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DIVISION S-1—SOIL PHYSICS

Caleulation of Hydraulic Conductivity: A Further Evaluation of Some Predictive Methods'

R. E. GREEN AND J. C. COREY*

ABSTRACT

A computational method based on the pore-internction model
of Marshall was shown to comipare favorably with modificd
methods of Millington and Quirk and of Marshall for ~redic-
tion of hydraulic conductivity vs. water content on o pamber
of soils and a glass bead system. All methods required mateh-
ing one point on the caleulated hydraalic conductivity curve
to an experimentally measured hydraulic conductivity value.
The caleulation  methods  adequately  predicted  the experi-
mentally measared values and provide satisfactory conductivity
data for many applications. An advantage of the proposed
method is ity independence of the value chosen for the QWS
nent an the porosity term in the prediction cquation,

Additional Key Words for Indexing: soil water. unsaturated
cotluctivity, infiltration, computer methods,

IN RECENT years several anvestigators have exp'ored the
possibility of predicting the hydraulic conductivity o
porous materials from pore-size distribution data. Interest
in such predictions is warranted inasmuch as the hydraulic
conductivity-water content relationship K'(#) is relatively
difficult to measure while the pore-size distribution is char-
acterized casily by the standard measurement of water con-
tent v pressure. Childs and Collis-George (1950), Mar-
shall: (1958), and Millington and Quirk (1439, 1960,
1961) developed equations for this purpose. and Niclsen
et al, (1960). Jackson et al. (1965), Sharma (1966), and
Kunze et al. (1968) have tested the equations against ex-
perimental data. Some of these tests have indicated the
superiority of the Millington and Quirk method when a
matching fuctor is used. Widespread use of conductivity
calculutions has been discouraged somewhat by conflicting
published results on the optimum value of the exponent on
the porosity term,

This paper (a) deseribes arevision of the Marshall com-
putation and (b)) evaluates the revised method and those
of Marshall and of Millington and Quirk (both modified
by the use of a natching factor) by comparing computed
values with published experimentally obtained  hydraulic
conductivities,

Equation [1] i~ a maoditied form of the Marshall and
Millington and  Quirk cquations in which the factor

U Joint contribution from the Savannah River Tab., 1. 1 da
Pont de Nemours & Co., Aiken, S.C. 29801 and the Univ. of
Hawaii, Honolulu 96822, Approved for publication as Hawaii
Agr. Fxp. Sta. Journal Series no. 1147, The information con-
tained in this article was developed during the course of work
under Contract AT(07-.2)-1 with the US Atomic Fnergy
Commission. Received Oct. 6, 1969, Approved Sept. 29, 1970,

2 Associate Professor of Soil Science., Univ, of Hawaii, and
Research Physicist, Savannah River Lub, The work was done
while the senior author was an Qak Ridge Associated Univer-
sities Research Participant at the Savannah River Lab.

K,/K,. is introduced to match the calculited and observed
conductivity at saturation. ‘This lorm of the equation is
similar to that given by Kunze et al. (19068).

Ky, = o 07 N [ -1 - 2007%]

sc pyy n =

where

Kty s the caleulated conductinity for o specitied
water content or pressure tam nung,

is the water content (e v ),

denotes the Tast water content chass on the wet

[{

end, e i I identities the pore class corre-
sponding to the saturated water content. and
i - mdentites the pore class corresponding to
the towest water content ter which conductivity
s caleulated,
K. K. is the matchmyg tactor dmneasured satinated con-
ductivity calcubated satarated condactivity b,
< 18 the surface tensien of water tdvnes o,
pois the density of water g am b
vois the gravitational constant tom see b,
A the viscosity of water te cmosee N
¢ is the porosaty comamo detied i vanious
wavs depending on the mcthod of caleulation,
2oy a parancter that acceunts tor ntetaction of
pore classes,
is the total number of pore Classes between o

-~-

O and o the saturated water content. n "
tsee tent r my o iy net vany with o depend-
ing on the caleulation methed, and

is the pressure tor o gnen class ot water-filled

h

pores (cm of H.O).

VARIATIONS IN CALCULNTION METHODS

The manner in which « and # are varied or held constant in
equation [17 leads to three methods oF 11 and 11 of caleulat-
ing KN(#). The difference between methoas 1L aed HE are
summarized in Table 1. A1l three methods involve the use of 5
matching factor, us implied by equation [1] Althooeh Marshall
and Millington and Quirk did not use matching factors, later
workers (Jackson et al, 1965, Kunze ot ol 19651 have modi-
fied the Millington and Quirk calculation to improve prediction
ability by using o matching tactor We hanve ancorporated  this
improvement to the original equation i this study

In Method I« is the water-filled porosing ot cach water con-
tent o, for which the condactivity Ao s calvulated: o is the
number of pore classes in the water content interval from zero
too . Thus, both e and o decrease as the water content decreines.
For example, if the total number of pore clisses at saturation
o LSO amy s 200 then e 2000and s 080 em®™ em™;
at 509 of saturation # — 10 and « . 025 emé em,

. : NN
IR VIRl Yl
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Table 1—Variations in the conductivity equation [1] for three methods of computation

Value of p in

Definition equatton (1] in
Method of ¢ Defindtion of n previous work Reference
1
{Modifted Marshall, with matching factor) € 0 Number of water-filled pore p-2 Marshall (1958)
variable classes corresponding to 84 Nielsen et al, (1960)
variable, Juckson et al, (1965)
Modifted Mihington and Quirk, with matching factor) ¢ o=ty Total number of pore-classes p-LO Kunse et al, (1908)
vartable Wt waturat{on; constant, p=L33 Millington aad Quirk (1959)
p-1.33 Jackson ot ul, (1965)
p 20 Sharma (196h)
m
(this paper) 8y Tatal number of sore- elasses
constant, at saturation; constant,

In Mcthod H. « is the water-filled porosity at ¢: :h water con-
tent and #is the total number of pore classes at ¢« = o tie., n
is a comstant even though the cross sectional area availuble for
fJow decreases with unsaturation), This procedure was devel-
oped by Mullington and Quirk to deseribe a larger reduction in
conductivity at low water contents than was predicted by Mar-
shall's equation. In their 1961 paper, Millington and Quirk state
that =, for the computation of unsaturated permeability the
vidue ot o taken s that of the liquid-filled pore space and the r?
senes is commenced at the appropriate pore class, that s the
fargest pore contimning liguid.™ They do not state explicitly that
the term 2 in their equation [1] cwhich cotresponas to n 2
i equastion [ of this papery ramaans constant as the value of
e ts reduced with unsataration, but the constancy of their moas
mferred in the cquations for rehaive permeabiliny ot materials
with very matrow poresize distiibutions. Inoan carher paper
CHs9), Millington and Quirk explam their rationale tor allow-
g e 1o vary with aoconstant: " The basis for the sariation of
i due 1o changes in the water setoaty which are not accounted
foran the v temm

tn Method TH, proposed heees cs the water-satinated poros
iy tre, o e and noas the ot nomber of pore classes
e oo dn this method the values of both ¢ and w reman con-
stant when At is computed for difterent values of o Our def-
imtions for e and #oatise trom Marshadl's decivation. Marshall's
madel of pore mteraction esults i sertes of 2 terms cach of
which has the coethacat (¢ a9y Q2i D, where oo 1020 0 .
Atcach fevel of unsatavieron i Method 1 takes ona new value
Co o) and mos adpusted tecorrespond 1o the number of lasses
ot war v fillod pores On the other hand i NMethod HL e n? s
comtanty e refens 1o the total po osity and o to the oral number
of interacting pore aees, reeardless of e degree of unsatu-
ration. The two approaches are consistent n concept, but lead
to the same resalts nhv when p 20 The o7 nF ermoin Mar-
shatf's equation s the product of « in Poiseuille’s equation
Cwhen apphed to porous medindy and o w7 which resolts from
the pore mteraction muodel

fnoequation [T we have wsed o0 i 1o mahe the cquation
apphaeable to the thice methods of caleutatiton performed here
Fhe exponent poan o has been assigned values of 2.0 ¢Mar-
shalbr o 13V eMiineton and Quitho. and 1O thunze et all).
Phe derivation of Mushall conld Tead o b -7 p 20 depending
on the nature of pote mteraction desenbed by the physical
madel Becanse Both danvanions aie based fargely on Parseuil
Wy Taw, which has tecopmzed inatations e poroas . media
(Plalip, 19583 the value chosen tar poappears arbitrary within
the above detined himes

In ol theee methods of compatation. o o constant at all
water contents, and the value of w ctublishes the nuaber of
pote classes tor which i S rerms e included in the calealation
Wosaturation.

A vadue of m 20 was chosen o calwubite the tesulls given
i this report as aoresolt of an ovaluation of the cffect of
changes in o (5,10, 20, and S0) on the relation between pre
dicted and measured K (o) curves. The prinapal consideration
in choasing s for the caleulations was accutate representation
of the actual water content-pressuie curve, which determines
the pressure values assigned to cach pore class. Accurate repre-

sentation of the water content-pressure curve is often difficult
with m less than 10, Caleulations showed inconsistencies in the
direction of the effect of m on conductivities at low water con-
tents: this inconsistency was apparently due to the interaction
between the effect of mon the assignment of pressure classes
and the influence of moon the bebhavior of .

The value of nin equation [} s not generally the same as
mi;, there are nowater content chisses between saturation and
ero water content, but the calcultion is accomphlished with
only the m classes which cover the experimental water content-
pressure curve. Thus with m 20 in the present stady, the 20
classes covered the water content range from saturation down
to the Jowest water content tor which expermmental data were
available. If v is the lowest water content on the experimental
moisture characteristic curve and o is the water content at sat-

uration, then the water content range is o, vy Fach pressure
cass corresponds o i standard water content increment |,
which is calculated as fotlows: / to ) 200 The param-

eter win equation [ H s then caleulated. v (o, 00) 1. [ hus,
nois the number of clusses teach baving the iagmtnde of the
standard increment) into which the wtal water content tange
from saturation to zero wan be divaded. In SURMMAFY, H <
exeept for those cases in which op =0 0. The relationship be-
tween nand mis sammuarized in equation (21

: 2]
no=om |-t (2]
0 0 -

The distinction between o and nr was 1ecognized inaplicitly
in the example shown by Marshall (1958, his Fig 1 and Table
1) in which n = 14 und m 12 by our defininons. | ater
papers on the subject have not eaplicitly stated this distinetion.
A word of caution here i+ warranted in that Luge errors in
the culeulated curves obtained by Method ¢ will result if n s
given the value of m when o, 0. Method 11 and HI results
are unaffected by erroncowsly cquating # and ni.

COMPARISON OF CALCULATED AND
EXPERIMENTAL DATA

We caleulated hydraulic conductivities for glass beads
and a number of soils with Methods 1, 11, and I and
cquation [1]. The calculations were made with a computer
program that is a revision of one provided by Dr. R. J.
Kunze. Method I calculations were made with p = 2.0.
Method I caleulations were made with p = 1.33 and p =
1O in view of the previous use of p = 1.33 by Millington
and Quirk (1959) and p =2 1.0 by Kunze et al. (1968),
Method 11} caleulations are independent of the value of
p. but the matching factor changes with p; all Method 111
calculations were made with p = 2,

The first comparison of the three methods was made
with data on a Guaelph loam (Elrick and Bowman, 1964).
These same data had been weed in a previous test of vari-
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Fig. 1—Calculated hydraulic conductivitios tar Guelph o
using three methods of computation compared with cvperi-
mental data from Elvick and Bowman (1964 their Fig, 30
Calculated and experimental data were iatched ot oo

ous conductivity equations by Jachson et al. (1650 Al
three methods gave reliuble predictions of the eaperien-
tally measured values (igo 1) when niatched 1o the
experimentally  measured saturated conductiviny.

The second comparisen was made with data one glass
beads ( Fopp and Midler, 1906). Those data bad been used
inatest of conductnny equations by kanze et al. 11968).
Glass beads proside an extreme case tor a porous media
becatse the porc-size distnbuton s unusually narrow
(ncarly all the water was removed botween preasares ot

40 and 50 cmoof water). The calenlated curves were
matched at the saturated conductiving pont and adequatehy
represent the datis Method 1 with p Loand poo 133
predicted lower hyvdrhe conductivities than obseived.
Mcthods T and HI with p 2 predicted values that were
higher than those observed.

The range in hivdranhe conductnvi chtuned  daring
desorption and absorption at ditterent posions i a packed
soil columin subjected o sepeated wetng and drving s
considerable CTopp, 1969 Computed cures ware ob
tained by the three methods tor the desorpion case i1y
3). These lie within the “emvelope™ formed by the oxperi
mental values exeept at the Towest water contents, The
calculations were made with the desonption mmam branch ot
the water content-pressure curve (lopp’s Fig 30 1969).
All of the computed curves for the absorption case lie
beneath the measured hydraulic conductivities thag. 4).
These computed curves were based on the absorption main
branch (Topp's Fig. 3. 196Y). These tesults were antici-
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Fig, 2—Calculated hydraulic conductisition tor monadispersed
ulass beads using thice methads ot computation compased
with esperimental data from Topp and Muller 1966, than
Fig, 201 Calcalated and expoomoutad data were matched
at v

peted m that equation [ F o Chich the compatations weie
tiade, requires an accuiate dosonption of poressize disti
bunien The sequence of pore sizes s ote adaguately
deseribed by the desorption cuive than by the absorpion
Vv,

The computed sudues tor e Ave relati nslup by
Mothods T H and HIE fog s fowa Toess saals Lda silt Toam,
are dl igher than thee expermentally measared by
Green et al, 01964y There o generadly o greater ditterence
between ¢ loulated and mcasured hvde mbie conducnnaty
velues fan between the thiee methods ot calealating the
Invdraulic conductivaty

The calculated hvdrauhe condoetrone valoes o Nethods
Lo and HIT for three depths, 152 33 4008 45 70 and
45 7-600 cm o= 12 s 12-18 e and I8 24 ) of
a Panoche clay Towm are compared (Fig, 60 7. and 8 with
the vilues measared by Nielsen et all €1964) In contrast
with the carlier figure where the caleulated and measured
conductivities were matched at saturation. the conductivin
al o water content of 235 cmoeme was wsed becanse the
saturated conductivity was not avatlable. In these figares
only the caleulated curves in Fig. 6 deviate seniously in
shape from the measured data,

DISCUSSION

Fhe experimental data chosen for comparison with com-
puted conductivaty cuives sepresent a wide range of porous
matenads Measurement methods were not the same in all
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Fig. 3—Calculated hydraulic condactivities tor Rubiton wnd.
loam  (desorption characteristic)  using thiee methods ol
computation compared with oxperimental data trons Topp
(1969, his Fig. 4. Caleuated and experimental datia wen
matched at v The experimental data are the uppa and
fower limits obtained along a soil column during desorption
studies,

boy- verry

1 ot )

Fig. 4—Caleulated hydraulic conductivities for Rabicon wandy
loam (absorption  chavacteristic) wsing three nethods of
compulation compared with experimental data from Lopp
(1969, his Fig. 4. Calenlated and experimental data wire
matched at o.. The experimentad data wie the upper and
lower limits obtained along a soil colwm dwing abisoiption
studics.
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Fig. 5 - Caleulated hydraulic conductivities for Tda silt Toam
using three methods of computation compared with experi-
mental data from Green et al. (1964, their Fig, 300415 em
depth). Calewlated and  evperimental duta wese matched
at r.

cypenmwents. Fhe most aecurate condecteate salues weie
probabhy deterninad on packed Lcaators columns in
which the conductivity was deternmnned by carctul micasure-
ments of water Hus, pressare gradicint. ad water content
asan the expenmients o Flock and Be o ¢1964) Topp
and Miller (1ot and 1oy 1966y The transient out-
flow method used by Goocen el €196-40) s probably less
reliable due to undelined hysteresis eitecrs ield measure-
ments of hydraulic conducinate accomplished by Nielsen
et al. £19064) appeared toaecnately deseribe water move-
ment throtugh the sanous hoazons This ticld method
shoald be more rehable than conduciv ity measurements
on cares removed fromy the profile The swater content-
pressue data given by Nielsen et ab, hoveers were deter-
mined on cores. Thus, in the analysis with data of Nielsen
ctalo we have computed conductivity values trom water
retention data on “undisturbed™  cores and compared
computed conductivities with field-measured  conductivity
values. This comparison does not provide a reliable test
of the caleulation methods, but was included to deter-
mine how closely the culeulated conductivities matched
field-measured values,

Calculated curves for all methods of computation gave
nearlv the same results on o given porous material and
there was little difference between results for p 1.0 and
" 133 with Method T Mcethod T and HIT curves tend to
“diverge upwards atintermediate water contents while
Method 1 results tend to diverge downward from experi-
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Fig. 6—Calculated hydraulic conductivities for Panoche clay
loam (“6 to 12-inch depth™) using three methods of compu-
tation compared with experimental data from Niclsen et al.
(1964, their Fig. 11). Caleulated and experimental data
were matched at 0 == 0,33 cm?®/em?,

mental data at low water contents. All methods of com-
putation appear sufticiently reliable to be used routinely for
many field applications. Considering the variation of soils
in the ficld, both horizontally and vertically, a high degree
of accuracy in conductivity caleulations is not essential for
meaningful appiication of computed results to field prob-
lems. It may, in fact, be more important to charactenze the
variation in the pressure-water content relation of sotl cores
from many sites in a field location than to accurately mea-
sure the Ae#) relation on a very limited number of cores
or ficld sites.

Another important requirement tor meaningtul calcu-
lated conductivities is o measured saturated conductivity.
Hydraulic  conductivity results on water-saturated  ficld
cores are usually very nonuniform for difterent cores from
the same field site. This is due to variations among cores in
the nature of large chunnels and core boundaries. Cores
which show large differences in conductivity at saturation
may be quite uniforn with respeet to the moisture charace-
teristic. FFor the A horizop, the best alternative to measur-
ing saturated conductivity on “undistirbed”™ cores may be
1o measure the “equilibrium™ infiltration rate i the field
with o suitable double-ring inhiltrometer. For greater sail
depths, the field method used by Nielsen et al (1964) can
be used to determine water conductivity at one or more

ater contents for the purpose of matching caleulated con-
ductivities. Matching calculated curves to accurately mea-
sured saturated conductivity values has a distinet advantage
over matching at lower water coatents. Inaccuracies in
caleulated curves can be tolerated at low water contents,
but not at high water contents when the K(#) results are
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Fig. 7—Calculated hydraulic conductivities for Panoche clay
loam (“12 to 1S-inch depth™) using three methods of compu.
tation compared with experimental data from Nielsen et al.
(1964, their Fig. 11}, Caleulated and experimental data
were matched at v (.35 e /em .
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Fig. 8—Calculated hydraulic conductivities for Fanoche clay
loam (“18 to 24-inch depth™ ) using three methods of compu.
tation compared with experimental data from Niclsen ot al.
(1964, their Fig. 11). Calculated and cexperimental data
were matched at 0 = 0.33 en/em.

o be used in subsequent calculations of nfiltration or
evaporation (Hanhs and Bowers, 1963),

Calculations of K versus # were made but not reported
for three Hawaiian soils using Method 1L “Fquilibrivm™
infiltration rates were used for matching, and the average
moisture characterisiics obtained from duplicate or tripli-
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cate cores provided the description of pore-size distribu-
tion. Matching factors for the three soils were 0.80, 0.606,
and 0.50. The nearness of these values to unity indicates
that the calculations provided fairly reliable estimates of
saturated hydraulic conductivity. Comparisons in Fig. | 1o
8 show, however, that the nearness of the matching factor
(K/K, or K, . K, . tounity is no index of the accu-
racy ol the entire caleulated K(#) curve. For example,
the refatively low matching factors for Guelph loam (Fig.
1)y correspond  to reasonably  good  predictions of  the
K(#) curve.

CONCLUSION

The revised method of caleulating K versus ¢ (Method
1), based on Marshali’s equation, was found to offer no
particular advantage oser either the Marshall equation
with matching factor (Method 1) or the Millington and
Quirk cquation with matching factor ( Method 1), All
three methods gave results which compared favorably with
published experimental results in g number of cases. These
resufts and thoese of Jachson et al €(1965) and Kunze ct al.
(1968) shoutd encourage the use of calculation methods,
especially (or piediction of water relations of field soils,

“he computer program used Tor the caleulations is avail-
able from citber author,
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