly between November 1970 and February 1971. The locations of the 
recharging wells are in the center and western sections of the aquifer.
 

Consequently, 
 the rise in the water table is goneraly more pronounced in these 
sections of the aquifer, rather than in its eastern section.
 

Figure 
 4 is the contour map of the heads for April 1971 as obtained by the 
simplified method described in Appendix B of Part 1. The quality of estimation 

of fig.4 and that of 3b (both pertain to the same month) can be compared by 
analysing the m~.ps of the conditional head variance as obtained by both 

methods, given in ,ig.5 and 6, respectively. The variance of estimation in these 
figures emanates from two sources. First, the uncertainy which stems from the 
variability of the heads and that of transmissivities, as reflected through 
their variogram, and In addition, the variance that Is caused by the
 

uncertainty associated with the MLP estimation of the parameters of 8. As can 
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be seen from Tables 1-3, 2the ratio 0 (o 1 )/(,2<<l is valid for i-I,..,IO, and thus 
justifying the first order analysis of the generalized conditional variance, 
which is described in detail in section 3 of the study of Rubin and Dagan 

1987a). 

The results of these maps are succintly summarized in fig.7. This figure is a 

hystogram of the frequencies of the head conditional variance all over the 
aquifer, without regard to specific location. It can be concluded that the
 
general metnod provides more accurate results, with an average variance of 
0.0071 m 2 vs. 0.05 m2 in the simplified method. The reasons for that are two: 
first, the goneral model is more accurate because the local effects of pumpage 
and recharge are accounted for; second, the variances of the parameters' 

estimates (Table 1) in the general model are smaller. 

ESTIMATION OF THE CONDITIONAL LOGTRANSMISSIVITY MEAN FIELD 

The estimation of YC, the conditional expected logtransmissivity and Its 
generalized conditional variance 
a 'tx) is carried out according to the 

procedure outlined in Section 3 of the study of Rubin and Dagan (1987a). These 
values are computed repeatedly on a regular grid, and the results serve to 

plot contour maps.
 

Figures 8 and 9 illustrate the contour lines of Y obtained by employing the 
simplified and general methods, respectively, based on the data of January, 
1971. Both maps display close features, and both methods captured the tendency 

of Y C(x) to grow in the northwest direction. This is in agreement with the 
wedge-like shape of the coastal aquifer, as illustrated in fig.1.
 

Figures 10 
 and I I depict the contour lines of the conditional 
logtransmissivity variance 2
 , (x) based2,, on the simplified and general methods, 
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respectively. The quality of estimation of both methods is compared In figure 
12, which depicts the frequencies of o2c(x) as computed on 112 grid points. It 
is evident that the general model performs better that the reduced model as 
far as reducing the conditional generalized variance. 

5. SUMMARY 

In the present sequence of two papers, a stochastic method to identify the 
natural recharge, storatvity and transmissivity under transient condit',ons is 
proposed. in its development, four main assumptions were adopted: Y is a 
normal random space function, the aquifer Is unbounded, a first-order 
approximation of flowthe equation is adopted theand transients are slowly­

varying. 

An advantage of the proposed method itsis relative.y easy Implementation, 
which requires only a non-linear search algor!thm. An additional one stems 
from the fact that the flow equation is solved analytically, thus saving the 
need to carry out a numerical solution theof flow equation. Furthermore, the 
estimation variances of the parameters are accounted for when estimating the
 
spatial distributions 
of H and Y, resulting in an unbiased estimation.
 

A unique feature of the 
 method is the possibility to Identify the
 
storativity and 
 monthly natural recharge by a simple analytical mean,
 
especially in light of 
 the difficulties in obtaining sound estimates of natural 
recharge, as discussed recently in the study of Johansson (1987). 

The method's main limitations are: 
(1) The requirement o2y1 (see Dagan 1985), which prevents its application to 
formations of large variability. 

(2) The assumption of unbounded aquifer, made in order to simplify the analytic 

Do
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Solution of the flow equation. In many real-life cases the aquifer's boundaries 

and boundary conditions are poorly defined, making this assumption as good as 

any. It can be circumvented though, by conditioning the head by a series of 

puints for boundaries of given head, or by images of measurements points for a 

boundary of no flux. 

(3) The assumption that the average head is slowly-varying In time. It Is 

recalled that this head is obtained after filtering the drawdowns due to point 

pumpage/discharge, and it describes the flow due solely to natural recharge or 

changing boundary conditions, which has a time scale of the order of many 

months. 

The role of the inverse solution in obtaining the above estimates was 

discussed in a previous study (Rubin and Dagan, 1987b). It was shown there that 

upon conditioning of Y on the measured heads in addition to the measured 
2,c
 

transmisbivities, the generalized variance ya is reduced compared to the 

case where head measurements are not incorporated. The present example 

illustrates this point In a dramatic way. Indeed, while in the former case of 

the Avra Valley aquifer (Rubin and Dagan, 1987b) we had at our disposal about 

50 transmissivity measurements and approximately the same number of head 

measurements, in this case we have only 5 transmissivity measurements and 35 

head measurements. These numbers by no means allows one to carry out any 

meaningfull statistical inference based solely on the transmissivity data. 

Therefore, the role of head data in the present case is not merely to improve 

estimates, but to permit the identification of the transmissivity field. It is 

believed that scarcity of transmissivity measurements, as encountered in the 

present case, is rather the rule for many aquifers. 
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Figure Captions.
 

Figure 1. - Typical vertical cross section of the Coastal aquifer in Be'er Tuvia
 

region in a direction perpendicular to the coastline.
 

Figure 2. - Monthly rain and natural recharge in Be'er Tuvia region.
 

Figure 3. - Conditional head mean field as estimated by the general method, (a)
 

October 19'10 W) April 1971. (te% -M,)
 

f igure 4. - Conditional head mean field a. estimated by simplified method,
 

April 1970. "n ')
 

Figure 5. - The goneralized variance of estimation of the conditional head mean
 

rield as computed by the general method for April 1971 ( "V ),
 

Figure 6. - Tho generalized variance of estimation of the conditional head mean
 

field as computed by the simplifled methad for April 1971 (M
 

Figure 7. - Histogram of the conditional head generalized variance.
 

Figure 8. - Conditional logtranrmissivLty mean field as computed by the
 

simplified method.
 

Figure 9. - Conditional logtransmissivity mean field as computed by the general
 

mcet hod.
 

VFigure 10. - The generalized variance of estimation of the conditional
 

logtran'mi.sslvity mean field aw computed by the simplified method.
 

Figure 11. - The generalized variance of estimation of the conditional
 

logtransmi:u:ivity mean fie!ld a computed by the general method.
 

Figure 12. - IisLogrim of the conditional logt ransmissivi ty generalized
 

variance. 
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Table 4: Shannon's I - log (dez(E)) (05-S excluded) 
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2. GEOLOGY'AND lIYDROGI OLOGYOF TilE RIO-A 1OR AQUIFER 

"he Rio Maior Iasin is located approximately 80 Rm north of Lisbon, on the border of the lower 
Tagus Cenozoic hasin. It is a small graben-like depression or a rough rectangular shape running nor­
thwest to southeast. The depression is filled up with Pliocen and Quaternary sediments, with a thick 
layer of sands at the bottom which, in the deepcst part or the basin is overlaid by a lens-shaped and 
very anisotropic sequence of lignites, clays, sands and diatoinites, commonly referred to as the lig­
nite-diaomite complex. These lignites have a certain economic value and they are the main justiri­
cation For the studies that have been carried out at the site. The underlaying layer is a quite hono­
geneous body and is composed or medium to fine-grained siliceous, while sands containing around 
10 percent of kanlinite. This layer outLrops in a dew places at the basin border where it is explo­
ited For ceramic and glass industry. It also constitutes the main aquifer oF the basin rrorn where the 

dala used in this study were obtained. 

Some boreholes were drilled down to o1w boltom oF this sand aquirer showed it to reach a thick­
ness or about 100 m in its deepest part, and to lerminale ahruplly against the graben faults.
 

The boundary formations 
 range from Jurassic to Miocene and they are composed mainly or silt­
stones, claysones, sandstones, marls and limestones. rig. I shows a sketch geological map or the 
region and Fig. 2 presents a transversal cross-section or the basin.
 

lIeneath lignite-diatomile complex, the aquirer is of the leaky type, 
as inferred from its behavior 
during the pumping tests. Outside this zone it is unconFined although no pumping test was carried 
in this area. Further inFormation on the hydrogeology oF this basin is provided in the paper by 

Delgado Rodrigues 11983]. 

The area is crossed by the snall and intermilent Caniceira creek, which joins the main water 
course, the ,laior river, in the outhwe!,ern border of the c;raben basin. The relation beten the 
Caniceira creek and the aquifer i!; not clea'uy estih ,. hiut no major contributions are expected in 

Rec'd in SCI: Alr18 



cone Iroin this suuce titleLu (liet hillII e.tel siul ul" the Creek Over Ihe aquifer and to its inlicillitellf 

harlacer. Oil the uhizer hand, it is dk',uly tablihd Ih:i the Niaiur iie is tlhV IlIIil di'.LhCIarLe 

boundary ' the alijil'cr aIlli pomanL'att Iluw ul" Ilot luss than 1,10 liler/bsee i. uslilliatled to di ,haarlc 

through it. The Illeal :annal jpliplCi iLatjill in Riu Nlaior rel.ion is about 800 man and it cc urs 

nain y betweun OtIbei :id April. 

Possible rech:arge sources of" the aquiler are precipitation over the unconfined areas, 'lov l'ron 

the lateral boujndaries anad leakage from the upper l'orm:ationas. The water flowing in the overlaying 

complex is likely to move prel'erentially in hurizontal directions discharging into the undealaying 

aquifer mostly at flh burder ol the luas-shaped complex where it merges into the underlayinB sands. 
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7. RESULTS 

7.1 Gettral C,,nmentj 

The previouly described .thet1udiliu), as applied to the northern region of thle Rio laior 
white-sand aquil',r, %hich is, in its tn.ijuslty, a 011inhled quil'er (bee Sectiun 2). Ior an overview we 
have inserted tle regiun under study ;i a squaie "licih has ain area of' 9 kin.
 

The aimos 
 o1' the study are IN,; Iullowing: (i) evaluation of the vector of parameters . which 
models the randuiti Y and II joint field, based on the limited transmissivity data and the sequence 
of head ,masuremnents taken periodically; (ii) Evaluation of the effective recharge of the aquifer; 
(iii) l awing ofl' thle giiunal m1apsbo (Y ), 0 y , (lie) and a based on the Y and i1 measure­

ment values. 

7.2 The Data 

The available data for this study consists of a 19 months sequential set of 1S piezometric head 
data measurements and also a set of (only) 3 transmissivity values.
 

The above da:l;, which 
 consists of measurenens, constitutes oua" 'hard-core' data. In addition, 
there is also the so-called 'soft data' (we Juurnel, 1986), based on the experience gathered by the 
authors about this acquiler. This telers to the flat piezolnetric surface of this aquifer (indicating small 
rechargo coming I'rin tl e top) confinilng aquilard), and above all to the high level o1' homogeneity of 
fhl hydraulic cunducti,,ity, the main lJerugeneiiy source being the thickness variation. The incoor­

poration of this dat: in the evaluation process is described in Section 6, and summarized below.
 

From the initial set of 18 
 head measurement points a first set of 14 head points was selected. This 
was lone because Suhhte of the initial i)uints are located very near to each other, forming a cluster of 
points which do not piovide additional hliad in'ormation. Finally, from the set of 14 points a se or 

9 points was selected, by eliminating 5 s'PI)usedly outliers, as indicated in Section 6. 



The finaul selecled inl'ormnalaion is founiled by tle sequence of 9 head nwasUSure mtens }n .io:a tlhly 
basis covering the priod fron January 1985 to July 1986 (19 months), and 3 ransmissivily inas­
uremens. The limircA hniorm:iion un the experimental evaluated transmissivities of the aquil'cr 
does no allow for a reliable evaluation uf the regional log-trvnsmissivi y field based on Ihe usual 
kriging piocedures, and suggests emplo)ing tihe inverse method which can interpret also head incs­

urenienlis. 

7.J Unconditmuwil Sta/ e 

The unconditiunial stage ol' the study waspalranietrs ol1.'h thedu 	
divided in the following steps: (i) Identificationrailoi V'ild, iiauiiely (Y)i 	, °W' of tlhe 

para s eI, , (i- ..19) and the covariance matrix,fur cach of" he I ) iln1hs; (ii) Avei a;gi ng Ihe araiileters of Y of the 19 mnlthis, namlely: 

M. 1' 
19 

19 

k~ determine i'l	 in S clo19 	 se 
etc., all otlher Eke being We)=z -jL--. hlere E stands for the covariance of estimation of' 
parameters and 1i -byte ML procedure outlined 4. The results of 
zelc,i(i) aire ralo e f bthe' eribu (showed in Figs.3, also=o'pssibeha4 and 5, which show masr enero.TesiI!vitinthle lime series of the maximum likelihood estimatorsresenedwith ime bfore tr-n-lie-s -'onidene
oh' (Y), 	 ink tedmoe whic ovrne the averaedovaofand0Z2rY 1, respectively, It is evidenit that the differences between months are very small, as 
should be for lhese situctural tparamiemes. Such differences are due not only to variations of the pie­ia cof (Y), o . ,nI, rai wt~id . I i evd n h he d lf r n s b tw n o hs r e y sm l 

19'q1 

sh ul b f r},rm~lus.Suhh uslu~urd il erncs ]r d eno olyIovui~li nsofIh pe 



The final results ot' tile unconditional parameters estimates and fhe covariance 1tacrix ot' the aver­
aged estimators are given in Table I. It is enilphsized tihat the smallness of the variances of' eslima­
lion retlects the aceurajcy ot the NIL idenil'icainl) procedure on one hand, and the ei't'ecc o' averag­
ing over 19 months in Eq.1 1. 

7.4 Recharge Evalualoil 

According to Table I, the nlet distributed el'tective recharge R from the top confining aquitard
is almost zero, This is due to tle 'acl tIhat the parameters related to ithe recharge, i.e. c,, aniid C22 
have small or zero vatues, The elTective techarge 'el, of the aquifer is evaluated Ithrough the rela­
tionship (see E£c,6): 

Rel., I, - S ( 1 G (c =+Caa) (12) 

where II is the expected value at' the pietumellic head of the aquifer at the origin and S is the sto­
ralivily. In our case, since cl and ell ate vety sinall, this expression may be reduced to: 

l-S dlI,,
dt 

(3) 

which indicates that the recharge thugl leakage is counterbalanced by the increase in storage. The 
value at' S was obtained by averaging the 3 available storativity measurements (located at the same 
points where the tiransmissivities were measured), Those values of S are very close to each other,
yielding the average value S - i.lxl0-O. The values wereIfo calculated tor each one of the 19 
months, based on fhe head measurements t'or each month. 

The recharge was computed by using (13), whichin dllo/dt has been replaced by All,/&t, 

att "I -1=1 month, and hasflu been identil'ied in each month by the ML procedure. Fig.6shows the time series at' the evaluated recharge for the Rio Maior aquifer, according to Eq.12. Fig.7
shows the time series t' tle precipitation in Rio Maior. Comparing both figures one observes a good
agreement between the shapes of the recharge and of the precipitation, with a delay of about two 
months for the recharge. 



7.5 Culditionilig / /ub'lralu i y )' 

The conditioning of Y was done on the measurements of Y and Ii for each one of the 19 months 
(for details of the procedure see Dagan, 1985). For this purpose, use was made of the parameters of 
Y and of the covariance matrix avera ed o cr 19 months, shown in Table 1. In contrast, for tile 
head If use was made of tile estimates or li, J J, , cl, C, and c,, from eacth of the 19 months, 
since these paraimeters naturally depend on head measurements. Finally, the evaluated monthly res­
ults for Y were averiaed for tile 19 munths.
 

Fig.8 shows 
 tile final regional log- Ir;nsmissivity map of tile aquifer, based on tile final averaged 
parameters. "1 ie milarity between this imIal;lnd tile map or Rio Maior's bed rock isolines, Fig.9, is 
emphasized. Notice that tihe tul) of the aquifer is almost horizonlal and, us referred to previously,
the hydraulic conductivity uf the aquifer is considered to be a very humugeneous one. TIhus, tile 
transmissivity of tihe aquifer is strongly curelated with the thickness of the aquifer. 

Fig 10 show tile regional mlaps of 2, i.e. the conditional generalized variance of Y (i.e., includ­ing tihe parameters estimation eriurs in ile conditioning procedure) following the procedure of 

Rubin and Dagan (19117). 

7.6 C'ondiuiig (if te heaod 

To complete tile study, the conditioning of ie piezometric heads of the aquifer was carried out 
for two different months, one in the winte; time (January 1986) and the other in the summer time 

(July 1986). 

This conditioning was doie with the averaged values of Y parameters, shown in Table I, and the 
values of II paranelers evaluated for each one of the two referred months. 

Figs.I I and 12 show, respectively, the maps of the expected values of tile piezometric heads obta­
ined for January 1986 and those obtained for July 1986. As expected the piezometric surface of the 
aquifer, in both cases, is rather flat, showing also little differences in the piezometric heads between 



- .­
summer time and winter time,
 

Finally, Fig.13 presents the 
 variances of the generalized conditional Ii for the month oh" July, 
1986. II is seen that the values of' o2 are negligible in the majority o tihe region under study, 
showing a good knuwledge on the piezwmctric hi,:ids of this aquifer. 


