AGENCY FOR INTERNATIONAL DEVELO.PMEN'T FOR AID USE ONLY

WASHING TON, D. C, 20823

BIBLIOGRAPHIC INPUT SHEET

P A, PRIMARY ; T ,
VGiass. | Asriculture Ll AE10-0000-0000
- CLASSI- —
_FICATION

B8, SECONDARY
Agricultural economics
2. TITLE AND SUBTITLE

A convenient descriptive model of income distribution. the gamma density'

3. AUTHOR(S)
Salem,A.B.Z.; Mount T.D.

4, DOCUMENT DATE ; §. NUMBER OF PAG

1973 35p..

~,‘7. REI ERENCE ORGANIZATION NAME AND ADDRESS
Cornell :

:.8, SUPPLEMENTARY NOTES (Sponeoring Omml:atl‘bn',ff_’qull_gﬁo’gl','A:gél{gQQJIt?)_':;:f L
© (In A,E.Res.73-8)

Lo

'ABSTRACT ' -

710, CONTROL NUMBER . [$1. PRICE OF DOCUMENT -
PN-RAA-375 o

12. DESCRIPTORS . e R R o 13, PROJECT NUMBER

Gamma function 1 CONTRACT NUMBER
Income distribution ‘ CSD-2823 211(d)

15. TYPE OF DOCUMENT

AlD 8001t (4+74)



‘May1973  AERes.7338

A CONVENIENT. DESCRIPTIVE MODEI. OF INCOME DISTRIBUTION :
THE GAMMA DENSITY

T.D.Mou nf

B Deparlmont of Agricultural Economics. -

v Cornell University Agricultural Experiment Station
. New York State College of Agriculture and Life Sclences‘j, N
; : A Statutory College of the State University S

*- Cornell University, Ithaca, New York 14850






" A" CONVENTENT DESCRIPTIVE MODEL OF INCOME'DISTRIBUTTON:
THEGRMM A DENSITY '

=.W'."~| i
k.8, 27 Galeniand T D Modht

" AbStFact *

The distribution of pereona.l incane is eppro:d.mated b:,r a two pe.re-n
meter gamma density function (Peeraon Type III ) The two pa.ranetere w
be considered a8 indicetore oi‘ ecale and of inequality, reepective];r
Maximum likelihood estinates of the parameters are derived frcn a rendcn
; euple using grephica.l techniques, and a liLelihood retio teat for the
lwpotheeil thet ‘the inequality parsmeter remains conntent aver tine or thet;;
it is the aame for different cross-section dietributione in preeented l‘hei
derivetion of both the estinetee and the test etetietie requiree coaputina
only\ ,the e.rithmetie and geametric means n'an the eami)le An enpiricnl ‘
epplicetion, Ancluding & comparison of the gaamea end lognormnl dietributionn '
to dewnatrete uhe bet.ter fit of the gexma, 18 made to personal inccne dute
foi- the U 8 Uaing the ‘gexma deneity, the eetimted ekewnen paremeterl for
;the years 1960 to. 1969 are shown to be significently releted to neeeuree of
unuployment and inflation, but not to real growth, 1In eddition, an lnel.vsie
of the distributional effects of taxation implies that federal incme tax

Fofuoes the kewmens but thet state and Local'thxes a6’ slightly egionitve,



| 1, _Introduotion?/

A mghe:g of. ultormtivouprobability denlit.w m;m }bmvo bean proposod‘

u nodo:l.l of income distribyilon, . The requiranents ot nuoh a mnotion m
thlt it should provide a reasonably close a.ppro:d.mtion to the truo diltri- -
bubion, and that 1ts parameters should be simple to estimste and also to
interpret in an econcmica.lly meaningful way, In pra.ct:l.\.e, ¢hese two oriteria.
ofton coupete with each other, Distributiona that have been suggested include '
tho Pa.reto, the lognormal, the Yule and the bem.-/ Both the Pareto and log-
" normal distributions have. parameters that are easy to estimate and can be
directlyrolatedto some inéquaiitf meaiv‘ifo',"“but Ejne'it'h'e'r £its the full range
| otinccne data very satisfucﬁorily " On the other hand, parameters of the
Yule and bete distributions ere more difficult to interpret a8 measures ot
inoane inequality, o | S

" The gemma density, which was spplied to income data by Amoroso [3] in
1925, provides an alternative model thei £its the date reasonably well, The
tvo pa.rueters or thia r.mction can be conveniently identified as neuurec
of aou.e and of skunesa, and conlequently, |.re directly related to the
conccpt of proportionate growth (Gibrat' s Lav) snd to inequality, respectively,
Btimtora of theae parame’ers nw ba derived from a ra.ndan nmple or obsers=
va.tions using maximum likelihood techniques In -.ddition,. the interenting
hypothesis that inequality (skewness) doss not change over time or is the
" geme for different cross-section categorien ma.y be tested using ‘8'likelihood
ratio test, o . o

y The assistance of Professors D, L, Bolomon and D, I, Padherg in the dcvelop-i ,
ment of this research paper is gratefully acknowledged, although they are
not responsible for any errors that remain,

g/ Belected references concerning the derivation of these distributions and
their application to income data are Quensel [14], Champernowne [4], o.nd I
Aitchison and Brown [2] for the Pareto and lognormal, Simon and Bonini
[15, 16] for the Yule, and Thurow [19] for the beta,



_‘%’v‘r"

n. he aections unat rouow, %tne methena.tica.l properties‘”b’f the gamna‘ '

.H.l

\ 4, 4
,ion a.re discussed (Section 2), maximum likelihood estimators a.re ,

.....

<<<<<

i‘gr the years between 1960 end, 1969 (Section h) First, the goodneaa
‘ of :C‘it of the, .gexme, and the, lognomel are. compared Secondly, a.n a.ttempt is
A made to, rela.te the. .observed. che.ngﬁs of the ; gemma pa.remeters to three economic
indica.tora H unemployment, inflation and real output, Fina.lly,f the impact, o;‘

[FRENRY Pk TN ey

yerpwna.l ta.xes .on_ the. distribution of income is investigated

2. The Gamma. Distribution

A gamma distribntion from Pea.rson s '.l‘ype III Pamily: [Bll“}p. 1] may i

.A.:m:’v'-:le;)‘x o '< x < o«

. N W
3 f J‘d.u is the gamne. function,
b JA‘"‘; f,;,f 2,1*9&«;‘.‘:‘«2 S e deadtae W A In L0 s sepsadn
ﬁgh‘ rgtgnda.rd pa.rametere o ;, 1oca.tion, dispersion and akewness may bye} ’51 21 5;}59‘3;1
gg;pggngs 9f Ot“a.nd 1 b9 e [11, p, 71] '
| ; ;e)‘ {ga.rithmetic mea.n = 9!/;%:} [
"b) mode o P ,,”(.;ﬂ )/h
c) median?/ DT - (30"'3 )/ 31
y‘“'.l“ “é fi’em an chi-squared di’stribution is'a’ specia.l ca W ':t - afh?d s
e= / =1 where y is the number of degrees of freg.d ”’,

_2/ he median is based on Doodson 8 [22, P. 15] empirioal formula° 3(Mea.n-Median)
Mean-Mode L

Lva X ﬂ
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ard doviatton | 'wé?/x’_

!fm'%.! M »3 SR EEY ¢ BV IS Y

e) coeffioient of mqnto.l ake_wne_n-/ ->

"Although the first four pu'anete:ra dcpend on Soth a md* x,' ’nkevneu is
depaudent on & but not on’ x. Hence, only--es™ 19 direetly related %o"”
" Fandard inequality meastires)” ‘It ‘shoild also be notad thst 1f'the mean Ers
held constant, the standerd” deviation ifcreases as ‘the akewness increades.
"The second parameter A is & scale parameter, If all observations of X'
are multiplied by & constant to glve Z = aX, as Would happen under (4%ret’
Lav of proportionate growth the density function of 2 is eqﬁiﬁi&i&ﬁﬁ*ﬁ&*""
replacing ) in (1) b:r x/n.

3 5 e o B “Z’F
g LY A XSO N AR T S [ e
, ,fv; :: 7 ;a’ .": » L.(a) :

rkl -[qu
l sy Ele *
r_,(i;a,'x/.)az

t In nmu'y, cha.ngel of ). with a constant are reln.tod ‘to proportiono.te

)"{

| grawth eftects, md changel or a “{hfluence the skuneu of ‘the" listribution.
An llnolt identical type of distinction w ‘be u,dc “betwess” the two yﬂfﬂe‘b "l
~ of the lognormal diutribution. However, it is shawn 4n’ Bection l& ths&“the

gamna fits income da.ta. better than the 1ognom_a.1,

» _/ This equals the third centrel. nonent div:lded by twice the cube of the
‘standard dav:lation.
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One or the nost wj.dely o.cccpted neanurea of the ;nequality of incone

| ,_'5?""\\! H‘,lr,-\ys £ v-'!‘- A) .;Q,,

distri’bution is the I.orenz concentrat:lon ratio -/ Ir 1ncme per fm.i.ly 13

=
A

rmeunted by X in (1), then, using steps nimilu' to thoae rollwed by
Aftchison and Brown £2, P. 111] forithe lognorm.l d:lltribution, ‘the concen

tration ratic may be written (See Appendix A—"
B‘V,.‘fi} gt’) oatid ;\1} TP L ﬂwx

,. ‘V’»’A o Bsman .
: s w

P

where B (a,an.) is the inccuplete beta nmction evaluated a.t 5 for para-
. neter values a cemd o+ 1, Tabulated values of thié ﬁmction may- b:%f;:;?
in [12]
An alternative measure of inequality hrs been‘ p:;épéseﬁ by Theil [1, p, 91],

This messure is based on thei'qnt;'opy- of the distribution which may be writien

W w - 21:[;*]‘“[;5]

where i=1,2,,,,,¥§ represent individuals

x»i ‘48 the income of individusl 1

Lz, 18 total incame

LA "%f%‘:*'%-’:‘i R |

*
k]

If all :lnd.:!.v:lduo.ls have the srme income X /N (perfeet eqm.uty), then .
H vl logn 13 8 mx:lmm COmremely, if one person has aJ.J the :l.noane *

S

(perfect 1nequa.1:lty), then H =0 is a nin:l.mm The meuure of 1nequa.1:lty M

» e
P

praposed by Theﬂ._ _:|.s to subtra.ot H trcm the mo.umm value to g:l.ve

(5) ERANY ¢ i.".';a;z.‘j_'ogu ‘e H

Poadot i . L
- NfX.- X

P oD MY i i
. zt-l[x ]“‘[x ]

_:l_./ The concentration ratio is the ra.tio of the area between the Lorenz curve el
a.nd the die.gona.l. to the canplete triangular area under the dia.gona.l [2, p 112]

_/ Append.tx A also contad.ns the derivation of an expresaion for the Gini
coefﬁ.cient of mea.n d:lfference. : ,
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N

_J;It the distribution of :lncome :l.s repreaented by (1) *wl;féh"is a continuous

Y

: :mnction, then (5) w be written

,;‘:(5).,”; T =~' ‘_“‘]mg["‘]r (30,2 )dx

v '71', .

_giauubmng thot the mean X/N = /A and. é\xbntituting (1) 1nto (6) gives”

(7) I, | ;,, [L]w[x_x}(_y a-1: a.x' ‘

".' P A “» fa *‘ WA 5 sdug Ai.‘r»f,»ej-',-.mffzf;* s wl (et
:;'Redoﬁne X as t a.nd. simpliry to C ' .
;.:;wrt ik VRS Al UnigE rdeld i anpien Aedelydnt o g 4 ;a‘; Putr W
1 «©
8 I = —{f %o ¥10g(t)at - 1og(a t e d'b]
Sl i@V
(oW1 & Tog(a)r(oL) J
_ﬁ__(a);.,.g.;md v(m) : —m(a)

i (a) --(-)- —35-1:‘—)- is the d.:lgama i‘unf-tim [6 p. 179 md pp. 277-78
| : l" (0‘) 4 |
e e e T T

','}The d:lgm runction :I.s tabtﬂ.ated in [6], a.nd an alterna:bive cmputing

ER S

f.fprocedure u derived 1L the next sect:lon Yhen mxtmm lmlihobd estinators -

.4“,).( 18 “r‘;:x,'i ;,;:_%- : 1. 9 ;. (‘ aps o

gof LB and x u'e used to canpu.te (8)

G d roah & , '

f‘r 4;#54; T

It should be noted tha.t both the Lorenz conoentration rat:lo (3) and ‘the -
Theil :I.nequa.lity measure (8) are nonotonically decreasing functions of @, ;. u o
;,"'-'}a.nd that ne:ltmr exprreus:lon dependa on X\, In to.ct, 11’ a is sufficlently
I:Lu'ge, the gars i8 approximately aymetricia.nd approa.ahes 8 nomal d.'lstr:l- ‘
bution (1, p. 72]).



3, Maximum Likelihood Estimation

TR ROl N PP
v&Ifa.randm saple of - N observations (for ..exd;xple, Lamily income per.i
YO“):&GGrM'frcn e populatidn represented Ly the gamaa density defined.
in ﬁ)ﬁ' c.->tli'e.,a;11kgul.:oo¢-z,ﬁmotimfw;be‘;m'bten.- i
(9) ey | i SI. 1;‘ ni :[f;_:; ia-l xxi]
o Bue » P

- and it follows that

"‘(10)““'“ B logL n{m i 1ogr(a)] ¥ (a-l)zilogxi A ;.212

*’“'”‘ S RO Sopeinean ol CRATY T

The. mnd.mm l.lkelihood est:l.mtors of M. and /&, .may be derived by solving, -
the following two eqmtiona |

(11) dlogh il}__zix
R

3‘ ‘ X, = 0
a7 i

i

L
) S . neg @)+ Yuoax, - o

Bimplifying (11) and (12) gives
Vi(iz)sisaer sypdutiafXos

(14) v(a) = 1psx 1osx = 1og(¥/x)

4£ &’n? 5N l ’ "
m" i = l/ Nzixi . 48 the arithmotié:‘m%'aﬁ’?
V ~""( Tri"‘{(‘)'1‘-"**"t 48" thé’ géchetrid mean’ -

,_‘U:Enpresa:lon (14) 1s nonlinear in a, and no explicit solution-cen-be derived - i
Howéﬁe’i" - [loga" ’t(a)]' ‘has 'been tabula.ted for different va.lues cr a [1,pp. 272-'(5]-’

: _/ A more complete tabula.tion of the d:lgama alone 1s given in [6]



;.‘_‘after ﬁrst computing the .ra. o o:f' the arithmetic to the geometr:l.c mean -/ In
vf;Figure 1, the values of - ra ‘are plotted aga.inst difeerent ratios of the "twc
'.‘o'bserved. means; -As this ratio gets larger, a ‘decreases, and. consequently,
+ﬂe skewness of the distribution increese:, '-The corresponding ‘value:-_of; h db
ma.v be computed directly from (13). Hepce, the on],v statistics tha.t are ”{
'required from the semple to compute & a.nd X" are ‘the arithmet:l.c a.nd the'

. T T R N
5 ;,v?.,v RPL T I

';{gecmetric meane
: Au x a.nd a are nnximm likelihood eatmtors, the asymptotic va.riance-
7jcova.rimce natrix m be derived by taking the nagative inverse of the matrix

“ «'of the' second order partiel derivatives, Asynptotically, these estmtors

l:u-e binormelly distributed |

e @ Do) - DI
o(a) » 430810) 10 tho trtguma fumotion vhta s, b sabulated {7

',v

Dy

"The eltima.ted va.riu.nce-ccn.rimce na.trix m be couputed by mbstituting L j

‘and .@ foou (13) end (14) dnto (15), .-, ;us ,; ' KRR e,;v. Do ¥

As the Lorensz concentration ratio. .and. tho 'l‘he:ll 1nequa.11ty neo.sura
dopend only on «, the maximum likelihood entim.torl of thele 1nequa.1:l.ty

<1/ Chol and Wette [5] . suggest va.r:lous 1terat:|.ve procedures fo.. \obtaining, ,vﬁ,b,;;'{j'
‘T solutions for @ 1 (1), | s T T AT



FIGUREM 1" RELATIONSHIP! BETWEEN THE® RATIO OF: MEANS 'AND
THE MAXIMUM LIKELIHOOD ESTIMATOR b :

e

RSS!
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l N i 1 : l . | I : z ] L
T P s S
S ) . R - RN AR, §
. . T S ST AP . v

i.

v Y EEpeshjog s snd watnd

" Derived from the tabulated values of i (a) In [6]



neuurel may be obto.ined by uling;"’»'a 1netea.d or a“"'in"i(}) 8 'f“i”“:"”relpectively“’f

Ilence, both measures may be. related d:l.rectl:y to the rnti.e of tthe ;a.r:ltmt:lc
_t.o the geometric mean, These relationships are’ shmm in ngure 2 :
I In the: reme.inder of this sectian, the 1ike11hood ratio test atatisbic’-
derived for testing the hypo*hesis tha.t the skewness peirex;e'ter o :I.s the_
same for different distributions, This test can be performed to ccsupa.re
,. different cross-gsectional distributions or to test Gibra:b's Law of pro- N
i portiona.l growth by considering distributions at d.ifferent points throush t:lme.’;
"' If randon semples are drswn from T urrerent gama densities, the "
"'i‘,‘_vukonuooa function mey be vritten
S 1, X
() - ﬂt-l ninl F’(")' fip ‘-1 i 1;]
1; 1,2, .ol are aigterent distributiom _
1w 1,2, ..., }, are observations from the tﬂ! d.iatribution.

o t
i
The maximm 1ikelihood estimators of at and "'t 3 t = 1,2, ...,T, wh:lch ~

w be derived directly from (13) and (116), are
A ~ B ,,/ j
(17) jz‘. R - i
(18) - logm, - v‘(_,,; -;- los(iyx)
ere It - %—. 2111; :I.l 'bhe ar:l.thmet:lc nea.n for the
Xy, = (m!“)‘ © 18 the gmemc neen for the t— dmubuuon;;_;

. Ubdér the hypo mmal = aa - ;:..

heLob
RONR

& 041, af - i J.Ikelihood runct:l
nay be rewritteny -

‘

_/ If the restrictions ) +1es ® Ay are imposed on (16), the maximm
likelinood estimators &re dffﬁcult to compute, However, the economic
"implications of this hypothesis are not very interesting,



FIGURE 2. RELATIONSHIP BETWEENwTHE RMIIO"OF MEANS‘
- AND TWO INEOUALITYs,,MEASURES L
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wwu xx.. YIRS T £ N gﬂ" Q* 1r «lH.u =t

“;(19) : I'n My ﬂ;.;it '—r‘y t"“__];_

The maximm ukenhooa estimtors of a* a.nd A% i tnl,a, % m may be: found by
B solving : S

!('he ntatistic 13

(a) é‘}"’_ﬂi I,ﬂ/ i

.y

ﬁluo o (16) emxmted L4 aubatitntina o, el 3, from.

of rreedm, corresponding to the (T 1) constraints on the qbyou'meteu,
i 1 the lm:othea:la 18 true’ (-W:I.J.ks [2}]) The hypotheaia :lu re;le\':ted 11' the
o'bserved level of the ata.t:l.st:lc is sreater than the critica.l value
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Thic acctjlon hu thrce uin t::‘p;le‘c.ft;!r:\‘rcs’31 '.l'l.':c ’ﬁfnt 1- to tlgcrl;ewxunc3 hmr
: vcll thc gcm dcnlity ﬁmcticn ﬁtn \thc diltr:lbution ot pcrccnal :!.ncanc ror
f.f.amil:l.cl in the U, B This includes a conparison with the fit or thc‘lognom
‘ The acccnd 18 to rclatc changcs in the diltribution orf incame bctvecn 1960
"n.nd 1969 with thrcc economic neaaurcc, and tﬁc th:lr«i 18 to uccu thc d.‘l.l-

' tributiona.l crrccts cr 'bmticn A complete dcccription of thc datc :ll'
:given in Appendix B,' . :
To a.cccmpliah thc ﬁrat obJectivc, gm cnd 1ognoma.1 dcncitic- vero
':ﬁttcdz to 1ncaac datm tor 1960 and 1969 -/ The mimun likelihood cct:hutcl
:or o ;u:d. A 1n (l) were camputed using (13) and (k) (l‘:!.gurc 1) for both
: yccrl Mndm likclihood eltmtec of thc tvo 1ognoru.1 punctcrl mc
-d\.no cmputcd 2/ Tnccc cltintca are nmarizcd in chlc 1, S :

4 !l.‘o conparc the obscrvcd frequencies for each indome class vith thc f

predicted v-,.lues, tae cmm;tive dcncity functionl nuct be dcrivcd !'ac- thq
lognorm.l, thiu may be donc by sta.nda.rdizing the logu':ltbn of thc :lncmc at

Ly
o1

1/ only grouped data were availsble for Pam)\ly :lnccme; and consequcntly, thc
assumption that every member of a particular income claes receives the =
same income, measured by the midpoint of that class, had tc be made, It

- should be noted, however, that this assumption would be unecessaxry :lf
the geometric as well as the arithmetic mean hed been reported by the
agency conducting the surve,,

_/ The maximum likelihood estima.tea for thc lognormal a.re

- N
= ﬁz:lallogxi

i
i
"}

%L #’1 1*1°5x1

& €



‘Table 1. Cbserved and Predicted Probebilities for Ten Incme Classes in 1960 and 1965
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ea.oh*?'class ;bonndaryqto 3 ,Nomg:l.(o, J,) wa.riuble andqthen;'usingastmda.rdenomal

“tables .;;,;However, -;the .procedure: fpr* the cumula.tivefgm :lzunorea complicutadf
:lvnnlesa o:is; a.n integer( i imore:general: situations; fthe ctmula.tive ‘ qamma ¥

' ma;y,;be redefined as follows:

e R
a0y

SR L dad, ey
F7(x;a)1) =

= I*(U,a-l)

whedd Ua"XN// (niber "6t Stasidara déviatTond ros the’ Srigin)
- I¥ 18 the ratio of the incomplete to the complete“g“am&?ninéﬁoﬁ“y i

\,f'“’r iu ) "J;‘"'
: " The va.luea of I* ha.ve 'been tabula.ted Tl}] COnsequently, if the income

Clnge .
levels corresponding to each cle.ss 'bounda.ry a.re divided by the standa.rd

E\,r'&(v i

i‘devia.tion (f /l) to give the correspond.ing v ve.‘l.ue, the ctmula.tive probability
ma.y be determined

}‘f 4( J

_/ If z xx = u/- then the cmula.tive density mnction for z ma.y be derived_ :

2AY w2 [ Q=] _~z dz
,l',(Xi%.l)'-«f ﬂ’&{/; x-»(z/x-) ’-f;'e S




s

,L S‘The’ observed and predicted probabilitieir o belonging to ‘the 10" income?? -
cleues are sumarized in Table 1 for 1960 and 1969, The cbserved and pre- -
dicted in:ome distributions are illustrate. in Figure 3 for these two years,
It is clear from this figure that the garma density fits the data better ‘than
the lognormal for both 1960 and 1969 Y In fact, the sum of squa.red devia.tions
betveen the observed and predicted probabilities 18 over three ‘times greater
for the lognormal in both cases, The gamie density does exaggerate the |

| skewness o‘fA.the. distribution, but this tendency is even.more ;ma.rl;ed;in‘tlhel
£it of the lognormal,
To inveatiga.te how income distribution ha.s cha.nged between 1960 e.nd 1969

S EITANERGEN B

i’or U B femiliea, & gamna. distribution was fitted to undefla.ted persona.l

income da.te before to.xea for ee.cb year The eztimated parametera a.nd essoci-;
‘e.ted inequa.lity measures are sumarized im 'l‘able 2. It appears :trom these
results that o has increased over time (less inequality) and. that ), haa |
decreased The implication tha.t ineme bas became more equa.lly distributed
’ i’s éisé "‘refleeted by decrea.ses in the two inequality meaaures, although it
- should be noted thet the lowest values are a.ctua.uy for 1966, In eontrut,
the standard deviation has increased over time, Tbia, however, is not incom-_ E
sictent with 8 reduction in skewness, .It implies that the inerea.se of the
mean income is only partially offset by the decresse in skewness, as the - L
atandard deviation = aritimetic mean x skewness for a gamme density. |
To test the hypothesis that- the inequality parameter & has remained

constant over time, a likelihood ratio test statistic (23) was computed.g/ -

_/ Metcalf [10] has proposed using & displeced lognormal to improve the fit,
. It is shown in Appendix C that the economic interpretation of the parameters
as well as their statisticel properties after this modifica.tion are far :
less tractable than before,

_/ The number of femilies in the sample, and the relevant sample statistics S
ere listed in Table 2,



FIGURE $3 'OBSERVED AND PREDICTED PROBABILITIES ‘OF US., FAMILIES _:
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- Table: . eEsbimated Parameters for the Distribttbion of Incune for Famj],es in th e U 8..1'3-“.-; seEo
sk wa e 16 196 1965 1966 1967 968

iy
[

' Sample Stat:l.st S ~; : S S S
1, Number of families 21167 21199 21290 21179 20889 29088 41568 . 1#1225 !40863 I§071;6
2, Arithmetic mean 6354.5 6578.0 6823 O TL06.5 T439.0 7828 0 8ui2k 5 8973 5 9508, 5 10360 5
3. Geametric mean L888.0 ug76. o 5390 5 51;78 0 5856.5 6138 0 6809 O 7210 O 77'1’5 o 8320 o

iC8
2/

R

_Estimated Parameters - X 5_;. ;}:ﬁ: , : _4§

o i R : i i
it 10* 3 2lag 2 92+92 3. 3270 »2 9128 3. 0112 2 8232 2, 979#, 2.

1z

¢ ;"‘5‘“*’ AT
?

Taio °6 19“» 2 27 --------- 2 07“"“7; 2. 2h a 212 51';;}-' A
3" Smwd dm“‘m'. “‘27 b k722,85 ‘528 6 losgi i|L970 h 526507 5517 5 -
b Skmess L 697718 R "'~s73;1,_: e ek

)

| (see (3)). (T R T
I (seev (8)): 2231 236l 2oh8 2228 - 2072

B
11 . e .. AR Y “h.

L ' T

ww‘
A
3]
K

1/ rer’aonn- inccne in current dolla¥s bofore taxes, Bource of da.ta. [21], see Appendix B m- detdla’

2/ This 1s equal to the number of households ssmpled, multiplied by the ratioe of
to the .nmber of householda " (Current Pomﬂttion,leportlu’l%ao]l)’y © of the m-bu' of tn.ﬁiu



X

19°
; _'.l'ho _cbserved value ‘o thio “statistic u 1153 601" m: 4y nmoh larger than
R the eritical value of the chi-squared satistic (a§ w2167 for a 1% 1m:|.
ot signiﬁ.canoe) Bence, the hwpatheais that the & pa.rmeteu are the same

for eo.oh year is reJeoted

RYTRRY

y ff ,'.Ithe tvo estim:bed po.rmebem do not chonge conlistently 0"&' t‘l“' e

. ‘ !

T

_and. :I.n toct, both exhibit oycli.oal behavior around o 'brend line with a. pariod
| of a.pproximtely two years, An attempt was made to relate the estimated
puuotu' values to three’ oconanic indicetors; the percentage unemploynent,
consumer price index (m), ‘and gross nat:l.onol product (GNP) per capita 1n
:oal dollu-a. A similar type of analysis was ocnducted by Thurow [19] using
estimated parameters for the bets density, The estimated ordinary lesst
lMeo coefﬁcien‘qs for log-linear regression models of both p_a.ru_:etu'l are
summarized in Table 3. |

The signs of- tho cootf:l.oiento in the G-model imply that an increase of
\menplgynent or of :!.nﬂ.ation (cn) and a decrease of real GNP per capita are
uaoci‘o.ted with & more unequal ‘distribution of income, The fit of the nodol

18 gooa with a n"’

of 0,88, | However, none of the cnefficients are signi-
ncmt:,v di.tferozrb from iero st the 5% level of significance, In the A-model,
the estimated coefficients for all three ‘eqplon‘uﬁory }vva.,riableo are ,‘??5."#:?“
.m, 2 R R

“por capita is less than two,

of 0.91 indioates that the £1t 1s good, and oxly the ¥ ratic for ONP

- Certain reotr:lot:lons may be imposed on the nodels in Taeble 3 to mwe
(_'the a.ccu:m of the estimated oooff:lciento. It seens reasonable to upec\b )
i‘thot the avorage 1ncane per :ran:l].v :I.n cm'rent dollars is directly proportion&'l.

to tho product of rea.l GNP per capita and the CPI, Mea.n family income ia a/h

for : gannna. denaity, a.nd consequently, the following log-linea,r model 13 proposed


http:unemplqy.nt

Tk

{Asble.3.,. Estinsted Coefficients for Predicting the. Values.of Income.
- Distribution Pgraneteray

Estimated Coefficlents

P It S TIE Y
DR PRATINY KRS 14

DependentVa.riable e loga 1oz 10 3

™ Independent Varia.bla-/

L. Log Unemployment . s diton =063 -O I|.71
ore W08 Unemployment (1 gg?z (2 12)2/

S (°98) : (’ 58)

51080“/“&1“ .. 40 2276 4,,.-0 6770,,,

h constant S sikey +a.h
C (1'16) - '(2'1’6 i

" ¥ AR T

.Ll’:mer ofObaernt}ona Griivie e open F lo otk o ilo AR
r. 2, Bum of Bquared gqsi@q T DR - ¥ OQ8189 . +::0,008385 .
3' : Unadjusted 32 : BN L ~‘Ai‘9.,'88 LR R r s ?:3:_9?;91,":;?”;’-' ”

_,l The estimated values of & and A are gi.von fn ‘Table 2

J Dltﬂ. source- Ecomo Inﬂcgtor. [9] S b Zs

2/ The mmbers in parentheses are the estimated ¢ Fatios.
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(-\'“. n;;. .n ’ 6 Kol m,‘si' 34,59 ’ '
“1 et 1 (i‘*z 10 ) 3*14 1ogcf+ :LogG +‘ °1

bty '.:?1

f‘ﬁ,ﬁ'ﬂ ﬁ.i\? ?Ja~\i' u@u ‘?\’-.ﬁ’f 3 q‘ X i ,:f‘-, "’ Nt

‘ logx - a.2+ blogU+ clogc+ d.logG * 02 _

U( 21") ‘S‘u"?,l

wheren, U i8 the- pazcenbage \memploymenfr
;:I.s -the. CPL:x COMIE T aliden
w@v:d8 the realw\GNP;per; capita -::

Ve MELE

Tbe reduéed fom ot this nodel 18

(25):c02 2/(og (» x 10%) +.10g0 + log@) . =@y &)+ blogli,+ CLogC + dlogh

+J,e2 - el" b

sEdenn eud A Sean Toonev SRS ma
(26) 1050 = a.2+blogU+clogC+dlogG+e

o
gy ¥yt
L SRl

slope coefﬁ.cients byc and-d in (25)-and (26) are identical, and:conse---
quently, :the ordinary least asquares estimators: were cmputed by combining :
| thenodela together -/ ~“The estimate of d in the reduced form is positive: -
but the corresponding t ratio is less then one, and the final model is
- estimated with the additional constraint d = O, The four estimated coef-.:.

«fiolents md corresponding t ratlos mred .. oo
Capom-1,3312 (89.25)
b ,:me=0,507h (6.45)
¢ = -0,5003 (1.90)..
8, = 1.5902 (13.97) .

LIS e PO o
P . 3 s e, Eoke’ e TR . : P et
} . W R T e e PAmAAT e b 0T Ly e R e .‘,.va -
Yo

a yvn‘oﬂ correction was made for the diﬁ’eronce between the residua.l vu'unoel 1n o
-#%:(25) end (26), L , ( Lo e

: _2/ The computed value of the ¥ atatistic for. testing the hypothesis tha.t (24) 1is
not significantly different from the models in Table 3 is 0,2195, This is
less than the critical value (F = 2,48 at the 104 level of cs.gniﬁ.cnnce), and
the hypothesis is not rejected, R



'I‘hc estinated ¢ ratios for. b and c n.rq* mger\ than the corres,ponding valuos
B ror the a-nodel in Tn’hle 3 The nlultl mply thnt both 1ncreas:|.ng unenploy-
ment and inflation are usocuted w:!.th % more unequal diutribution of income,
and that the ela.aticitiea -of a with rupect to these two vu-.tahlcl have
siniler nagnitudes.y However, real growth of GNP per capita has no.significent
fafluence on the skewness, In conclusion, the reduction of unemployment
between 1960 and 1969 is large emough to offnet :Lnoreuing 1nﬂation, a.nd
. the net effect is a tendency for income to be more equally distributed
The final part of the empirical section'is to investigate the impact of
taxation on the' distribution of income, The incidence of both federal income
tax and state and local taxes on different :lnnane classes has been conputed
by the Tax Foundation Inoorporated for 1961 and 1965, A more complete
description of this data source is given in Appendix B, A gamma density was
fitted to the income date before taxes, after rederal‘ taxes, and after all
’vtueiu;" for both years, The results are sumarized in Table ,
Although state and locai taxes account for 32 percent of all taxes in

1961"3 and also in 1965, the redistributional effects of taxes are entirely-
attributable to federal taxes.2 In fagt, the skewness and associated 3inequal-
1ty measures are slightly larger in the case where all taxes are deducted than
in the case where only federal taxes are deducted, These results suggest that
state and local tue§ are actually regressive,

1/ The elasticities for skewvness = 1//B are close to unity in both cases, '

“'2f The likelihood ratio statistic for testing that the skevness is uncho.nged :
by taxes was not computed, as the assumption that the observations ‘before
and after taxes are independent is not valid,



| To.ble h Estimated Parameters for the Distribution of Inccme Berore and

. : After '.l'axes ror Fanil:lea :ln the U 8.. 1961 and 196
'ﬁ’Qﬁ st o0

Before  After  Afber Before — After  After |
- Taxes  Federal  All . = Taxea . Federal . ALl

L Texes  Taxes - Teaxes  Taxes
e M&iﬁi_c- L o , |
?%:,)7\:__:,1Ar1thnet1c mean 6578 o‘ 5171 23 usao 26 7828 °:.. 6106 2h 5312 72
‘2, Geometric mean " h976 0 hotr.o 35625 “6138.0 ko785 'z -
2, Estimated Paremeters

1{:10" . .2.9kg20. 4,37033. "4, 9T759. 2.82320 . k,2579k. 4 ,85627
2. & ... 194 226 225 221 260 258

3, swmm deviation o lvrea 86 3&39 85 3013.50 5265.68 3786.93 3307.55
4, Bkewness - 8 665 666 675 ~.680 - .62%

1573 (see (3)).. 03800 3540 35h5 .38 340 . 3%
61 (nee (8)) L 2364 20’47 2061&2093 18014 1813

_/ ‘Bee Appendix B for a deacription of the tazes included and ‘the umnptionl
: na.de for gemera.ting the da.ta
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2B, __Conclusions

ﬁ Axv nodel of mcane diutribution nwolves soue couproniue betveen hov
well the model fits real date and. how easily the parameters can be eltmted
u.nd :I.nterpreted The gamma density provides a reasonable balance between

"these two conflicting objectives, The two gamma parameters can bo directly
related to measures of inequa.lity and of proporbimate grmth Both of

these conccpfvl havo o'bvioua relevance for econonista Naximuws likelihood

 estimates of the paramsters may be computed, knowing the erithmetic and ;
gecnetric means of & smtple, ueing either mmerical or graphical procedures, |

- 8imilar claims for both the estiution and interpretation of parameters may

‘be made for the lognomal density., However, 1t is shown in Bectdon 4 that
the gumma fits femily incame date much better than the lognomal, In
eddition, the displaced lognormal is rejected ss an alternstive due to the
ifficulty of relating the parameters to an inequality measure (Appendix C),

"After fitting gamma densities to femily income data for the years

.1960 to 1969, inspection of the estimated 1nequ§11ty paraneters suggests.

" that income has become more equally distributed over time, A simple
regression model relating the ten estimated inequality parsmeters for 1960-
1959 to unemployment, inflation and real GNP per capita suggests that both
increasing unemployment and inflation are aaaoo:!;a.ted with a more unequal | “
dlstribution of income, Real growth, however, does not influence the skew-

~ ness, The fact that incame has become more equally distributed d tu'insth ; .
- period analyzed is due to a reduction of unwployment \.‘\at vas Mﬁcien‘b to
| offset increased inflation, R O
An analysis of the distribution of fmi]y incone before and. a.rtu-

taxes in 1961 and 1965 was also conducted in Section h '.l‘he eltmted gmu



peruetere suggest that faderel texea e.re prégressive, but thet etete e.nd ;

et A R

103.1 t‘xel ;re Blightly regresaive ‘ }{;A‘éﬂjf» e "»r«— ,(}* ) */g‘o _‘7‘ "
: In eme.ry, the gme density providea a rel.eonebly eloee epproxim

L 2’“ ¥, f\, Fdgroll "’fca‘

tion to 1ncc:ne d:l.atr:lbution data. 'J.'he ekevness pe.reneter is a convenient

w} ’.} ‘I l

;_ind:loetor of inequality thet could ees:lly be incorporated ee en endogenoue j’
;fverieble in an annual macro-economie nodel :“The mpeet or policy chengellﬂ!

on :lncane distribution could then be predicted The advantage of ueing the

«‘::I.neqtu.lity paremeter a, :lmteed or en enpiricel meesure euch as the entromr
‘(5), is that the proport:l.on or femiliee in different income ranges eou.'l.d be
-predicted (assuming that the scale parameter A was also determined by the |
nodel). Hence, quite dete.iled infometion on ineo-e dietri'bution could be ::.f-v,

.}extrected from the model without edd.tng \mdxﬂ.y to it complexity.



Appendix A: Derivation of the: I.orenz concentration Rnt:l.o and

; ,nn Gini coeﬁ':I.cient for a Gamma Denaiw

(PR IE PR

,,;,.‘1”:, X ds dintribufed s the guma density f, (-x;‘a';x*?)';*ftﬁéi-ﬁaﬁiidﬁéiiﬁ??f

ulwv‘yﬁ";‘l&i ‘1,’3,‘ Lﬂ ‘L ;5 A

e ¥ . «x; ] "‘Ci Seleas ‘mgy ﬂ"",
z,:;‘dactribution ﬁmction u deﬂned wlth r(x,a,;.) - [ t (u a,).)du s follwl'_',
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fjfdiatr-.\buted a8 the following beta density [22, p. 153]
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shno[" r(xe,al,x,_)ar(xasae,xa)
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ds(“l’ 2)

Tho I.m('c:%:g.q cur\{c and the corresponding ncuuro of income concentration
' B v f‘ Y: .‘l».é.“.-‘ : ("" {’ ! " "'{"J\ b 5 i .
‘a.rc crtem.ively ducuucd 1n [2, pp. 111-115] mc Iprcnzvoonccntroticn

"fut’to can be der:l.ncd in tcmn of the distribution function r(x) and the ﬁ.rlt '

. sk
§v* :f:-,g:

...acmt o st o "ot e F: () PRl ankrletel wdy padi

e ry (-3
: (A'fﬁ)w’s 3“: Bz zin‘:‘-';s";“i"l'af/ﬁ P (X)aR(X) <

PR
e X(x) - T0A), the Torens, ooppentration Tatio 48"

L = 12 f r (x,a,x)ar(x a,x)
?I{a’fr }’k"’""o "3

il‘ron (AJ.) this :Inplica that
L o= 12 f t‘(x,ml.x)df‘(!.m)y

tr-‘ r_'!

a.nd using (A}) vith “1 = O+l ‘and a, = & givcs

Y

Y 2 s s mlon

L 13 u.so rclc.tcd to the Gini coefficient of mean diffcrcnce vhich on
a %3

';;:'.;gmung r(x) = I(X0,.) may be defined [2;'p;131% !

S et
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f~'uung the definttion of T (x,a,).) in (Al),.wth:l! may be rewritten

[f T‘(u a,x)d R(u;wl’»l) - f r(“;“l’””(u’a’”]?
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But by the s;metry or tha 'beto. denni.ty umd susing the deﬁ.n:lﬁon of the mm

concentmtion ratio L 1n (Ah)
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sAppendix. By: -A: Description: of the;Date:Sources;:s

Personal Income Before Taxes, The data used for the d.istr:lbutlon or

family income between 1960 and 1969 were taken from [21], "Th:lav aer:l.el pro-
"vides in each issue a teable entitled, "Money Income - Percent Distribution

or Families bx Incame I.evel . ...". Tha exa.ct deﬁ.nit:lonl of mcme and

ot a :rmﬂ\v a.re given :ln [21] a.nd. need not to be repeated here 1n deta:ll
. lsae;;ially, :I.ncane refera to the "consumer noney 1nccne for the ca.lendar
y'eay.'r\."“ ‘It rs peraona:l. :lncane before taxes a.nd doea not cover nomoney {tems
br 1n$cne a.nd. 18 not aemted In [21], the income scale is divided 1750
tm clasaen Al.though a more detailed clasaificat:l.on with more cla.uea, ;

\‘3»4 D Voo
such a8 the one used in [8], uould have been preferred, [21] was cholen for

its continuity and consistemcy, B
An importent é.ssu’mption 18 made when computing the ganma yarameters, The
nidpoint of each income clags 18 considered as representa.tive of that class,
. In-general, the midpoint is mot equal to elther the aritimetic or geometric
mean. of the class, and in addition, the fact that the geometric mean is less
=than'or. equal to the aritimetic mean i1s ignored, For the highest income class,

.8 value of 20,000 dollars was used instead of the midpoint,

woaed The Incidence of Teaxes, A source for the allocation of ,ta;er,~ consistent
.with the family income data in [21], was .not. readily. sveilsble,:Howaver,.

| ancther source has been published by Tax Foundation Inc, ;F[l?f]g‘O_lfr.lﬂ .and 1965,
»Bimilar information for 1962 and 1968 may be found in. [8], but .the data in
::[8]+48 not sultable for our purposes, The derivation. of the data.in [17]-
»involves many assumptions:that: are not repeated here, .

| Taxes are reported on.the percentage of incame before taxes for. each s
tnoons class 1n [17, Tables 2, U], The midpoint of sich duscs class before

e v

5o Fyos



 taxes ‘are trm‘ntom'a’d‘ by subtracting’ th‘ol?pe'roénto"g’ot of income going to taxes,
Ihiu procedure i iollooed for federa.l taxoa ond also for tota.l taxes (federal, :
atate and ]oca.l)

’Am'endix C: 'The Displaced Lognormal Dasity.:

‘Metcalf [10] has proposed using e displaoed 1ognomal density to nodel

" 1;:;;:,“‘ diatribution This inplies that 1og(x + C) is Nomal(p,c ), where

| x i; tﬁe income level md C is the displacenent purameter Netcalf luggesta

’ an ontimtion proceduro baaed on the observed vo.luoa of x ot the first, ﬁfth
and ninth decile, This procedure, vhich is described muy in [10], vas
applied to u. B fanily inoone dato. for ‘bho yoa.rl ;.960 and 1969 'i'he oltinted

parameters are:

A~ . Y '
1960: A3 c, l"9,9'3: i At 9-2695’ ,'.’2‘ A '1366
]

19693 G A 6650’ M 906862!;2 = o290,

“'The pouitivefvduolsot '~c "imply that incowme is distributed between . -c
ond ‘@'; dnd’dohsequently, the cumulative probability at X = 0 :is positive.y
i<fs'«iath"ei-"-' this probability must be added to the probability Zor the first income
clau (o<x < 1000), or the whole distribution must he truncated at X = O,

i The first procedure inflated the oumxla.tive probability for the first income
clul (<-1ooo) and the fit was worse than with the second procedure, Honoe

) the second proeeduro was adopted, and the computed probabilities for each

""inooin‘e class were rescalel so that the sum of all probabilities equalled one,
This rescaling implies dividing the computed probabilities for each interval
over the positive range of incames by one minus the cumulative probability

at X = 0, In both yea.ra', the displa.ced lognormal fitted better than the gamma,

o

_/ 'J.‘he cumulative probabilities at X = O are ,0207 and .06 for 1960 and 1969,
respectively, These values are in the same order of magnitude as tho
observed probabilities of being in the first income class,




-3

Thé"'ﬁ FR “iil :lnconer cluul ‘of ‘lquared dﬁdﬁima~bebnen the oblmod

«;‘1 vy ~i

and’ predicted probab!.lit:l.el rm' ‘the* dilplace& lognoma.l. PR e porcont’ud

SR

T percent of the corrupond.‘!.ng vaiue fof ‘the" gamma“in’ 1960 ‘and! 1969, ‘respec:

LY

tiv ely (T e.ble 1’ p. 14) R I W S TR ST cmmien el gy
A '“Bven’ though ‘the- ‘dispiaced 1ognormal ‘provides &' good fit ito! the\d:tn,
there are two serious drn‘backa that ‘reduce 1ta’uséfulness: ‘as’a model/of
1nccme d‘l str:lbut:!.on !':lrst, the statistical’ propert:lea ‘of ‘the estimators
"'proposed by Metoalt [10] are unkriown, and consequently, testing hypotheses
"“f‘i:dﬁbu% ‘the perameters is'difricuit, ‘Becondly, skewness depends on both'e<
‘and C, -/ Hence, the econmmic interpretation of the parmeterl is no longer
straightfornrd In addition, estimates of the Lorens or Theil 1nequ11ty
Reasures must be camputed empirically as expressions have not been derivod

for the truncated distribution (¢> 0).

Table Cl, Estimated Theil Inequality Measures

Year Percentage
Distribution 1960 1969 Change
1. Geuma 2327 1705 -27
2, Iognormal I .2526 1488 k1
3, ntaplicea lognormal 2113 ,1659 21
a7 "M“'fsh'im e

e ‘d." ERT T I ool e LUF 330 Py s maar iy Ryen g RN ER 4

b, O‘userved

LI

5 PN .

v

_/ A change in C ehangel both the standard deviation and the median, and w
. {J,remlt ej.*.her from proportiomte grovth or a change in the skewness (see

HH



m «m i If -bhe - probabilities for. ea.ch -income class are given, the 'I'heil
inequnlity measure may be computed by modifying (5). -/ The . estimutes for
:-1960 and 1969 are summarized in Table (1 using the predicted probabilities
fram the gamna, lognormal and displaced lognormsl, and also the observed

. f:(probnbilities.g/ Although the estimates from the displaced lognomal are
*;-(cl_ovl‘eat to the estimates fram the obgerved probe,bilitiea, ?;_he gamp»q,pea
nat -perform bedly in this respect,. It should be remembered that both i'heil
»end.Lorenz inequslity measures:may be compubed directi‘;(: ' from -ffh.'i gemma, and
éwlognoma.l paraneters, but t.liis is not phe_qgsg' fér the Q.ispigcgd“lggnqrmal.

LRRRL

o _/»-'i‘he mod.iﬁ.ed upreasion for the Theil inequality . neasure is j “
I = DX, /X, )los(xJ/x ) |

| where l Pd' 18 the probability of being in the 3B

income éiuhl

©.. X, is the mean income,

is the midpoint of the .1 B income class -

_2_/ 'lleither (8) nor the corresponding expression for the lognomal [18, P. 97]
‘ are used to compute these estimates, This ensures that all models are ',_';
compared under the same restrictions imposed by the use of grouped data,: '
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