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THE 'CWA DWSITY.
 

.B.Z* am n T.,D otn 

Abstract 

The distribution of personal incone is apted by a two para­

,meter gama density function (Pearson Type III). The two parameters may 
Ibe considered as indicators of scale and of inequality, respectively.
 

Maxl likelihood estimates of the parameters 
are derived from a random 

:sapple using graphical techniques, and a likelihood ratio test for the 
hypothesis that the inequality parameter remains constant over time or that 
it is the same for different cross-section distributions Is presented. The 

derivation of both the estimates and the test statistic requires cmputin 

1only the arithmetic and geometric means from the sample. An empiricnl
 

application, including a comparison 
of the gaa and lognormal distributions 

.to demonstrate 4he better fit of the gema, is made to personal income data 

.for the U.8. Using the gagmma density, the estimated skewness parameters for 
the years 1960 to 1969 are shown to be significantl1 related to measures of 
unemployment and inflation, but not to real growth. In addition, an analysis 

of the distributional effects of taxation implies that federal income tax 
reduces the skewness, but that, state and loca eu ,areslightly regreuive. 

. .htly 



1. Introducationl'
 

A 4*~e ofdlentv~rbabilitl eutyn~~ habenpooe
 

as models of income distrlbriion., The requirements of 'such function, 0 " 

that:it should provide a reasonably close approximation to the true distii­

butlon, and that its parameters should be simple to estimate and also to 

interpret in an econciically meaningful way. In practie, t hese two citeria 

often ocpete with each other. Distributions that have been suggested include 

the Pareto, the lognormal., the Yule and the beta.? / Both the Pareto and lo­

normal distributions have.parameters that are easy to estimate and can be 

rectly related to some inequality meaivirep but 'nether fits the :full range 

of inomue data very satisfactorily. On the other hand, parameters of 'the 

Yule and beta distributions are more difficult to interpret as measures 'of 

inocme inequality. 

The go=a density, which was applied to inocoe data by Amaroso [3) in 

192, provides an alternative model that fits the data reasonably well.' The 

two parameters of this fuantion can be conveniently identified as measures 

of scale and of skewness, and consequently, are directly related to the 

concept of pro~portionate grovth (Gibrat'as aw) and to Inequality, rempetive4L. 

Estimators of these parame-'.ers may be derived from a random sample of obse ­

vations using maximum likelihood techniques. In additi6n, %,theinterestinmg 

hypothesis that inequality (skewness) does not change over time or is the 

same for different cross-section categories may be tested using a likelihood 

ratio test. 

,./. The assistance of Professors D.. L. Solomon and D. I. Padberg in the develop­
ment of this research paper is gratefully acknowledged, although they are 
not responsible for any errors that remain. 

Selected references concerning the derivation of these distributios and 
their application to income data are Queneel C143, Chaapernowne J, and 
Aitchison and Brown [23 for the Pareto anc, lognormal., Simon and Bonin" 
(25, 16) for the Yule, and Thurow [19] for the beta. 



In .
'he sections .na'rouow, the mathematical propertiesof the m 

'_distkbtrionare discaisd (Section '2), i mu likelihood estimiatrs are
 

derived
4to ther with the likelihood, ratio, test stati oic (Section,3),.and-

Sfinll,. an,, pirica appiction is .dpeto personal, income c.ta for U.S 

f61313. or,the yearsbetween 1960 and, 1969 .(Section ii.). .Fis t, the goodness 
of he gamma and the lognormal are compared. Seco an attpt is 

'made to.,relate the observed chaeDo of the gamma parameters to three econic 

ndaors; uneploymen, inflation and real outpurt. Finall,.the impact of
 

per ontaxes ,onthe distribution of, income is investigated..
 

2, The Gamma Distribution 

A.gaqa distribution ~rmPearson' ",Type -III -familt [V1p; 71) may 

bedefineJ~t/
 

(f (X;c ) = rW e4 0<.X.< 

where iand )L are positive parameters, and
 

,(7) = f eUuldu is the gamma function. 

Th a eters e sion and skewnqess m be derivedstandardpara location. di 

.1nterms of, oand to be .l, 

00 a 0arithmetica_ mean.~.cf~ 

"b)) mode 

P) mnedian.' Oa /(3r-. 

iVrchstir&~A/Tii's~bution%is' a' Spec ia C ~. ,"4"Xh''2 afd ' / S= - 1 where v is the number of degrees of 'feed.c, . 

_/. The median is based on Doodson's [22, p. formula.15] empiric al 3(Mean-Medianl' 
= Mean-Mode. 

http:mean.~.cf


rd. an aAeviation /
 

e) coefficient of, uomntal. skewnestly A
 
AA. 	 . , 4;. 

ltohhe first four paramet.. s on bot , skewnes o..orepen +"ideo 

dependent.on a but noton +. Hecon y 1s..ir..... elat* d o' 

in4rd ine ity measures "'It shoud also be notod taif the mean 1' 

hbeld constant, the standarddevia tion+increases as the.skewness Inorea ae., 

The second parameter isi,,a scale parameter, If ll observations of ]C', 

are multiplied by a constant to give Z = aX, as would happen under Wbrat' 

Law of proportionate growth, the density function of' Zis equivalent to6

replacing . in (1) by,, 4A. 

-~ 

f7(Z;acx,./a)dZ 

In sM 7ry,changes of . with a constant are relat'ed to proportionate 

grwh + effects, and c esr of a inuenc ih skefness Of the° 4di.tguton. 

An Caost, identical type of distinction-wia be uade4ibetween the tw paraetrs. 

o. the lognorma distribution. However,i shoa,, Sectiot i h 

gm fits Income data better than the lognorml. 

lJ 	 Thix equals the third central momea +didedlbytwice the c of the 
standard deviation. 

http:dependent.on


fne Of the most widely acocepted measures of the inequality of income
 
.distribution is the Lorenz concentration ratio.=/ If income per fmily is
 

repesented by X in (1), then, using steps similar to those followed by
 

Aitobuon 
and. Brown [2, p. 1111 for he. '1 m distribution, the concea
 

tration ratio.ma be written (See Appendix A .
 

(3) 	 L ,,,.). I 


hler'e B 5 the inconiplete beta funotion evauaIe at
~e(~l) is 	 .7 tor para­

mete: values a and cc + 1. Tabulated values of this function may be found 

in. [2) 

An 	alternative measure of inequality hs been proposed by Theil Cif), p. 91], 

This measure is based on the: entropy. of the distribution which may be written 

vhere I - 1,2.., N represent individuals 

Xi is the income of individual I 

. X , ,- is total income 

If 	 all individuals have the sire income X/N (perfect equality), then 

H logN is a madmum. Converely, If one person has a13 the income 

(perfect inequality), then H - 0 is a minimtm. "The measure of inequality 

prapoIed by Theil is to subtract H from the maximm value to give 

(5 ii oi 

l/.'The concentration ratio is the ratio of the area between the Lorenz curve . and the diagonal to the complete triangular'area under the diagonal [2, p.]12]­

,/ 	 Appendix A also contains the derivation of an expression for the Gini 
coefficient of mean difference. 

http:ratio.ma


If the distribution of inoame is represented by'(1) Which Is ai continuous 

ftnotion, then (5) mW be vritten 

X./ - I/). and substituting ilnto (6) giveRoimbering that the mean N -* e . d . .. , : " 

Redefine xx as t and simplify to 

%'log(t)dt Lo(.(8): . - a7 log(- iaetdt 

c).(c 

t.here X 6 is the diga;a fmotion 6, p. 179 and pp. 277-78 

a ,. . 

TIhe digana funiction is tabuatied in E63.0 and an aternative computinag 

procedure is derived iL the next section hen iauizn lelihood etators 

o. of and X are used to coapute (8). 

it should be noted that both the Lorenz concentration ratio .() and the 

Theil inequality measure (8) are monotonically decresing ,functions of a, , 

and that neitler expression depends on X. In facto if ( is sufficiently 

large, the gw is approximately syuetric! approaches-a normal distri­

bution Ell, P. 723. 



7" 

MaxI.2ima Jikelihood. Estimation 

,I}f a tndom,'ampleof N observatione (for ex ple, feailyincme p 

ywa4 M's dz'rim from a population represented by the gasdensity defined 

In (l)-, the, likelhood. fimotiaa uarbe vritteni.. 

L.~~~X -,jlx; 

and it follows that 

"I'... .....-°''.. , o~( )' ) o x 

The lieiod.o n 

The aximm Uklibodesimaors f )~. an ~ Up.ederived by qqlvin ' 

the following two equations 

(13.) A0 

(12)o~ N*a~)+ 4ogz1, 0 

i:Mplifying (13.) and (12) given 

lowlogI- logi J.U5VX)'A­

tere . 11/ X is the aritbmeti6 M'ieA 
fV'is (flx)lN is the getro mean.. 

Eicpressio (14) is nonlinear in a, and no explicit solution.-can.bederived..... 

Sh en ta ted: for diffe'ent. values f ' "' .!:272-731).-

V/A more coplete tabulation of the digamaa alone is given in[6, 
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iind, n es6tiateaiy be determined using graphical or interpolation.procedures .
 
geoeticmesia 1 In
 

after first computing the ratio of the arithmetic to the geometric
 

Figure 'j1, the values of , are plotted against different ratios of thetwo 

.observed means, .Asthis ratio gets larger, a decreases, and conbquently 

the skewness of the distribution increase:. ,valu".ofThe corresponding 1 

may ba computed directly from (13). gencep the only"statistics that are 

required from the sample to compute -6 and V are the arithmetic and the 

:geometric means. 

As . and 0, are maximu likelihood eutimatora, the asymptotic variamne­

covarlance matrix &ay be derived by taking the negative inverse of the matrix 

of tli'se"iond order partial derivatives. Aymtotically, these estimators 

are binormally distributed 

[:1 -areo[... m [aQ7cx)2. 

-:ll,. a - Ci( (€+) 

in the trigame function ftich ,has,,been tabulated (T]. 

The estimated variance-coamriance matrix may be 'computed by subitituting 

bid.^ from (13) and (14) into (15). 

As the Lorenz concentration ratio.and. theTheil inmeii lt me&que 

depend only on X, the maximum likelihood estimators of these inequality 

suChoio L51 various. iterativ rpoedure fppo. ";. VV,and Wette n-,,ruggest 

solutions 'for a In (1) 
 . 



FiGUR E I. "-RELATIONS HIP BETWEEN ", THEO' RATIO OFMEANS,AND 
THE MAXIMUM LIKELIHOOD ESTIMATOR . 

a
4 

";Y I -'-' 2-:. 

XX
 

'J_Derived from the tobulated volues of I (a) In [6] 
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mea-ursrmay be obtained by using'.aintead of a in aari(,)(8), respeotively. 

Bence, both measures may be related dirsot3jt terai o h taitntc 

to the geometrio mean. These relationships are shown in Figure 2. 

In.,.the re.ainder of this asectionP, the likelihood, ratio;test setstio is 

derived for t esting the hypothesis that the skeIwness parameter a is the 

seme for different distributions. This test can be performed to compare 

different cross-sectional distributions or to test Gibrat's Law ofpro­

portional growth by considering distributions at different points 'through time, 

.If random samples are drawn from T different ga densities, ,the

likelihood function may be written 

(16) L-. fP [t 

where :	t 1,2, ... ,T are different distributions 

:i '- 1,2, ... , are observations from the tif distribution.t 

The maximum likelihood estimators of at and'. t. 1,2, .,,, which' 

mg be derived directly from (13) and (i4), are 

AA 

(18) N t) 
"#b 

tulp2. epT 

wh- -e L, Ii the arithmetic mean for the tI distribution 

ma 1e 

X " (t1.ix,) 

erit. 

is the geometric, seen7 for the ta distribution. 

iunotion 
thder the ypothesis. ' n. , 

W7 be rewritte-

If the restrictions -T . ). are imposed on (16), the maxima 
likelihood estimators ire dfficult to compute. However, the economic 
iplications of this hypothesis are not very interesting. 



FIGURE 2. RELATIO0S Ht. BET WEENtTHE RATIO' OF MEANS 
AND TWOINEQJALiT MEASURES , 

=_/' 

.40 A.Q 

.2 ... ,,,,..: 3. ". 

W ­ . "T30 

.. [ 

.20 o.20 

'.A 

.00 -------­_ _ _ _ .00 

:1,.. Defined in,(3) 

?L Defined in (8) 
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TheMaxiu likeibood estiators of a and ot;e , eab 6foundhb 
solving 

€(,'-) #z"w 

where* No ' is the toftal niaer of observations in une T sampies. 

N, C ,1, - WThe lilhod ratio teat atatistic 'for' the hypothesis a2 


ithe ratio of 411. two likelihood fUnction\ (16), and (19) evaluated at their 

73 fi"t' 

there L is :the value o (16).computed byxuott w 

,(17)%and. (18) for' ~and 
L.is the, value. Or (19) ccpumted by substitxting tand 

fram (20) end,(21). for 't and: X'* 

The of this, ratio mybe simplified to 

lO6(Om. L 6P Otlo.pt)- -

of freedomp' corresponding to the (T - 1) constraints an the %j.aruetera, 

if the hypothesis 'is true' ,(Wilis (2].The hypothesis ir, rejek~ted if the 

obserwed level of the statistic is greater than, the critical value, 



Ii.irial NMasim of Personal Income Data. 

011..softon ha-three main obectives. The first to to d"'e e.,a how
waU the gkmgn densit finctonn-! 'the .i.-.ibi---o o ,pr3. tow 

familiies in the U.S.,'This includes a comparison with the fit of the lognormal, 
The secondi is 'to relate changes in the distribution of income betiween 196C 
andM 1969 with three ecolicuicl measure's, a"d tethird-is 'to assess, the dim­
tributLOna effects of taxation * A complete description of theasta
 
given In Appeindix B
 

To accomplish the first ldbjective, gama and, lo:gnora d e mewere
fitted' to income dats'I for 1960 and 1969.1/ The inaxiam likelihood' estimates 
of a land X i (1) ercoptdusing (l3)Yand (114) (Figure 1) for 'both 
years.,' Maximums likelihood estimates of the two lognormal pwmaarametrwr 

('9o computed .!/Thnese estimates are sumarited in Table 1. 
To compare the obered frequencuies for each income class with the 

predicted vtlues, thel owdALative density functions.must be derived.' or the 
lognormal, this may be done by standardizing the'logaritha of the, incomei at* 

O/nly grouped data, were available for fAinily income; and consequently, theassumption that every member of a particular income class receives thesame income, measured by the midpoint of t~hat clus, had to be made., itshould be noted, hovever, that this assumption would be unecesarythe geometric ifas well as Cie arithmetic meazi had been reported by theagency conducting the surveV.­

~/The'maximum likelihood estimates for the lognormal 
are 

N 

N 
~logx 1 



Table 1. 	 Observed and Predicted Probabilities-for Ten I=mme Casses in 1960 and 196 

Inccue classes Observed Prdctd Probability Observed] PrdcedPoa
 

Dollars/family probability gsna
lognormal 	 probability lognonnia gama 

1. <1000 .o50 .0174 .0385 .016 	 o091&4ooo2 

2. 1000 to 1999 .o8 .io16 .082 .031 .0089 .028o0 

3. 2000 to 2999 133032-.	 .. 158 :01. .0364 .0485 

*1554. 300to 3999' 098 	 .341 . 053 .067 .0605 

5. 1.ooo to 4999- .0 	 18 .1090 O054 .07- .0696 

6. 5000 	 C7 --.059to 5999 	 119.95 012.70 

*6ooo t 6999 .108 	 8 8 .o64 0913 .. 34
 
8..7000 to 9999. 
 .2 	 20- .2017 

-9. 10o to 1499 	 .i .125 .267 .2185 .2306 

10. > 15000 
-

.037-	 0 4.192 165.2054 

A.:9 . ,. 

-i+, 62a. %5 

Estim~ated 	 ii'8 19 6 . - .2 1X10 4 .1 - 90 6 2 	 )Z 22. 4 x 0 

ptr"ete 	 5. 5 + .4 . + *.,, ,- ~ . :( O 1 :.+ "2.0d % l '- .6O.-' 43
 

- 43..0a OWc'0 4.2 x . I I I 4.' ­
-Predicted) 

ft ta Source: fleferwre, (21. lb detls gee, Apendix B. 



'tes .eiwowev , -the. prooedure,-gorhe 0 opoae. 

.i is:e.ss:.an;,integer,*. .niore, general *.Oituationc-Ahe-esulative INa 

Rfay be redefined aa. follow.: 

m-I*(U; -l) 

heie =/f jo(nnber atandaat dev±ations fr the orign) 
1* is the ratio of the incomplete to the complete ga -function 

The values of have been tabulated C-133. Consequently, if the incame 

levels dorresponding to each class boundary are divided by the st,anda d 
-deviation ) to give the corresponding U value, the cumulative probabi ,t 

may be determined. 

lJZI - ­ ,then the cumulative density function'for Z my be derived, 

- L zof I e i,, d -z 

WZA 

zme dz 

r
 

- (Ua
4Xa)ra
 



I: xThet observed -and. predicted probabilitie'id 6f belonging to the<10' iiione) 

causes'are suminarized in Table 1 for 1960 and 1969. The observed and pre­

dicted innome distributions are illustrat.' in Figure 3 for these two years.'
 

It is clear from this figure that the gama density fits the data better than
 

the lognormal for both 1960 and 199.6 
 In fact, the sum of squared deviations
 

between the observed and predicted probabilities is over threetimes greater
 

for the lognormal in both cases. The gamma density does exaggerate the
 

skewness of the distribution, but this tendency is even more ,marked. in the,
 

fit-of the lognormal. 

To investigate how income distribution has changed between 1960 and 1969 

for U.S. families, a gema distribution was fitted to undeflated personal 

income data before taxes for each year. The estimated parameters and associ­

ated inequality measures are sumnarized in Table 2. It appears from these 

results that 0 has increased over time (less inequality) and that X has
 

decreased. The implication that income has become more equally distributed 

is also reflected by decreases in the two inequality measures, although"it 

should be noted that the lowest values are actually for 196 In contrast, 

the standard deviation has increased over time. This, however, is not incon­

sistent with a reduction in skewness. -It implies that the increase of the
 

mean income is only partiaJly offset by the decrease in skewness., as the 

standard deviation arithmetic mean x skewness for a gamna density.
 

To test the hypothesis that the inequality parameter 0 has remained
 

constant over time, a likelihood ratio test statistic (23) was ccmputed.g'
 

I/ Metcalf rio has proposed using a displaced logrormal to improve the fit. 
It is shown in Appendix C that the economic interpretation of the parameters

as well as their statistical properties after this modification are far
 
less tractable than before.
 

2/ The number of families in the sample, and the relevant sample statistics
 
are listed in Table 2.
 



FIGURE 	 ~. SOBERVED AND PREDICTED PROBABILIT ES ,OF US,FA!!LIE 
++ IN" TEN INCOME CLASSES: 1960 AND. 1969 

(a) 1960 
lHistogram (Observed); 

Ganmo. 

- - Lognormal 

.15 

.00 , 

011 
- *Income/ 

(b) 1969 

•. 

Family (thousand dollars) 
20 

.10 -

0. 

0 1 5 

Income 
• I0 

Family (thouand dollars) 
15 20 



Tab1~2. istizuated parameters for the Distribution of:Inccme forFmle nteUS:16 o16~ 

1960 1961 1962 19Q63 1961. 1965.- 1966 196T, 96 

IfamPle Statistics 
2.. Numdber -of families ~'21167 
2. Arithmetic mean 63511.5 
3. Gemetric mean 4888.0 

- Estimated rarameters 

3418 


2 a2.06: 

3 Sthndard. deviatioin '1474 

4.- Skewness .67 

5.:- L -(see .(3))., 369 
6. (ee(8) .23 

21199 290 21179 20889 
6578.0 682.6. 716573. 

4976.0. 5390.5';515478.0 5856.5 

.2.9492:3.32y70 2.9128 3.0112 


1.94Z _2.2-7 2;7 -~22 
42.75861994190456.751. 

.718, .664 .695 

-30354 .369 .5 
.38. .01 22 27 

29088- 41568-. 
82.i12. 


6138.0 6809.0 

2.8232 2 9794 

.1 2.51: 


::'8.63.631. 

3 8 .3 
.3A, 33864 

1 7? 

41222 140863 ko146 
97. 58.:. 

7210.0_' 776.0-7 832o.C 

-

2.7 25191'­

244 2.1.& Z4. 

74769.~6163I 

JIM. .635- &6I: 

.12 .1(, .4 
9 .344'.3428 


~JPeronaMlI -inocein Current dollaris bzfcre taxes. Source offdta ([21),'noe Appenddx B £Gr detal 

. hsieulto the nuiber Iutiplied by the ratio of the mbe' of T13ies­of household.sapleto te ~uer
f hosehods. (acurent populgtiou Reports [ 20)). 



The observed value'of t m latil ger 

the critical value of the chi-squared atati aic u 21.67 for a 1% level 

of significance). Hence, the hypothesis that the o parameters are the one 

for each year is rejected. 

The 'w estimated parmeters do not chnge consistently over time, 

and in fact, both exhibit cyclical beha-ior around a trend line with a period 

of approximately two years. An attempt was made to relate the estimated 

paraeter values to three economic indicators; the percentage unemployment, 

connuer price index (Cii), and gross national product (GNP) per capita in 

zeal dollars. A similar type of analysis was conducted by Thurow (191 using 

estimated parameters for the beta density. The estimated ordinary least 

squares coefficients for log-linear regression models of both parameters are 

aized in Table 3. 

The signs of the coefficients In the of-model iplVy that an Increase of 

unemplqy.nt or of inflation (P)..and a decrease of real'ONP per capita ire 

associated with a more unequal distribution of Income. The fit of the model 

is good 'with an I? of 0.88. However, none of the coefficients are signi­

flcautly different from zero at the % level of signiftcance. In the )6-modelq 

the estimated coefficients for all thriee eplaLatory variables are negative. 

The 2? of 0.91 indicates that the fit is good, and oily the .ratio for GNP 

per capita is less than two. 

Certain restrictions may be imposed on the models in Table 3 to improve 

the accuracy of the estimated coefficiets. It seems reasonable to expett. 

that the average inome per fail in current dollars is directly proportional 

to the product of real ONP per capita and the CPI. Mean family income is. ;,/k 

for a gman density,, and consequently, the following log-linear model is proposed. 

http:unemplqy.nt
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Za4timated Coefficients for Predictn the V4*R-,9,, I 44.ncw 

-Distribution Parameterni/
 

Estimated Coefficients 

Depndnt Variablse Log a Lo(x x 10 ) 

Independent Varab:e
 

1 Log Unemp1iment ! 0.396 -0.4718, 

2 Log Consumer Price"Index"-0.11 "-.780 

3., Log ,,/s~ia+o.2276. 4o.61j7o
(0.38) 

(1.16) .i, , 

1 Nuber of ObsertAin 10 .10.
 

O.Su or Squared Residuals 0.098189,.. 0089
 

31.. UMUQd~sted 
 0.82 0.91: 

... The estimated values of a and A are given in Table 2. 

j/'Dta Source: Economic indicators [916 

~/The numbers-in parentheses are the' estilmie&t raios'. 

http:Index"-0.11


A g x 1i4 loo 

2 + blogU + logO + dlog G 

ihere: .U.: is the'percentage wunpomn 

OlAhe ~I
 

~Gc4B thereal-.GNP %per,cpt
 

The reduced form of this model is 

X logo loC Oq(23) (log() - ++ ,lg - aaeoG+ b-logVA,to_lgq . 

(2a)" a.2W+ blogU + clogC + dlogG+ e2 

The,-"-lop.cefflcients b, a and,-d in (25),-and (26) are. identicali, and-cose-.
 

quetlY,. ,the -ordinary least squares .estimators.were Computed by combining
 

the models together.1/. he estimate of d in the reduced form is positive,,,: 

but;the ,corresponding t ratio is less then one, and the final model is 

estimated with the additional constraint d - 0. The four estimated coef-., 

.. figlents az corresponding t ratios are•. 

A 

.: -!--0.517+ (0.45~) 

a - -0.5003 (1.9).".
 

&2 -1.5902 (397)
 

P'4o;correction was made for. the difference between the.,residual variances In 
~(25)and (26). 

The computed value of the F statistic for.testing the hypothesis that'(21) Is 
not significantly different from the models in Table 3 is 0.2195. This is 
less than the critical value (F - 2.48 at the 10% level of significance), and 
the hypothesis is not rejected. 



The estimated t ratios for.b and, argel r, than the correoondingvalues 

for the O-model in Table 3. The .isults Ivply that both increasing unemplo­

sent and inflation are associated with a more unequal distribution of income, 

an that the elasticities of a with respect to these two variables have 

similar magnitudes.!/ However, real growth of GN? per capita has no,.significant 

iAfluence on the skewness. In conclusion, the reduction of unemployment 

between 1960 and 1969 is large enough to offset increasing inflationp and 

the net effect is a tendency for income to be more equaly distributed. 

The final peart of the mpirical jsection: in to investigate the impact of 

taxation on the!distribution of income. The incidence of both federal income 

tax and state and local taxes on different income classes has been computed, 

by the Tax Foundation Incorporated for 1961 and 1965. A more complete 

description"of this data source is given in Appendix B. A gma density was' 

fitted: to the income data before taxes, after federal taxes, and after all 

taxes, for both years. The results are siarized in Table I. 

Although state and local taxes account for 32 percent of all taxes:in 

1961 and also in 1965, the redistributional effects of taxes are entirely 

attributable to federal taxes.Y In fact, the skewness and associated Inequal­

ity measures are slightly larger in the case where all taxes are deducted than 

in 	 the come where only federal taxes are deducted. These results suggest that 

state and local taxes are actually regressive. 

T/The elasticities for skewness = 1/,M are close to unity in both cases. 

.J 	 The likelihood ratio statistic for testing that the skewness is unchanged 
by taxes was not computed, as the assumption that the observations before 
and after taxes are independent is not valid. 
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Table 1, Estimated Parameterd for"thistribution of Income Before and 

After Taxes for Families in the U.S.: 1961 and 196W/ 

1961 1965 -
Before After After Before After After 
Taxes Federal All Taxes Federal.i All 

Taxes Taxes Taxes Taxes 

, Omple Statistics 

1. Aritb etic mean '6578. 5171-.23 520.26 7828.0 61,06.24 5312.72 
,2.Geometric mean 4976.0 10.0 352'.5 61,8.0 .978.5 4322.6 

Estimated Parameters 
14 

.;',';.x1O -2.91192 0 1.3701A .97759. 2.8.2320 11..2579 4,-,,4.85627 
2.;., 1.94 2.26 2.25 2.21 2.60 2.58 
3.* Standard deviation 1472286 3439.85 301 .50 '5265.68 3786.93- 3307.55 
14. kvn .718' .65 .'666 .673 .6po .623 
. 4(see (3)) .38. .35140 .35145 .358 .33 5 

6..I~,se()).2%64 -20147 .2P64& .2093 .181 .1813 

/ se"Appendix B for a description of the'taxes 1ikiUdtde&9ind te asimions 
made for generating the data. 

http:61,06.24
http:5171-.23


Conclusions 

Ay distribution involves some compromise between howIm.model of income 

,well the model fits real data and how easily the parameters can be estimated 

and interpreted. The gema density provides a reasonable balance between 

"these two conflicting objectives. The two gamma parameters can be directly 

related to measures of inequality and of proportionate gromth. Both of
 

these conceIA hava obvious relevance for economists. Maximum likelihood
 

estimates of the parameters maW be computedq knowing the arithmetic and
 

geometric means of a sample., using either numerical or graphical procedures. 

Similar claims for both the estimation and interpretation of parameters mq 

be made for the lognomal density. However, it is shown in Section 4 that 

the gama fits family income data much better than the lognormal. In 

addition, the displaced lognormal is rejected as an alternative due to the 

difficulty of relating the parameters to an inequality measure (Appendix C). 

. After fitting gamma densities to family income data for the years 

.:1960 to 1969, inspection of the estimated inequality parameters suggests 

that income has become more equally distributed over time, A simple 

regression model relatLng the ten estimated inequality parameters for 1960­

1969 to unemployment, inflation and real GNP per capita suggests that both 

increasing unemployment and inflation are associated with a more unequal 

distribution of income. Real growth, however, does not influence the skew- ­

ness. The fact that income has become more equally distributed duringthe.. 

period analyzed in due to a reduction of unemployment tAt was sufficient to 

offset increased inflation.
 

An analysis of the distribution of family income before and after 

taxes in1961 and 1965 was also conducted in Section . The estimated gmma 



sparmetersuggest that fiederal taxes are .progressive, but that Sate and 

locl, taxes, are Slightly regressive. .- , . 

in asm ry., the gamma density provides a reasonably close approxima­

tion to income distribution data. The skewness parameter is a convenient 

indicator of inequality that could easily be incorporated as an endogenous 

variable in an annual macro-econolmilc model, The -impact of policy chtange 

on inome distribution could then be predicted. The advantage of using the 

inequality parameter a, instead of an empirical measure such as the entropy 

(5); is that the proportion of families in different income ranges could be 

predicted (assuming that the scale parameter X was also determined by the 

model). Hence, quite detailed information on income distribution could be 

extracted from the model without adding unduly to its complexidr. 



Appendix A: Derivation of thew Lorenz Concentration- Rlatio_ end 

* Gini Coefficient for a Gema Densil1vl
 

IfX i stributed as the anadensity f'7 (XtaA ) the j 


distribution ftnction is defined wit f,55j~U' sfuw 

(A:L)~~~~~~~ j ~ , Ii~F'i ) u r u a 

0. 0 

0 

QKT 

*r(xowj) d 

if: and X areL idependently .distributed'as r ;X and 

r(2 ~re$pectively,': then: ' 

(A2 SX2 coXj2 drXl;QLIj
f 70f 

0 

XlL5di t r bjeas t he foll win bet den it dr p . 
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TheLoren curve and the conepondin measure of incae conae.ntr o"tion 

are etenwive.y discused:in, (, pp..2,"-11]. The Lore,'concentration 

ixtLo-can be defined in teons of the &1.tributiozi function 1(X) and the first 

(A__....)J! ) -2~a 

,,the'Lorenz ,l:When PCI) concentration ,ratio. i"' 

L,] .12 ,ir~l,(,%)a....r(X;ct,;.) 

Pro(i tis impAlies that /-i 

L 1-2f r(x;cz+ l)dr(z;%%) 

0 . . 

anidUsini(, wta 1 mG- and 2 u ,gie 

L is also related to the Olni coefficient of mean difference ohich on 

uzltin r(x) r(;aX,1L) may be defined, 2;. 13] ' ' : ( 

oo. f"f u..,ar &'r). : 

mU . T( f ~ j r(1 
0 0 0 U
 



-U 

2*/ v 	 (v)] dr(u) , 

-ur(u)ir!(u) 

u im the definition of r (;C,.) in (lvtb$ma&Y,!a 

G - [f(u~ax,%a~ua.~)-f rU;01,)r;i)} 

001 

where' -dl J r)ithm of 

UuSnga) nd: thn( ifth r( 1 ;,).) 'aid 	 gives 

* .C C2P(X3. X2 ) 3­

--

(A6) 	 ~ 1 1i
 

*2L
 



irAppendiz B A-Descriptiow fh.aaSucs 

Personal Income Before Taxes. The data used for the distribution of
 

family Income between 1960 and 1969 were taken from [21]. This series pro­

vides in each issue a table entitled, "Money Income -%Percent Distribution
 

of Fauilies by Income Level ....". The exact definitions of income and
 

of a fmil are given in (23] and need not to be repeated here in detail.
 

Issentially, income refers to the "consumer money income for the calend,
 

Year." It .spersonal income before taxes and does not cover nonmoney items
 

of income and Isnot deflated. In (21], the income scale is'divided into
 

ten classes. Although a more detailed classification with more classes,
 

such as the one used in (8], would have been preferre (1] was chosen for
 

its continuity and consistency.
 

An Important assumption is made when computing the gama parameters. The 

midpoint of each income class is considered as representative of that class. 

,Iniigeneral, the midpoint isnot equal to either the arithmetic or geometric 

mean, of. the class, and in addition, the fact that the geometric mean is less 

.ta.n.or. equal to the arithmetia mean is ignored. For the highest income, alus 

a value of 20,000 dollars was used instead of the midpoint. 

The Incidence of Taxes. A source for the allocationof taxes, -onsistent 

,iwith the, family- income data in: [21], wasnzt-raiyaalbe oee,. 

another source has been publishedby 2sx Foundation (17]; for 1 l965. 

i.4Cmilar information for 1962 and 1968 ,my.be fon in (8], bu the data in 

C8is not suitable for our purposes.. The derivation of ,the dsta inn (17]; 

Vinolves ma.r assuptions ,that are not repeated here., 

Taxes -are reported o ,,thepercentage of income before taxes for, eabh 

income class in (17s Tables,2, 1. The midpoints of 'eachidcane calassbefore, 

29 



taxensraw transformed by-8s1:tracting" theb percentage 6f iAncome going to taxes. 

This procedure ie aoloed for federal taxes and also for total taxes (federal, 

state and local). 

Appendix C: The Di.pladed Lgnoal' D'sitT,. 

'Ketcalf [10) has proposed using a displaced lognormal density to model 

income distribution. This Implies that log(X + C) in Noral(p,, ), where 
X in the income level and C is the displacement pa--meter. Metcalf suggests 

an estimation procedure based on the observed values of X at the first, fifth 

and ninth decile. This procedure, which is described fully in [103, was 

applied to U.B. family income data for the years .90 and 1969. The estimated 

parameters are: 

L"2 

The~ ~ ~~ ~. mply that incoeA~iievleo is istiuebten 

1onsequently, *the,cumulative probability at- Z 

either"thiprobabiitymust be added to the probability for the first iname 

class (0 < X < 1000), or the whole distribution must be truncated at X -O. 

Thie'first procedure inflated the cumulative probability for the first income 

clia" (<1000) and the fit was worse than with the second procedure. Hence 

the second procedure was adopted, and the computed probabilities for each 

'income class were reaoale! so that the sun of all probabilities equalled one. 

This rescaling Implies dividing the computed probabilities for each interval 

over the positive range of incomes by one minus the cumulative probability 

.at X w O. In both years, the displaced lognormal fitted better than the gama. 

Adand"C-n :0 i positive.Y 

I/ The cumulative probabilities at X - 0 are .0207 and .0116 for 1960 and 19690, 
respectively. These values are in the same order of magnitude as the 
observed probabilities of being in the first income class. 



.... ob aner.. ect 

mM a Ordiceprobabiliiis 4(fo thedis i"~ dnza a larcnsd 
peren ofthe orrespondi value or tnegan-in 1961nd?19 respeo. 

lyonog thedi4spiaceid lo"gnorual2"provida good fit to thie data, 
ere are toserious draacs that-rLeduce itt usefulnesei.'as a m6del of 

intone distri bution. First; the statistical properties of the estia tors 
proposedbyetcaf r re unknown, and consequently, testing-hpotheses 
about the parameteres :-diffLcL t. Secondly, skwness depends on bOthq 2 

.and C./ Hence, the econoaic interpretation of the parmaeters is no longer 
str ightforward. In addition, estimates of the Lorenz or Thel inequality 

measures must be colputed empirically as expressions have not been derived 

for the trunxatea distribution (C> 0). 

Table C. 3Estimated Theil Inequality Measures 

Year Percentage 
Distribution 1960 camine 

1. Gia.2327 .1705 -27 
2. Lognormal . 6 .88 ­

30 Displaced lognormal .21.13 .1659 -21
 

A 1 0ha rvedc
e -- ft -4 
-.... 

a .4ge ot h . 211. . 1... -22 

A change in C changes both the standard deviation aiA the median, and maresult either :rom pr rionate growth or a inang the skrens (see 
pp. 6~8-59)). 



-,.-If.bhe probabilities for .,each income class, are given, the Theil 

I,4nequalIty measure may be ccmputed by modifying (5).1/ The estimates for 

1960 and 1969 are suzmarized in Table a using the predicted probabilities 

from the gamma, lognormal and displaced lognormal, and also the observed 

.probabilities Although the estimates from the displaced lognormal are 

, .c lest to-the estimates from the observed probabilities, the gamna does 

,-notiperform badly in this respect.,. It should be remembered that both Theil 

and Lorenz ,inequality measures may be com ed directly from the gamn and 

.,lognormal parameters, but this is not the case for the displaced.lognoral. 

/-Temodified. 'expressioni for. the Theil inequality mauiis 
t ih
 

where P is the probability of being in the jth income classj 
thX is the midpoint of the j income class 

....... x is the mean income. 

Neither (8) nor the corresponding expression for the lognormal i18, p. 971. 
are used to compute these estimates. This ensures that all models are 
cqpred under the same restrictions imposed by the use of grouped data. 
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