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A PROBABILISTIC 11ODEL OF WINTER RAINFALL 

"ABSTRACT 

A fraummwork has been constructcl for the probability 

distribut-ion of vinter raiuifail in s,,uthv-'estern United 

States. For coitvenience srake-, a storm group was defined 

as a sequence or days consisti;j]: of n' 'two consecutive 

dry days; with a total amount of. rainfall qccual to or greater 

than n certain threshold value. AsUuming that the storm 

greups are independent anl .ncorrelintcd, ai Poisson distribution 

could adequately descrihe the number of storm groups peT 

season, aivia negat .vc binomial distribution couclI represent 

the density function for storm "duration. "I:he results of 

a sensitivit. fa'ln.ysis indicato that the praincters of 

both distrAbut lons chanpe \ith thre Jiold valnes. Given 

V;,4 a SIo gIoupM haS occtrved , th.. roquencics of rainfall 

amount per Vroup ce fitteod to ft nixed distribution to account 

for extreme valku;'. TIhe seasollal ,l ximal distribution 

and the expected rc:turn intervi-.s of ,roup depth woregtrq 

lilso obta ed, The summat ioen of r doy numb.r of random 

variables wlas scd to cl,.c,, the tncdcl by obtalnimg total 



CINTROI)UCT1 ON, 

There are two distinct seasons of the year when 

precipitation is especially common in Arizona (Jurwitz, 

1953). The first rainy season, principally resulting 

from local convective storms, lgsts approxim-ately from. 

mid July to raid September. The second rainy season,' mainly 

caused by cyclonic s totas, extends from'Deccmboer thrpugh, 

the middle of M,11rch. 

Gener~lly., winter storms ae less, intenso,' -longer, but , 

more widespread than those of summer' Inthe southwestern" 

United States the annual surface runoff fro1l smalier 

semi-arid watersheds is basically caused by convective 

storms. 11oever, hlstorical records show that the accumu­

lation of winter precipitation over several days could also 

create 'flood damage in the urba' end rural area. 

After examinntion of the record of long term monthly. 

mean in Tucson, shvwi in '.gt,"e1, the interval of winter 

rainy sessii,: t.;:t from Vi-tober through March,, since the 

possibility ol rain in Octber ;nd November cannot be 

Pxc] uded. 

The sta';ion . iown as Tucson, Dwivcrsity of Arizona, was, 

chosen to rcptex0.-nI. the ra infall cn,',..i ~tics in the 

metlopolit.a11 arva of 'rucso ,bcnu';:c 1i period of record was 

the longcst Note L, thi:, w.id: sp.ead ac. hfau ,inter storms 

, . II:iI(.'t rainfallj;ir.ly 111aCrmly ia i'a. 'daily 

-3 



data ~were ta\eii between 1914 and 1970. It is believed that 

the analysis of frequency57-year data is long enough for 

n til,.s analysis, i wetdi;tribution (Oicsner, 1970I). 

has an amount; of rainfallday was defined as . day which 

or greater than 'athreshold value c. "or convenienceequal to 

.al:c, the daily data were Luimped togethor as storm Vro s 

SVeralcontInuouFvof "he yc)tovas oc, -ured bverbecalse many 

'as di -ined a: 'Ir"..qtunce of daysdays. A stoy-m,.nou. 

dry dnys v.ith a tow,l amount
consisting of no two consecuti/e 

above a c,,rtain th-eshold value.of rainfall equal to or 

Th<. mlinbitum .h-Oshold valu.w;s csen' to be 0,01 inch. 

The obectivs of this st.ily ,rv ivs;. to derive a 

durationfor predicting Ohe occurrow.e,probability node 

and

and Mr gnitu'l of wInter rn.ikf;all in scmhi-orld regions, 

of the model to differentsecond, to analyze the sonsitivity 

values of the th;.-hold C. 

L/
 



NUMBER OF OCCJRIVENCES OF,STORM GROUPS 

The 6ccurr-,iies of storms have been successfully 

,described as a Poisson process k'Borgman, 1965). Todorovic 

and Ycvjevich (1969) aiso Yound that the number of sto.rms 

within a given interval I.r Poisson distributed. An 

.inherent as51urptlion of this finding is that storms occur 

independently frow fCt.a anotlior. During the colder months 

in Arizona, precipira.nlio~t may be obtained under rather 

unusual circumstanco6 due to a fast-moving air current
 

originating in tlhe noi th Paciic Ocean. Sellers (1964) 

points out that once this flow pattern" is established, it 

tends Lo per, ist ovr re-occur).with the results that 

several storms in succession may pass over the state at
 

interv,3ls of abnut oe Week. However, since storrtsof this 

type rcpresniats lc:s than ' of the occurrences, it is possible 

to assume th..at the storm gruups occur in an independent manner. 

Theorcticn. y, the occurrence of -ndupcndent cvenl.s
 

follows a Poi;.sco. process if he if.teaV'rival timCs kTie 

us
exponitintU ly -Stve\al lSm. lr vv found 

that the dry spels may foliow pn c.poncritinl or geoinctric 

distribution (Ltong.y, 1953, Gabriel nnd N-twioanji, 1962;
 

W'eiss, 1964). .In lw pre-sc-id: ']' " (h ioteriarrival
 

, i2 allytime s betoen tvo ; g;groups aLJ1'e{, "d £. )c e.Jpomnt 

C O:l dr.r~o'dr I LLi I . U, 11 



Poit"y distributionl for the 
indicates 	a trend t 


storm groups per seasonl.
number of 


goo , -o."fit LeSt wai used to test 
The chi-squar 

ltevel of signfficanceIhis hylpothesis. At the I) pe-rcrt 

, was much 	 less thanertch thresholI the observed value. for 

is no reason toval u'O. Thus, here
the tabulated critical 

The frpquency distrbibtionl
the null h),pothasi:,.;ejcct 

storm groups per seasou is therefore
for the mnimber of 


n- m n
 

mean number' of occurTcnceS 
whore the 	varamctesr mt r'.rcscnis the 

"
 'sof st3rri grotps pC- .5cs, 

of. the relationsbhip,""3 i.s on illu.tratioflFigurc 
As it can 	be"of m anl 	 ' thr.,hoi.ai ' 
between thr,, value 

of s:ozrm groups per seasonnn, 
cx;cctcd, .he mcan nwualeC 


demcsos when th, thre;,,d value c "is increased. An.
 

a] A}, C- ,, xJor.hi.p . Co'fenn and c (in',inches) is
.(±Tl 


11,2 . 28 	 c 



t.l~uj~n'of t'1oi ?zrcui durution 11ty o.1w.Ih~di 
"lL
 

ijtid~wbinnW ayjruw 4. Co'p r1nf,Linj Pipu rt 

01otc WhCqqfCn~~IfY to the obsecrvedi OEIS * th i ';cuia 

Sfjm~tjr ;Q1t"W~htb t1k~ hypqch)eni br; b:~~jet 

U ~W~!~'*~P v'anrt 16VOI33 61 S i"Mcace t~voi Va"CAh~ of' 

I the f iv1quncfy e~I ; i prcssed,tij~ i~~t ~cK> 

AIMS UY 6r OvT. v-dna ; duratio"is j:1tyunct 

'a; :2lu
i guplAs' Sho P)~i~c 
0whod V"iv0tu~iohrewst 


niI4-p m d the-u~ m I 1h e h 1 ( . 1 " h ," r
 

*W SO Vi~o t.thp!'1Ic~~ J r : hry !t 

711 Wuatt. on, R~&gntric a.~.tb thrpe1hold.QP 



THtE 	 MOUNT OF RMNF1AIA, PER STOI.N GROUP 

of rainfall be expressed as anLet 	 the UaiounL 


nuwber of half- inch increeiits. As shown in
intogral 

Figure 7, the amount x of rainfall per storm group, given 

that a storm group has occurred, appears to Lit closely 

a geometric distributioni, 

1x 	 1,, ... ()
x(x) P) 

w'hcre the parameter p is 1h probabitliy that the area 

greater than areceives an amiount of rain cquapi to or 

minimum th-eshold, usingcertain threshold .c. At the 

to
the method o moments on groluped data, p was found 

be 0. 31. Yor other values of the i'hrehold c, the 

in the coit| nuous formul.-ition becomesdistribution function 

(4)
(l .r+c) 

rainfall amountAt the ta I. of O.b disirib:i.Cio'. h1.'vovnv, for 

were
greater than t.hre,.v 'na"""" the obscrvcd f!,ciUCC fou"d 

due to 
to hi? higher ti!,E tho .tl-c'rctical ovles. Thlis mny be 


tlich belontg to another
the 	 er.iX,-.an.ce of (;xi:rele -Vcnts 

i
" (;-irib toll i.mportant
o)11a tIC.,c Siwic, the t~;'t of i n has 


in ;I:ch ds igii of :,ater cmt roal structures,
implicatiros 

a ni ir'd ri i t r,bit: o ",::: , ;pJ)?.oy d n-rdr," to obtain a better 

http:er.iX,-.an.ce


.- )X) cz) G(x)' 

-- -. - .. . x . , , .. ,,.* 

whelo a is a ucip'gh .g factor lying between ,0 and -. and 

Js a uiniforc distrrilution function:. , ,,,.,. 

*G~.(x) x - 1, 2, .,I 

As no known rain gage in -this area hns 'over recorded.more 

thcn cleven Inches for a singlo stormn group, the vae of, 

Vz'was cho;cn to he- 22, ie. , eleven inche,. The v. uc 

of a, on the other hand, was chosen subjectiv0ly'as -0.9,8, 

The dist.ribution function of X is then 

I Ix (X) , a( - p + (I - .. ': , ". 

Other mixed distr j'butions aro being Investigated to 

avoid truncatiig i .nifo-rn densIty nt 'n :ab.trary level. 

Also, phiysically inised models, that cnn tredict extrolnes 

are bci~j; devcope,.1, 

6 



RA TNFAILStPASO.MAL ',!AYM ATDL 

Maximum evenlts ore of utriost importancc for the 

facto:s.design of engineering projects involving hydrolog:ic 

or fnilurc of a hydraulic striuntilre stronglySuccess 

depends oi lts abi lity vr 1..iths'ltnd extrere values of rainfall 

(or runoff) to which it ir subjoctcd, If 0,is the maximum 

, , , thenof n randon variablcs Xl,_X2, 

(8)".- P1all )I of the X X 

X i's aro mitu:. y :independent,Assuming tOat the 

FQ(x) - _ _ P(X 2 . P(Xn < n) 

1 x Cx)" L-l(X) .. , i xn C,1) (9) 

Alsi', if w o thnt tho X..'.ire idctitcally distributed, 

(:K) . (z) I (10) 

.. seasonthere is u ran.,,oyri ruo.iber 14 of. stoi vnms per 

with a frequency di .,ribulofon (n) , then the maximal 

distributi.om n(Ak; . ) writtce, n! (-, n itri i,.nand Cornell, 1970); 

' (11)r hX(,o(X) " Ix : (Y,) 

I0 

I 

http:distributi.om


Substituting equations-1 and7 into equation.ii,'I 

Fq(X) e X'{[Ci (l-px) " (''.,l..(12 
n I 

-Equation 12 gives the probability that the maximum rainfall 

depth. in any season. be le.ss than or equal to x units. The 

frequency densities dcterrnined from both the model and the 

historical records wTe, compared in Figure B. The.expected 

recurrence interval Tr for rainfali equal to orgrcatcr 

.,than x units is si iply 

T- (13

r (

",,I "
-"
 



T11) TOTAL, SPASONAL RAINFALL 

The total amount of rainfall Y por season can be obtained 

by means of the convolution 

'
Y, X + + + X (14) 

If N n, then 

where X(i 1,2, ... , n), the amount of rainfall per each 

storm group, are assumed 4o 'Ve identically distributed. 1'e 

found previotisly that N has a Pojsson distrIbntion, and there 

.fore Y .m:.uL have a Compound Poisson distribution. Benjamin
-N 

and Cornell (1970) giVcn -n examPle of deriving the compound 

distribution of the total annual rairfall. If the num,,bCr of 

storm jgrotp s is known, thcn thc sum of n (a positive Integer) 

indepedndcnt and ideritical~ly distri.toi:ed geometric random 

v. ria!" ),-Is n regative v .mia. (P;Ls.-, 1) ciistvihtioi, 

1b (j, n) - ( 

* - n, n+1, .*. (16) 

where p) i-, '%he sod ])MVamIVIItcLr c. distribution nsofc 

that ill -Ow pred:lng sectIon, Slnco n is Poisson d.stributed, 

hence for j>V. 

rr fh ',j) , . . . . ... . ... . ( - ) ,. .n , . _ (47)
w I fit- !'I (.j --)I) I 

1) 



The distribution of Y is a mixed distribution. 

Equation 17 only gives the major part. At j - 0, we must 
inclUde a spike, w'hich represents, the probability of exactly. 

zero rainfall, givon that there is a storm event. The. 

magnitude of this ,p.Jhe is 

11 (N *0) c.r (1 BY) 

The firal form of th.s distrIbution function is, ' '.. 

._l LIALU t_.tU:.]. __L] 
k-1 n-i T)I (n-,1) !(j -n)I 

As shown in Figure 9, this compound distribution is quite 

acccpta1,l. Thc -ase of a Koiogorov-Smirnov test slqS, 

that the null hypothesis cannot be rejocted At the 10 percent 

level of significance. In a way we have thus verified that 

th assLuIpLion; of the modl SuCh as independence between 

storm groupis.. and idci)tjcal distribution of rainfall amount 

13 ,' otp) , L')t bn v.olated. A Wnto Carlo simulation 

can nowv bo sct up to generate an unoyduvrod succession of 

roasonal combinrtIons of cvcnts, )Rurtbr research lslu 

includes the extunion of this invertigation to other 

geographic areas. 

13
 



CONCLUSIONS 

A framework has been constructed for the stochastic 

analysis of winter precipitation in semi-arid lands. For 

a sequenceconvenience sake, a storm group was defined as 


of days conmisting. of n) two consecutive -dry days with 

a total amount of rainfall -,qual to or greater than a 

certain throshold value. In view'of the rtsult:1 , the 

area 	are:noticeale ceaturcs of the winter rinfall in this 

(1) 	 The number of occurrence of storm group is Poisson 

distributed, regardless of threshold values. The 

logarithm of the paraimcter of the distribtJon 

decreaaes linearly as the magnitude of threshold 

is increase-d. 

(2) 	 The stormFTgroup duratjn may be described by a negative 

binomial distyibution. The results of the sensitivity 

a11,a1yOS~ 1Trld'i.,1C2ti thai. the Inari.Ipter q d:,creases and 

thc parameter r increscs with 1creasing threshold. 

(3) 	 Civen that f ntoVs1l group ims rrcUrrcd, tie frequency 

of rainfall anount pec grucp ::Is f1unnd to have a mixed 

distribution, cumpose-I fr.r exoimlpe, of a geometric and 

a un.fori;i disti;lti.~uon. There is little correlation 

.between storm ,,,,oups du .'n'iin and itls dt,. 

(4) 	 'he distc ibut..Io, of sc,';onaJ. raximal rajnfall and
 

the recurrence interv.l of ; gi'a'n precipitation
 

amount can be computcd from thisi modc.
 
/L
 



(5) 	 The sun;ation of a ranJoi number of raudom variables 

yields the distributiou of total se-sonal rainfall, 

which appears to foll ,, a ccwpound Poisson distribution. 
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