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A PROBABILISTIC HODEL OF WINTER RAINFALL

"ABSTRACT

A framework has hcen'COﬂstructcd for the probatility

distribution of wintor‘rainfall in scuthwestern United
.

States. For convenience sake, a storm group was defined
as a sequence of days consisting of no two consecutive
dry days with a total amount of rainfall cqual to or greater
thon a certain threshold value., Aszuming that the storm
grevps are independent and nncorrolntad, a Poisson distribution
could adequately descyibe the mumber of storm groups per
season, and & negative binomial distribution could represent
the density function for storm duration. The results of
a sensitivity araiysis indicate that the parameters of
both distributions'changc wi;h threshold values, Givon
that a storw group has occurved, the frequencies of rainfall
anmoint per grovp were fitted to s nixed distribution to account
for extreme values, The scasonal weximul distribution
and the expected return intervels of storn group depth wore
dlso obtalned. The summetien of rauvdem number of vandom

variables was vwsed to checl the wedel by obteining total

araeanns’l yainfall



LINTRODUCT ION -

:There are‘tWS,distinct soasons of the year when
precipitation is especially common in Arizona (Jurwztz,
1953). The first rainy season, principally requltlng
from lJocal convective storms, lasts approylmafcly from

mid July to nid Scptembor. The second rainy cason, main1y<

ﬂ‘«

caused by cyclonic storms, cxtends from Dcccmbcr through
the middle of Mavch. |

Generally, winter storms are xcss intensc, 1onger butu

e

more widespread than those of summer' In the southwcstcrnt

United States the annual su:facc runoff from smaller

semi-arid watcrsheds is baslcally caused by convective |

storms, llowever, historical rccords show that the accumu-
lation of winter precipitation over several days could also
create flood damage in the urbar end rural area. \’ : ;i

After cxamination of the record of long tcrm nonthly
mean in Tucson, shuwa in Figuye 1, the interval of winter
rainy seascn was sot {rom Outober through March, since the
possibility ol valn in Octcber and NHowvember cannot be
excluded, .

The staiion utowva as Tucson, University of Arizona, was
chosen to repeesent the rainfall characteristics in tho
meticpolitan area of Tucsov becauss ins period of record was
the longest. Note thet the wide sprend winter storms are

1

fairly unizermly distxivuisz io ihle area. The daily reinfall

3



data were taken between 1914 and 1970.I It is belicved that
§7-year data is long enough'for the analysis of frcquency
distribution (Wicsner, 1870}, In this analysls, & wet

ény was defined as ¢ déy which has an amount of rainfall

equal to or greater ‘than a ¢hreshold value c. For convenience

salc, the daily data were luaped together as storm groups

because many of the storms occurred coantinuously over several
days. A storm proup was defined as w sequence of days
consisting of no two consccutive dAry days with & total amount
of rainfall egual to or sbove a coertain threshold value.
The minimum Jhreshold value was chosen to be 0,01 inch.

The objcctiva% of this sindy ave {irst to derive n
probability nodel for predicting the occurrenuce, duration
and magnitude of winter rainfalkl in semi~arid regions, and
sccond, to analyze  the sensitivity of the model to diffcrcnt'

valucs of the threahold c.

Y



NUMBER OF OCCURRENCES OF STORM GROUPS

The occurrzuces of storms have been sucéessfully
‘described as a Poisson process {Borgman, 1963). To&orqvié'
f;ﬁd Yevievich (19269) slso Fouad that the number of storms
‘Qithin a given interval is Polssoen distributed, oAn
inherent assumption of this finding is that storms occur
independently from dne anothor. During the colder months
in Arizona, precipitation may Le obtained under rather
unusual circumstancos dué to a fast-moving air current
originating in the norgh Paclfic Ocecan. Sellers {1964)
points out that once this flow pattern is establishéd, it
tends o persist or pe-occur,. with the results that
saveral storms in successicn may pass over the state at
intervals of about one week., However, since stormsof this
type vepresents less than 3% of the occurrences, it is possible
to assume that the sterm groups occur in an independent manner.
Theoretically, the occuvrence of independent cvents
follows a Poisson process if the intevarrivel times are
exponentinlly distributed,  Several authors have found
that the dry spalls may follow an exponential or geometric
distrvibution (Longley, 1953, Gubriel and Neumann, 1962,
Weiss, 1964). In the preccat onalysis, the interarrival
timos between two «isra groups also tend 1o be exponentially

dinirabnvtu. as shuwa dn ioone 4, Low byoyeay vecord

=



indicates a trend towards & Poisuon distribution for the

o~

number of storm groups per season.

The chi-square goodness-of-fit cest was uscd to test
{his hypothesis. At the ') percert level of signiflicance,
the observed value Zor each threshold was much less than
the tabulated criticnl valvo., Thus, there is no reason to
rejcct the null hypothesis. The grnquuncy distribution
for the number of stovm groups pex season is therefore

(n) b LT’E"“- n= 0.1,2,1-.
n i

where the parameter R [Opr6ftn1s the rmean number ot occurrancSw

1‘~’.

of StOYL EYOUPS NAT HCALON. :  f;ﬂ
Figure 3 is an 111u~trat10n of the relatlnnthp
between the value of m and the ThT””hULJ. Aq 1t can bc

expected, the mean nunber nf storm groups pcr soaeon n

» O

decrcascs when the threshold value ¢ is 1nurcased An@g‘

approximate reriaitienship betwesn R and ¢© (1n inches) 14

.
. t

log vz 11.2 - 28 ¢



DURATION OF STOR GROUNS

Thc shvnn or H iacrnms suppest ts “nn~:xudlly hwt

o

the di”f“:bntjon of blOlr QY ouUD duratiqu nay fnllow q

,t
iy
oy

.

nopatxve h-nnanJ nsfshuwn in Pigure 4. Cvupnrxnblthe;ff

! x
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ujs almu ?‘Cquﬂl Lo nn;t' b etler wurda, the distribution-
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o iur«t1un im gdcmvtriu at thui threshold.



THE _AMOUNT OF RATHFALL PER STORM GRCUP

Let the amoun. of rainfall be cxpressed as ane
integral nuwber of half-inch increnents. As shown in
Figure 7, the amount X of rainfall per storm group, given

that a storm group has occurred, appears to fit closely

a peometric distribution,

£ (x) v (- p) R T S I % T (%

where the parameter p is the probabillity that the areca
receives an amount of rain equal to o¥ greater than a

pertnip“thrcshold.c. At the minimum threshold, using

the method of moments on grouped dots, p was found to

be 0.31. Tor other values of the ?hresﬂcld ¢, the

distribution function in the continuous formulation bocomnes

PG r 1 - o” PrE) (4)

.
L3

At the tuil of whe distyilucion, howevey, for rainfall amount
greater than thrvee lnches, the obscrved freauencies were found
to be higher than the theeretical ores. 7This nay be due o

£
the existance of cxtreme events which belong to another
populaticn., Since the il of the distribntion has baportant
implications in whe design of vater contrnl structures,

a wized distribution wns omployed 3n order to obtain a better
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'As no known rain page in this'aréa~ﬁaéso§ér)récprdg&?ﬁorgii
then cleven inches for n single'sto?m:éf6Up;'the-va1ué of

,:ﬁ'wns chosen to be 22, l.c., clrvcn inches, The va]uc .
of a, on the other hand, was chosen sub;cctlvcly as O.QB}ﬂ

The distribution function of X is then .fi};ﬂguv

Hy(x) = a(l - p) + (1 c.)~P

Other mixed disty uhnt:on« are belng 1nvestiyatcd to -,
avord truncating 2 uniform uen;ity at on arbitrary level
Also, physically baged models. tnut can predacx extremes

arc being developed,



SEASONMAL MAX TMAL RATKEALL

Maximum events are of utmost importance for the
design of engineering projects involving hydrologic factovs.,
Success or failure of a hydraulﬁc structure strongly
depends on its ability o uiihstund cxtrene values of rainfall
(or runoff) to which it Is subjected. 1IF Q is the maximum

v

of n random variables &1. §2, v ;p. then

Fg(‘() i P(Q f_ %}

= Plall n of the X; < x) (8

Assuming that the 11'5 are mutuaily indcpendent,

Fg(x) =~ PIXy < x) PLXy < %Y., P{X, < mn)
= i, (x) llx (X) oo llx (n) (9)
=1 Y -0

Alsc, if we szsumecthat the X, are identically distrihuted,

F(x) » Ty (0] | (10)

1% there is o random nuubex N of stoim 2venis per scason
with a frequency distribution fN(n), then the maximal

distyibution can e written as {Banjamin and Cornell, 1970);

hg(x) " {{:!?:.(x)}n :Fﬁ{n}] (11)

A

10
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;Sébétitp;ing cquations 1 and*@;igtpfcd@a}ﬁdﬁf}l{ﬂ
Fo(x) = e ™ r{[a(1-p”} *+ (lra)—=]" —q - (12)
Q n R L

fﬁquation 12 gives the prcbability that the maximum rainfall

dépth-in any scason be less thon or cqua]'to‘x units. The
frequency densities determined from both the model apd the
historical records aye compared in Figure §. The.cxpected
_recurrence interval Tr.fqr rainfail equal to or,grcaﬁcr,J

.ihan X units is simply

T, AR B (13)
U rw |
" “.-Q( )ff

If



THE _TOTAL SFASOHAL RAINFALL

The total amount of vainfall Y per season can be obtained

by mcans of the convelution

Xﬁ e 11 +'£2 + L. * Xﬂ (14)
If § = n, then . |
Jom Xy v Xyt 0 X - (15).

where Xi(i = 1,2, ««., 1), the amount of rainfall per each
storm group, arc assumed to be identically distributed. Ve
found pyevioiusly that N has s Poizson distribntion, and there

{ore Ty musi have a compound Poisson distribution, Benjamin

v

and Cornell (1970) given an example of deriving the compound
distribution of the totai annual rainfall. * If the number of
storm groups is kaown, then the sum of n (a positive integer)
independent and identically distributed gecmetric random
variables kas a negpative bimomial (Pascs1) distvibotion,
NG, ) (T grepyipd D
n-1

A v, nti, ... (16)
where p is the some pavaneier of gcohmtric distribution as
that in <he preceding section., Sinco n is Poisson distributed,

hence for j»0.

as ’ - " N N
.. i 2. '\‘ 3 . noh. A g "
L T R RS 0 17 R (AL (:7)
s nml {Y"'l\ ‘ ("’ .”)! nl

D



,}The'distribution of ¥ is 8 mixed distrihutioﬁ.

- Lquation 17 only gives the major part. At j = 0, we nust
include a spike, which represents: the probakility ofcxactiyf
tero rainfali, givon that there is a storm event., The, »"7Q

magnitude of this spike is . . o g

PN = 0) @ e

.
Al

The firal form of this distribution function is then..!

() w1 e poop IRl (L g pseny
- k»l n=l nl (n-1)!1(j-n)! .

i

As shown in Figure 9, this compound distribupich isfq@ilé?ﬁfff
acceptable.  The use of 2 Kolmoporov-Smirnov tcst'showé'wgfyn?
that the null hypothesis cannot he rejoétcd at the 10 fcréent
level of significance. In a way we have thus verificd:tha£3‘
the assumptions of the model such as independence between
storm groups and identical distribution of rajnfall amount

1e¢ groups, have ot boen violated., A klenle Carlo simulation
can now bu sct up to gonerate an unordered succession of
seasonal combinations of events. Yurtler research alsoe

includes the extension of this investipation to other .

. peopraphic areas.,
geog

/3



CONCLUSIONS

A framewoik has been constructed for the stochastic

analysis of winter precipitation in sewi-arid lands. Tor

convenicnce sake, & storm group was defined as a scquence’

of days consisting of nb two consecutive -dry days with

a total amount of rTainfall cqual to or greater than a

certain throshold value. In view of the results, the

noticeable features of the winter rainfall in this area arc:

(1)

(2)

(3)

(

)

The number of oecurrence of storw group is Poisson
distributed, regardless of threshiold valués. The
logarithm of the paramcier of the distribuilon
decreases lineerly as the magnitude of threshold
is increascd.. _
The sterm group duration may be described by a negative
binomial distyibution. 7The results of the scnsitivity
analysis indizate that the parameter q decreasces and
the parametexr r increases with increasing threshold.
Given that 2 storm group has ercurred, the frequency

of rainfali amount per group vas found to have a mixed
distribution, cumposed for example, of a geometric ana

a unifomn disvriontion. There is lictle correlation

between sterm rroup JdJuration and ils dupth.
© l &

The distribution ¢f sewonal naximal rainfall ana
the recurrence interval of o giv-n precipltaticn

amount can he conmputed from this modeld.

1Y



(5) The summation of & random number of raudom variables
yields the distribution of total seusonal rainfall,

which appears to follew a coupound Poisson distribution,
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