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ABSTRACT
 

A Theory of the Combined Mole-Tile Drain'System

by
 

Tariq Naj i Kadir
 

Utah State University, 1973
 

Major Professor: Dr. Komain Unhanand
 
Department: Agricultural and Irrigation Engineering
 

A theory is presented to describe the stages of flow of water in
 

the soil in a combined mole-tile drain system.
 

Based on the'theory and along with some assumptions to simplify
 

thecom lexity of the mathematical calculations involved, two general
 

equations are derived for the spacing of the tile drains and the mole
 

drains, respectively. Six different boundary conditions are considered,
 

and the solutions for each presented. Some of the theoretical equa

tions are compared with field data. A method is presented whereby the
 

equations can be corrected for convergence of flow at the drains.
 

Finally, a procedure is presented whereby the theoretical equa

tions could be used in designing a combined mole-tile drain system.
 

(96,pages)
 



INTRODUCTION
 

Drainage'isone of many factors that influence crop-grlowth and soil
 

conservation. It helps create in the soil the-best~conditions for crop
 

root growth and to keep the land surface free from excess water so that
 

farm operations can be conducted effectively.
 

Drainage can be carried out using one or a combination of the
 

following systems, (Donnan and Houston, 1967): (1) open drains, (2)
 

covered drains, (3) wells and pumps and (4) sumps. An advantage of the 

covered drains system over the other systems is that it does not inter

fete with the farm operations.
 

Covered drains consist of a series of channels below the ground 

surface which may be connected to each other or discharge separatey1j 

either into an open channel or other point of disposal. Two common', 

types of covered drains are tile drains and mole drains.' Mole drains 

are underground channels, lined or unlined, formed by pulling a bullet 

shaped cylinder through the soil (Soil Conservation Service, 1973 and
 

Donnan and Fouss' 1962). Tile drains are either perforated continuous
 

pipes (e.g., plastic drains) or short sections of porous pipes butted
 

together (e.g., clay or tile drains), placed underground usially in a 

trench and surrounded by a filter material, (Donnan and Houston, 1967).
 

The trench is then backfilled to the ground surface.
 

The advantages of tile drains over the mole drairs are that they
 

can be used in any soil, have a long working life and low maintenance
 

costs.' The main disadvantage cf this system of drains is the high
 

initial cost, especially in heavy textured soils (soils with a high
 



percenLage of clay) in which close spacing is necessary due to the low
 

hydraulic conductivity of the soils.
 

The mole drains, on the other hand, have the advantages of being
 

much less expensive and simpler to install. The main disadvantage of
 

mole drains'is the short working life, and its use is restricted to
 

somewhat heavy textured soils in which the unlined mole channels retain
 

their shape after moling.
 

Consequently, drainage of excess water from heavy soils, particu-.
 

larly in humid areas, using tile drains alone requires close drain spac

ing and therefore may not be economical if the agricultural return from
 

the land does not offset the initial and maintenance costs of installing
 

these drains. However, by using a combination of the mole drainage
 

and, the tile drainage systems, it may be possible to obtain the advan

tages of both systems with few of the disadvantages. The moling opera

tion causes numerous cracks in the soil which increase the hydraulic
 

conductivity, and the mole channels work more or less as collecting
 

drains, enabling the tile drains to be laid farther apart, thus reduc

ing the initial cost of the drainage system (Theobald, 1963).
 

Need for the Study
 

Extensive investigations have been carried out to-determine the
 

spacing.'of ,,tile drains, based on both theoretical and practical, analy

sis. 

From'the theoretical point of view, the problem of tile drain
 

spacing has been approached from both the steady and the transient
 

(tlme dependent) flow concepts, with the latter receiving a wider accep

tance in practice (Luthin, 1957, 1973). There has been no theoretical
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analysis made concerning mole drain spacing, and therefore the spacing
 

is based mainly on practical experience (Soil Conservation Service,
 

1973). Ao for the combined mole-tile drain system, there have been no
 

theoretical studies made up to this date to determine the spacing of
 

the mole drains and the spacing of the tile drains, thus preventing a
 

sound economic feasibility study of the system as compared to the or

dinary tile drainage system.
 

Objectives 

The main objectives of this study are:
 

1. To set up a mathematical model for the combined,mole-tile
 

drain system under transient conditions.
 

2. To obtain solutions for the above model for particular initial
 

and-boundary conditions.
 

3. To compare part of the solutions obtained in Step 2with data
 

obtained from a field experiment.
 



---------------- -------------------
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REVIEW OF LITERATURE'
 

The.combined mole-tile drain system is being used in various parts
 

of the world, particularly Europe and theFar East. Successful use of
 

tfe'combined system has been reported in Austria, Federal Republic of
 

Germany, Hungary, Ireland, United Kingdom and Yugoslavia (FAO, 1971).
 

Use of and studies made on the system have also been reported in Japan
 

(Tomita, 1971 and Tomita et al., 1968).
 

Generally speaking, the combined system is composed of two net

works of underground drains: tile drains and mole drains. The two 

networks are laid at different elevations and are more or less ortho

gonal to 'eachother, with the mole drains lying above the tile drains 

(Figure 1).
 

-~---------------------------

mole- ------------------------------------• ml 
drain 

-------------------------
----- tile 

- - - - - - - - - - - -- - - - - - - --------- -------------- -------- -- tdiedrain 
------- -------------------------

--------------------------------
--------------------------------------------- -.--
--- - --- .. . .-... ----. .-.....-.. . .. . .. . .. - . -.. -. .. . 

.. .......... .................................. 

-- -- - -- -- -a-.. . ..-.. .. .. . .. .. . .. .. . .. .. . . -.
 

-- - - ---- -- - - --- -.... ...........
 

Figure 1.,'Pian.',iw of the combined maole-tile drain system.' 



The tile drains, usually spaced at 30 m,to 150'm andlaid at a
 

depth of about 100 cm below the ground surface, are placed in trenches
 

and surrounded by a graded filter (Figure 2) and then backfilled to the
 

ground surface with top soil. The mole plow, a bullet shaped cylinder 

connected to a sharp blade, is then pulled through the soil across the 

tile drains but at a higher elevation, forming the mole channels. These 

channels are usually spaced at 2 m to 5 m at a depth of about 60 cm 

below the ground surface. It should be emphasized again that the soil 

texture must be such 'that the mole drains will retain their shape long 

after the moling process. 

' backfill 

graded cracks 
filter
 

,mole drain
 
Stile drain 

Figure 2. Illustrative diagram of the combined mole-tile drain system.
 



Iuring, tLe reoling operation, cracks or risuureN are developed on 

the sides of both', the mole channel and, the s I t formed by the mole plow 

blade. These cracks form secondary drainage channels, making it easier 

for the water to flow in the soil. The filter material surrounding the 

tiLe drains allow the water in the mole channels to escape into the 

Lile drains which In turn remove the water from the system. 

The spacing and depth, however, of the drains in the combined 

sysLem tire based mainly on practical experience (FAO, 1971). In fact, 

the only indication of published theoretical work on the combined sys

tem Is a paper published In Japan (Tomita, 1971), which dealt with a 

computer solution to the Three-Dimensional Steady State equation (i.e., 

Laplace equation) of flow in the combined system for ponded water using 

a digital computer. His results for homogeneous soils were presented 

in the form of graphical solutions with the ratio of the discharge per
 

unit drain length to the hydraulic conductivity as the ordinate and the
 

drain spacing as the absissa.
 

To the best of the author's knowledge, the analysis to be presented 

herein is the first of its kind to this date. 
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THEORY
 

Description of the Theory
 

Consider a fi!d with a combined mole-tile drain system laid out
 

infinitelyin all directions to guarantee that the field boundary con

ditions will have no effect on the model under study. Because of sym

metry, it is possible to choose as a model of study two parallel tile 

drains overlain orthogonally by two parallel mole araiiis (Figure 3). 

These drains now form the rectangular boundaries of'the model. 

'Figure 3.', Flat water,'surface. at time -t, -,0, Stage I. 



'8 

The exact nature of the water movement in the combined system is
 

not yet fully known. However, based on-what is known and on the obser

vations of a field experiment, a hypothetical description of the water
 

movement in the system is presented below. It will be assumed', hence

forth, that the Dupuit-Forchheimer assumptions are valid.
 

To begin with, assume that all the drain outlets were closed and
 

the water table was built up to a uniform height above the mole drains,
 

forming a flat water surface (Figure 3). If now all the drain outlets
 

were opened simultaneously, the water surface, because of the hydraulic
 

gradient components formed by the presence of the drains, quickly drops
 

along the boundaries (i.e., the drains) to the drain levels and forms
 

a curved surface within the model (Figure 4). The curves b-a-c and
 

d-a--e (Figure 3) represent the water surface profiles at the sections
 

midway between the mole drains and the tile drains, respectively.
 

Point "a," lying at the intersection of the two curves, represents the
 

highest point on the water surface in the system since it is least
 

affected by the drains.
 

The curves b-a-c and d-a-e divide the water surface into four 

symmetrical regions, I, II, III, and IV. Since the flow is symmetrical 

in all four regions, it is possible to concentrate on'one region, say 

region I (Figure 5) to describe the water movement. The direction of 

flow at any point on the curve a-b (e.g., point "1" in Figure 5) is 

along the curve itself (i.e., towards,the tile drain only) since the
 

velocity vector component toward the mole drain is zero. In fact,
 

the largest velocity vector component towards the tile drain in
 

region I exists along a-b. Similarly, the direction of flow at any
 

point on the curve a-e (e.g., point "2" in Figure 5) will be towards 
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water surface profiles
 

dL ground surface
 

IVl c mole drain 

impermeabletile re i of layerdrain 


Figure 4. ,Symmetric regions of the water'surface
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a
 

\ 4 

3
 

/

/
 

rMole drain
 

Figure 5. Flow of groundwater -Stage I.
 

/\
 

the mole drain only because the largest velocity vector component to

wards the mole drain in region I exists along the curve itself. Any
 

point lying on the surface within the region and not on the curves a-b
 

or a-e or the boundaries will be affected by the velocity vector,
 

components in two directions (e.g., point 'T' in Figure 5).
 

Along the tile drain, assuming that the drain is always half full
 

with water, the water level is constant at the drain center line eleva

tion. Along the mole drain, the problem is a littled more complicated.
 

From the field experiment, the discharge of the mole drain in the re

gion of the tile drain was found to be small and quickly diminiished
 

with time even though the ater surface was still above the mole drain
 

:elevation. This seems to indicate that while water enters and flows
 

in',the mole drain, the-most part of it seeps out from the channel at'
 



Home poiLt "g" a distance x° from the tile drain due to the velocity 

vector COml)Oont towards the tile drain and begins flowing in a curved 

the curve Figure 5). A further
path toward the tile drain (i.e., g-f in 

complication of the problem is that the distance x0 is not constant but 

increases with time (i.e., time dependent). After a certain amount of
 

time has elapsed, a situation will be reached where the velocity
 

vector component towards the mole drain will be very small compared to the
 

velocity vector component towards the tile drain and flow towards
 

the tile drain will dominate. At that point in time, the moledrain
 

almost ceases to function, and the water level along the mole drain
 

boundary begins to drop below the mole drain level. The water surface
 

then gradually flattens out ,until the velocity vector is completely
 

towards the tile drain, causing the flow to be one dimensional, the
 

condition upon which the ordinary tile drain -theories are based '(Figure
 

6).
 

Stages of Water Movement in: the System 

The study model, shown in three dimensions in Figure 7, consists
 

of two tile drains spaced at St, overlain orthogonally by two mole
 

drains spaced at Sm. The vertical distance between the mole drains
 

and the tile drains is d2 . The impermeable layer lies at a distance
 

d3 below the tile drains. The three cartesian axes u, x, and y are 

taken as shown in Figure 7. 

The two stages of water movement in the combined system are: 

Stage I - Water surface above the mole drains
 

During this stage, both the mole drains and the tile drains act
 

together in a combined fashion resulting in a two-dimensional flow
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Mole drain
 

-4.L 1 between
 
tile drains
 

,Figure 6. Flow of groundwater - Stage II.
 



S. 1o drain 

mole drain 

:';> At, 

x 

.~~ ~-%..::" 
- ~ ~ . d /. 

Fiur .- Stdymoeo th cobie moetledansytm
 

"- ., '",, layer
"Impermeable 


Fijzure 7. Study modelof the combined mole-tile drain system.
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pattern-due to ,the velocity vector which can be broken up into two"'
 

components, one towards 'the mole drains,and the other towards the tile
 

drains.
 

At the time t - 0 with all drain outlets closed, the water,table, 

is horizontal at a distance d1 above the mole drains. Then it will be 

,'assumed that during an infinitesimal amount of time after all drain out

lets are opened simultaneously, the water surface re-orients itself into
 

a curved surface within the boundaries (i.e., the drains) and along the
 

boundaries the water level drops to the drain level. Furthermore, the
 

shape' of the water surface profile along any boundary will be assumed 

to be independent of 'time. Along the tile drains the water level is at
 

a constant elevation (i.e., u - 0).' Along the mole drains, the water 

surface profile takes on a constant shape which will be assumed later.
 

Once all the points on the water surface are at an elevation equal
 

to or below that of the mole drains (i.e., u <d 2 ). the mole drains will 

cease to function and Stage II begins.
 

Stake II - Water surface between the mole drains and the tile drains
 

During this stage only the tile drains are operating. The, compon

ent of the velocity vector towards the mole drains is assumed to be
 

zero. Therefore, the velocity vector will be only towards the tile
 

drains, resulting in a one-dimensional flow pattern toward the tile
 

drains (Figure 6).
 

The shape of the water surface at any section between the mole 

drains at the outset of this stage is assumed to be identical to the
 

constant water surface profile along the mole drains assumed in Stage
 

I. The shape, however, during this stage will be time dependent. 



Assumptions
 

The following are the assumptions that will be used throughout the
 

theoretical analysis.
 

1. 	Soil is homogeneous and isotropic.,
 

2. 	Specific yield and hydraulic conductivity of, the soil are
 

constant.
 

3. 	Dupuit-Forchhelmer assumptions are valid.
 

4. 	Darcy's law is applicable.
 

' 
5.' Flow is under a Transient State condition.
 

6. 	Flow is completely gravitational (no upward flow).
 

7. 	Land slope is small'such that it hasno effect,on water
 

movement.
 

8. 	Height of the',water surface at any point at any time above
 

the tile ,drains is very small as compared to the,distance
 

between the ,tile drains and the impermeable layer.
 

9. 	Tile drains are parallel. Mole drains are parallel. Tile
 

drains are orthogonal to themole drains.
 

,0.' Flat' water surface as an initial condition.
 

A1. 	'Shape of the water surface profile along the,boundaries is
 

independent of time.
 

12. 	First term of the infinite Fourier series is sufficient for
 

convergence.
 

'13. Spacing of the mole drains Sm is small as compared tothe,
 

spacing of the tile drains St such that (l/St2 ) can be
 

neglected as compared to (1/$m2).
 

14. The duration of Stage I is the time necessary for the hiehest
 

point 	on the water surface to drop from its initial position to
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ranc(levWL ion-just above the mole drainswlere it can' be assumed 

th.;L tbohe'odrains no loger, have a significant effect'on the 

system flow (.e., Stage If begins).
 

Setting Up the Mathematical Model
 

Stage I - Water surface above the mole drains 

The basic two-dimensional continuity equation governing the flow 

of water through the soil is expressed as follows (see the derivation, 

in Appendix A and Figure,7 for the study model):
 

2u a'a 2 
_+ a 5- () 

x2 y22ax ay 

where 

u is the height of the water surface 'above the tile drains at 

any time t 

is the time
 

f 
kdM33
 

f is the avirage., specific yield of,the soil (by volume) 

k is the average hydraulic conductivity of the soil 

d3 is the vertical distance between the tile drains and the 

impermeable layer, d3 > > u 

'"Theboundary'conditions (B.C,) and the initial condition (I.C.) 

,are as follows:-, 

B.C.
 

u(x, 'O, t)-'f(x),. u(O,'y, t) - 0
 

It:u(x,, S',. t) -f (x) u(St, y t)- 0. 
m 

I.C. 
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u'x, yd O n d (Flat Water Table)
 

where 

'f(x)'represents tie constant- shape of the water surface profile 

along the mole drain boundary. 

As shown in Appendilx B, the solution u(x, y, ) of 'Equation 
(i)is,
 

the'sum of two solutions v(x, y),and w(x,'y, i).,
 

u(x, y, t) = v(xy) W(x, y, t). 	 (2) 

where
 

v(x, y) is the Steady State solution of Laplace's equation in
 

rectangular regions,
 

2-v 	 a2v = 0(3) 
+t2-+,y2 0 
)x ay 
B.C. 

v(x, 	 o)=f(x) )v(O,y)=0
 

v(x, S) f(x) v(St, y) -o
 

and w(x, y, t), is the Transient State, solution of 

a 2 w 	 a 2w aw
 
a y2
'x a
 

B.C.
 

.'F(x, ,) - 0 , W(O , y, t) - 0
 

w(x, Si t) - "w(S 	 y t)' 0 

I.C. 
tw(x, 
 yo 0), 	-(d +di,-v+xy 

where
 

v(x, y) is the solution obtained from Equation (3).
 

Furthermore, v(x, y) is the sum of two solutions (Powers, 1972):
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V(x, y), =V (xy) + v2 (x,y)' (5)
 

where
 

Vl(x, y)is the'solution of:
 

2V 2V 
1+ 0'0 (6) 

2 2
,
ax
 

B.C.'
 

v1 (x, 0) = f(x) v1 (0,y) - 0
 

v (x, Sm) - 0 Vl(St, y)*- 0
 

and y2 (x, y) is the solution of:
 

2-- + 2V. 0 

x2 2y (7)
a
ax 2 

B.C.
 

v2 (x, 0) - 0 v2 (0, y) 0 

v2 (x, Sm) - f(x) v2 (St, y) - 0 

Solving Equation (6) for vl(x, y) results in the following infinite
 

Fourier series (Kreider et al., 1966):
 

V (x, y) " An Sin Sinh !L - y)' (8) 
, n S
 tn1t 

where
 

2 1.ft
An "--nS f(x) Sin nx dx' (9) 

n n 0 t"
S Sinh J-o 
t 
 S 


Similarly, solving Equation (7)for v2 1(x,y):
 

9 
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v2 (x,y) = D Sin e Sinh t(10)
 
, 2 n-1n t St
 

where
 

2 f (x)Sin, - x (1)

'n" st . tl ''' 

Summing up vl(x, y) and v 2 (x ,y) andnoting that A Dn results 

in:
 

Y(x,y) A [- nI (S - y) + Sinh nJU, (12)Sin (SinhT 

t tn=l ,
 

where
 

2r t 
A'- 2 J f(x) si (13)n -nirS nS(3
 

SSinh-mJo
S
 
t
 

Using the trigonometric identity:
 

Sinh a + Sinh b = 2'Sinh a- +a-C a-b
 

Equation (12) can be re-written as:,
 

-. nirS .7 
v(x, y) -2 ASin SJnh mCsht4 (S - 2y): (14) 

- n-i2 2 

Solving Equation (4) for w(x, y, t), (Krelder et al., 1966):
 

t 

w(x, 'y, t) A nSi.ASinnS mnYm e S , 2 (15) 
- 7-~m 

-z m- S 
n-1 
n-i
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where
 

SIn nlx (16),A= 4 S' n t g(x, y) Sin EM dx dy I~xml 

m, Ot t i 

g(x, y) = [dI + d2 ] - v(x, y) (17) 

At this point, a closer study of the results obtained so far is
 

necessary. 
Once v(x, y) is obtained from Equation (14) it is substituted
 

into Equation (17) to obtain g(x, y) which in turn is substituted into
 

Equation,(16) to obtain the constant values A n . Equation (16) involves
 

the integration of an Infinite series of terms. Therefore, an assump

tion to simplify the problem is necessary. If it is assumed that the
 

first term of the infinite Fourier series for v(x, y) of Equation (14)
 

is sufficient for convergence (Appendix C), Equations (14) and (13)
 

reduce to:
 

4 T
 
v(x, y) - (i,) (A) Sin- Cosh-(S-2y) (18)

S 2S m 

where -

A f ) Sin dx 19)
St
 

Sinh
 

= Sinh
 

71S
 

St
 

Once Equation (15) is solved for w(x, y, t), it is possible,to
 

find the general solution u(x, y, t)-from Equation (2)'. However, since
 

Equation (15) involves an infinite series of terms, so will Equation
 

(2). In other words u(x, y, t) will contain-the sum of an infinite
 

series.
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Generally speaking, the number of terms, necessary for sufficient 

convergence beyond which the infinite series is ' truncated depends on 

Lite behavior of the series itself. In the problem under consideration, 

including more than one term of the infinite series involves extensive 

mathematical calculations, the results of which are not suitable for
 

practical design purposes. Therefore, the earlier assumption applied
 

to Equation (14) that the first term is sufficient for convergence will
 

be used again. Therefore, taking the first term only, Equations (15) 

and (16) reduce to: 

- - 21' 1 

w(x, y,t) -t (B) Sin - Sin m'e (20) 
m t t m11 

where 

g xy) Sin Z-'Sin 3X dx dy (21) 

Carrying out the integration on the right-hand side-of Equation
 

(2i) reduces it-to the following, (Appendix D):
 

B mt,,/, K ) (22) 

where
 

l6(dj +.d 2) 4d 2 ' 
K1 - 2 - W(x)' (23) 

x 2A :,'(24)
Std2
 

In summary, the general equations controlling the water surface 

height at any point above the tile drains during Stage I are:'
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u(Xy, t) - v(x, y) 	 + w(x, yt) 0 <t <t 1 ' (2) 

where 

t is the time necessary for the highest point on the water sur

face to drop to the mole drains elevation during the'drainout 

period.
 

v(x, y) G-) (A) Sin Cosh (S 2y)8 

2 

a SM2 St2 - (-+

w(x, y, t) nK 1 Sin 	 ' Sin 'Smet(25)

St 
 Sm 

A and KI are defined in Equations (19) and (23), respectively.
 

Stage II - Water surface between the mole drains and the tile drains
 

During this stage, the flow is basically one-dimensional. Figure 

8 shows the shape of the water surface profile at the initialization 

time (t - 0) of this stage. 

u 

St
 

-- ,.ole drain 

12 

tile drain
 

Figure 8. 	Water surface profile along the mole drains'at-time t -0,
 
Stage II.
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2 
By taking - 0 in Equation (1), the basic continuity equation for, 

ay 

the one-dimensional flow is similar to Equation (1) and may be written
 

as:
 

a 2 U 	 (26) 

B.C.
 

u(O, t)- 0 u(St, t)= 0
 

lu(x, 	 0) f(x)M 


Two points should be noted here. First, the term t being initial

ized at the outset of Stage II is independent of t of Stage I. Second,
 

the shape of the water surface profile f(x) is no longer constant but
 

varies with time. Theoretically speaking, f(x) represents the shape of
 

the water surface profile of the intersection of a vertical plane in
 

the x directio), with the water surface at any point o <y S 'm. at 

t 0. 

The method of solving Equation (26) is similar to those solved by 

R. 	 E. Glover (Dumm, 1954, 1964). 

Solving Equation (26) (Kreiderfet al., 1966): 

2 2
 

St2 t
0rx 


u(x, t) 7 E(27)
 

n-l
 

E n j- t(x) Sn- -- dx 	 (28)
nTL 0	 ,
St"
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Assuming that the first term of the infiniteFourier series of 

Equation',(27) is sufficient for convergence: 

-
u(x, t) - E Sint e 0 0 < t < t2 (29) 

where 

Z 2_ A (30)

St
 

2
2,r
 

'at
 

t2 is, the time necessary for the highest point on the-water surface 

to drop from the mole dritins elevation to 'the tile drains elevation
 

Shape of the Water Surface Profile Alon2 the Mole Drains, f(s)
 

So far, nothing has been mentioned about the term f(x) which re

presents the shape of the water surface profile along the mole drains
 

during Stage I and the shape of the water surface at time t - 0 during
 

Stage I. Since there are no published studies or field data from which
 

the shape could be approximated, it will have 'to be assumed for theore

tical purposes-.
 

Considering Figure 7, it was pointed out earlier that the water may.
 

flow in the mole drain for a considerable distance to either side of the
 

center line 'lyingmidway between the tile drains. Once the water reaches
 

the point g (or g') it drops from the mole drain level and begins flow

ing towards the tile drain along a curved path g - o (or g'.- o').,
 

Since'f(x) was also assumed to be independent of time during Stage,

, it can be expressed mathematically as follows:
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h(x) O0	<x <x 

0 0 

h , 	 (S- x) x _S 

W 


and',o' -g, respectively.
 

,Six cases will be studied. In the first five cases, a polyn6mial 

will be assigned to the curves o - g and o' - g'. In the sixth case, a 

sine wave equation will be assigned. 

where hl(x) and h2(P are algebraic expressions for the curves o- g
 

Polynomial equations (Case 1 - Case 5) 

The general form of the nth degree polynomial equation can be ex

pressed as: 

u + X + + +Cxn 	 (31) 

where C0 ' C are constants evaluated when considering the

C0, C19,C
2,
 

boundary conditions. Five cases will be considered:
 
Case 1. Zero degree polynomial
 

Case 2. First degree polynomial
 

Case 3. Second degree polynomial
 

Case 4. Third degree polynomial
 

Case 5. Fourth degree polynomial
 

Each case listed above re:',resents the polynomial that will be
 

assigned to the curves o - g and, symmetrically, o' - g'. Figure 9
 

shows the shapes of the polynomials relative to one another.
 

The boundary conditions necessary to evaluate the constants CO, Cis
 '
 

C2,  ., Cn of Equation (31) are:
 

B.C. (curve o - g)
 



U_ 

-- First degree'polyn~omial, -Case 2
 
I - Sine wave curve -Case 6
 - -

I,- .Second degree polynomial - Case 3
 
.,
Z 


Third degree polynomial -Case 
4
 

J Fourth degree polynomial - Case 5
 
A-2. _ "Zero degree polynomial,- Case 1
 

I
 

tile drain 

Fi ure 9. Relative shapesof the water-surface profile-along themole drain for the 'sixcases
con'cidered.
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u(O) = 0 

u (x) d2 

(n)u'(x ) =u"(xo ) - ... ='u (x o ) -0 

I.C. (curve o - g') 

u(S t ) = 0 

u(S t - x o ) = d2 

u'(S -x) Ul - xo) - (S t i- 0't 0 0 

Equating high order derivatives to zero ,at a point generates a 

smoother curve at that point. 

Solving Equation (31) for the constants C0, CI, C2 ,... Cn using 

•the above listed boundary couditions''and grouping,the terms togetherin
 

a more compact form as follows:,
 

dd- (x - x) 0 "<x <x ° (32) 
xn0 

un(x , d2 , , x.<c (33) 

d2 'S,,), . .. t . 

-
where , 

-S -xt 0
 

n - degree of polynomial considered
 

Equations (32), (33) and (34) represent f(x) for the five cases of 

polynomial forms of o - g or o' - g'. 
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Sine wave equation (Case 6)-


U 

.-- -Sine wave curve
 

/
 

x0 / 
 x0
 
dmolerain
 

_e------------------------

_,x
 
tileI 

drain SSt ' -

Figure 10. Water surface profile along the mole drain as a sine curve.
 

Figure 10 shows a sine curve intersecting the mole drain center
 

line at "g" and "g'.' The period of this curve is St . In order to 

find the equation'of this curve and consequently that of the curves 

9 - gand o' - g' ,,'consider the general sine wave equation: 

u(x) - 6 Sin (35) 

St 

and the boundary conditions
 

u(O) -,,
 

U(St) o
 

u(x) d2
 

Solving'equation (35) using the given boundary conditions:
 

u(x) - ,,, Sin (36). 
'Jxo St '.. 

Sin St 

t 
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Therefore
 

(SSin-fx0,X:% 7' St: x ' - '(37) 

U 
 X '-,<'C , (3 ) 

6Sin 
7rx c <x 'S (39) 

where, 

Sin 

0 

t. 

,=t 0 

It should be noted that in the ,cases of the First Degree ,Polynomial
 

and ,the Sine Wave Equation there is a discontinuity at both points g, 

and g'. This is impossible under practical conditions. However, it 

will not effect the analysis since the particular points g and g' will 

not be considered.
 

It should be pointed out here before proceeding with finding the
 

solutions that assigning different algebraic and trigonometric expres

sions to the curves o - g and o' - g' without knowing the actual shapq 

of these curves may not have that great an effect on the problem. Under 

actual field conditions, the distance d2 between the mole drains and 

the tile drains is very small compared to the tile drain spacing St. 

Since it is also believed that the water travels in the mole drain a
 

considerable distance before dropping from the mole drain level 
(i.e.,
 

x is small), the particular shape of the water surface profile along
 

o - g and o' - g' will probably have little effect on the whole problem,
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especially if concentration is restricted to point "a" which represents 

the highest point on the water surface (Figure 7). 

Solutions
 

,The equations derived earlier describing the height of the water
 

surface above the,tile drains were general. They all had integrals,
 

containing f(x) which could be any one of the, six cases assumed. 
By,
 

carrying out the integration for each case, a particular solution is 

obtained which is then evaluated ut the particular point 

Xt S' S
m 

which represents the highest point onthe water surface (see point "a", 

FVigure 7)at any time t. 

Stage I 

General steps for obtaining the solution 

The general steps forobtaining the solution for each case are) 

as follows: 

1. Obtain the algebraic or trigonometric expression of f(x) for
 

the particular,case considered from Equations (32) through (34) or
 

Equations (37),through (39).
 

2. Substitute f(x) into Equation *(19) and evaluate the' integral
 

to 	find A.', 

3., Substitute A into Equation (18) to find v(x, y). 

4. 	Substitute A into Equation (24) to find X.
 

5. 	Substitute X into Equation (23) to find Kl.
 

6. 	Substitute K into Equation (25),to find w(x, y,,t).
1 


7. Add w(x, y, t) to v(x, y) from Step 3 to obtain u(x' y, t), 

Equation (2). 
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St
 
8. Evaluate u(x, y, t) at the particular point x Li-and
 

S
 
m 

Y =ffT.
 
1 

If the term --1 is neglected in the sum (-1 + - while comput-
St m t 

ing for B and w(x, y, t) the calculation work could be reduced and the 

form of the solution is simplified. The error introduced by doing so 

is not significant, considering the fact that in practice Sm = 2 m to 5 m 

and St = 30 m to 150 m. 

Given below are the general solution u(x, y, t) and the solution
 

St 
 SM
evaluated it the mid-point u(ytD- T, t) for'each of the six cases con

sidered. 

Particular solutions
 

The following are the solutions of the six particular cases of 

Stage I. All the terms represented by'Greek letters are-listed in 

Table'l (page 34). 

Case '1 -'Zero degree polynomial. 

16d1 7 -4t 8d2 7u(x, y, t) = Sin Sin e +t [= I] Cosht
 
7F 2 t S ? 2
 

(S- 2y) Sin WX (40)
St
 

*O-,t)-St SM e-t+[_.1[1,(4!16d1 -?t 
 8d2 
 (41) 

Case 2 - First degree polynomial.
 

16(d1 + d2) 4d2 Sin 1 rx-1t 
U(Xy, t)[ 2 (_) (4 Sin Sin e +) in 

7r r 2 T tm 



SinL (S 2) i[2d2 os] 	 r. (S - 2y) Sin - (42) 

SS 16(d 1 + d2 ) 4d 2 4 Sin ~e-zt 
u(h, ,t) C 2 (--(-]e + [2d [I] 

Case 3 - Second degree polynomial. 

16(d + d2 ) 4d2 8 _1 _Cosa
 

uxy,t) - I -) tI Sin 
,'ir 2 , t 

Sin e-lt + [2d] [u] [ 	 l 2Cos h- r(S 2 y 

7r 2 2Smt	 ~ 

Sin 	 (44)

St
 

+ 	 tS S 16(d d 	 Q et) ,1- ( 2) 2 d 8 1 -.- Cos , )e + [2d 2 ] 

8 1 Cos (45)(4][$F 2 

Case 4'- Third degree polynomial.
 

16(d + d2) 4d2 24 1 
 Sin)
 

2 - 24--1 h 
7iY)• -'Sin [22r ~r 12 (. 

Sin ey= ++ 2 L "'* (1 Si Cos)] t 
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S S 16(d 1 +d 2 ) 4d2 24 1 (lQ§ ) e't 
~( t) 	 -)7rT2 - 0 +~ 

241 Sin 	 (47)[2d2 J [P] 	 - 2-- (1 ( 

Case 5 - Fourth degree polynomial. 

16(dI + d2 ) 4d2 48 1 "2(' - Cos, 

X Y;0 0 

Sin 'Sin e-t 	 [48 1 
St S 	 2 i 2* 

(1,2(1 - Cos 0 Cosh 's (S' 2y) Sin (48) 
. t t
 

+ d
S 116(d 	 4 ,
2) 4d2 


2 ))]e-+ [2d2 ] [p] [8 _. 

2 (1 C6 4t --'ir 

2(.- Cos 	))(49)
 
2 

Case 6 - Sine wave equation. 

" 16(d1 +d 2) 4d2 2 , +os1)]Snx 
u(x,2y, t)(t.,[ - ,(- > + COs Sin 

'n S ,e 	 +t,[2d 2 ][1 ][.t Sin'13 Cos ]Cosh 2-

(rx
(5 y Sin 	 - i -.	 (50) 

si



34 

St Sm 16(d 1+ d 2 ) 4d 2 2 B 
+
u-	 ( Cos 0))1 e7t+ 

SinB
S [2d 2i [0] [I r(r- + Cos 0)] 	 (51) 

Table 1. 	List of the terms represented by Greek letters in the solu
tions, for both Stages I and II.
 

Greek Letter 	 Term
 

f
a (alpha) 


kd3
 

'TX 
B(beta)
 

St
 

d2
 
A'(delta) 2
 

Sin
 

2
 
4,(zeta) 


aS2
M 

, (xi) 	 sm 

2

ir


(phi)2	 t 

Sinh 

Sinh 2P (psi), 

Stage II 

General steps for obtaining the solution 

The general steps for obtaining the solution for each case are as 

follows:
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1. Obtain the algebraic or trigonometric expression of f(x) for
 

the particular case considered from Equations ,(32),,through,(34) or
 

Equations (37) through (39).
 

2. Substitute f(x) into Equation (19) to obtain 	A.
 

3. Substitute A into Equation (30) to obtain E. 

4. 	Substitute E into Equation (29) to obtain u(x, t).
 
St'
 

5. Evaluate u(x, t) at the particular point x = which lies
 

mid-way between the tile drains.
 
~S t
 

Similar to Stage I,u(x, t) at the particular point x'=- obtained
 

from Step 5 is of most importance since it represents the highest point
 

on the water surface during Stage II.
 
IS t
 

Given below are the values of u(x, t) and uCT., t) for each of the
 

six cases considered.
 

Particular solutions
 

The solutions for the six particular cases of Stage II are as 

'follows. The terms represented by Greek letters are listed in Table 1. 

Case 1 - Zero degree polynomial. 

[ []4' rx 4t 
u(x, t)= 2 [ Sin e (52)2 r t 

St 	 -4t 

Case 2- First degree polynomial. 

u(x, t) [d23 [F' Sin e 	 (54) 

Ud 2 [ . e' 	 .(55) 
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Case 3 - Second degree polynomial. 

8 1 Cos S] e (56
u(x, 't)= [d2 ] [ Sin e (56) 

[, 1- 2 (57)u(f.St 't').[d2 ] 8 Cos8~ 1e 


Case 4 - Third degree polynomial. 

' 124 Sin 8)] S nxe 

u(x, t)= '[d 2 ] [,- 82 (1 8 Se (58) 

u(.. t , t)= d2] [24 1 ( Sin$8 -tu )-i[ 2 - i2 Si 8) e (59) 

Case 5 - Fourth degree polynomial. 

u~,t=[ 2 ] [0- .(1 2 Se(0
u x 48 1 2(1 - Cos 8))] Sin 7x -t0) 
8 8 t 

St) 48 1 2(1 - -OtCos 8))]e

,t) d2 ] '- 2 6(1- 2 (61) 

Case 6 - Sine wave equation. 

u(x, t = [d2 [2 " + Cos 8)] Sin 7rE e .(62)
S21 i Sin

u t) - [ (- 0 + Cos 8)] e (63) 

Relationship Between the Solutions
 

'Itis interesting to note that the particular solutions derived
 

'in the previous section for each stage, either the general equations or
 

the equations evaluated at the mid-point of,the syitem are very
 



371 

much related to each other. In fact, these 'solutions differ from'one 

another by a constant only, as will be, shown below. -

Stage I - General form of the solution evaluated at the mid-p6int'of
 
the system
 

The general form may.be expressed-as:
 

St mu T' t) Ke -t + 	 (64) 

where
 

16(d1 + d2) 4d2

K, 2 -(--) (x) 	 (23) 

K2 = (2d2) (4) (X) 	 (65) 

The value of X, a constant, in Equations (23) and (65) depends,
 

on the particular case under consideration. Table 2 lists the values
 

of X for the six particular cases considered.
 

Table 2. 	Values of X for the six particular cases for'bothStage I
 
and Stage II.
 

Case x
 

Case 1 - Zero Degree Polynomial 4
 
7ri 

Case 2 - First Degree Polynomial Sin A
 
7r 

,Case 3 -	Second Degree Polynomial 8 1 - Cos 
27r 

' 	 24 1 Sin 0S! 
Case 4 'Third Degree Polynomial 2 '-SnB
 

48 1. ( 2(1 Cos )Case'5 Fourth Degree Polynomial 2 	 2
 

Case 6- Sl e Wave Equation 2 . O 



38 

By re-arranging the terms, Equation (64) may be transformed into
 

'
 the following form:

2

"/t (66)',. 

The spacing of the mole drains, Sm, may be computed by substituting
 
.and K2 into Equation (66). Values of K and K2 are computed from
 

Equations (23) and (65), respectively, using the appropriate X. 

Stage II - General form of the solution evaluated at the mid-point
 

of the system
 

Proceeding in a manner similar to Stage I, the general form of the
 

solution is:
 

S' S 
t 'M

u(Gz, T- t0 xd2 e (67) 

The terms in Equation (67) may be re-arranged 'in the follbwing
 

form:
 

St7rt (68)
Xd, 

Where the value of X for the particular case considered is given
 

in Table 2. Therefore, by substituting the particular value of ,Xinto 

Equation (68), it is possible to obtain the spacing of the tile drains,
 

St.
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FIELD EXPERIM4ENT 

The experiment was Icarried out during the simmer of 1972, on, the 

Utah State University Drainage Farm located northwest of Logan, Utah.', 

General Field Layout 

The general field layout is shown in Figure 11. Four 240 ft. long 

perforated plastic drains, 4 in. in diameter, were laid out parallel to
 

each other in an east-west direction at a 120 ft. spacing. Each drain
 

as laid in a trench about 3 ft. deep at about 6 in. above the bottom 

of the trench. The width of each trench was 1.5 ft. The trench was 

then filled with very permeable graded gravel to a level about 1 ft.'' 

below the ground surface. Finally, the trench was fiiled to the ground 

Surface with top soil (Figure 12). All the drains discharge into an 

open ditch drain located on the east side of the field. 

Next, ten single mole drains and ten double mole drains (Unhanand,
 

1972) were drawn across the field above and orthogonal to thetile
 

drains in a north-south direction (Figure 11). The moling process was
 

done using special mole plows mounted on a tractor. 'The mole drains
 

are 3 in. in diameter, drawn at a 6 ft, spacing, and at a depth of about
 

22,in. below the ground surface (Figure 12).
 

Then, five waterproof manholes, each 4 ft. in diameter and 6 ft.
 

deep, were constructed in the locations shown in Figure 11. The walls
 

of the manhole were made with corrugated metal sheets and the bottom
 

sealed with a concrete slab to prevent any seepage of water.
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Figure 1-1. General field layout of the combined mole-tile drain system for the field experiment. 
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Figure.12. Tile drain trench design.
 

In order to be able to measure the water surface elevation, 18
 

observation wells were installed; nine in the double mole drains area
 

and nine in the single mole drains area (Figure 11). Each well was
 

made by drilling a 4 in. auger hole 4 ft. deep and then placing a 1 in.
 

perforated plastic pipe about 5 ft. long in the center of the augered
 

hole and filling the gap with graded gravel.
 

Procedure
 

1. A sprinkler irrigation system was installed on the field to.
 

be used in building up the ground water table.
 

2. All drain outlets leading into the manholes and those located
 

along the open ditch drain were closed.
 

3. The sprinkler system was turned on and allowed to run until
 

the ground water table in the field reached the ground surface. Then
 

http:Figure.12
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the sprinkler system was turned off. A short period was allowed fQ '
 

the water to redistribute itself into a-flat shaped water surface be

fore the experiment was started.
 

4. Depth of the water surface in each observation well'was mea

sured at the outset of the experiment.
 

5. All drain outlets were opened simultaneously.' A short period
 

was allowed for the water accumulated in the'drains to flush out.
 

6. Successive measurements were taken of the water surface eleva

tion in each observation well along with the corresponding time each 

measurement was taken. The period between two successive readings was 

increased with time because of~the decrease of the rate of recession
 

of the water surface.
 

7. Data were collected from September 21 to September 27, 1972, 

and then stopped because of rain.
 

Data Collected
 

The physical parameters measured in the field ,which will be used 

in the study of the comparison between the theoretical solutions and 

the field data are as follows (see Figure 7 for the notation): 

S- - 6.0 ft. 

St - 120.0 ft. 

d' - 1.75 ft. (-,height of ground surface above mole drain'att = 0) 

- 1.02 ft. 

d 3.23 ft. 

k - 0.74 ft./day (hydraulic conductivity) 

f - 0.045 (specific yield) 

a - 3 in.,' (diameter of mole drains) 
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The specific yield f shown above was not measured in the field
 

but was obtained from a relationship between specific yield and hydraulic
 

conductivity (Dumm, 1968).
 

Tables 7, 8, 9 and 10 (Appendix E) contain the values of height of
 

the water surface above the tile drains in each observation well along
 

with the time each measurement was taken. 
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COMPARISON OF THE THEORY TO THE FIELD EXPERIMENT 

Probably the best way to compare the theory developed with the
 

data collected from the field experiment is to investigate the validity
 

of Equation (66) which expresses the spacing of the mole drains, Sm, in
 

an implicit form, and Equation (68) which expresses the spacing of the
 

tile drains, St, also in an implicit form. However, since the data
 

given in Tables 8-11, Appendix E, do not include values when the water
 

surface dropped below the mole drains, only Equation (66) can be inves

tigated.
 

The original form of Equation (66) is Equation (64) which is given
 

below: 

S 'S 4
 
ut=, -, t) =K, e + K2 (64)(7 , 

where 

416(dl,t d2) 4d2
 
m_ - )W(23)
 

K2 =-(2d2 ) (') (x) (65)A 

Equation '(64) represents the height of the water surface u evalu

ated, at the mid-point of the system (point "a" in' Figure 7) as a func

tin of' time. Transferring, K2 in Equation (64), to the left-hand' side 

and taking'the natural logarithms of both sides, 

ln'IY- b'+ bI X (69), 

where' 
_/ , mU 



Xut 

b0 and bI are constants
 

Equations (69) reptesents the staistical model of Equation (64).
 

By substituting values for X and Y into Equation (69) and then running
 

a regression analysis, it is possible to obtain a regression coefficient
 

r which represents to what degree the data fit the model.
 

The observation well "W14" (Figure 11) is located at the mid-point'
 

of the single mole drains area, and therefore identical to point "a"
 

in Figure 7. For the simplicity of computations, the first case, Zero
 

Degree Polynomial, will be investigated. The terms for X and *, and
 

the field values of Sin, St, and d2:are substituted into Equation (65)
 

to get K2:
 

K2 - (2d2) (4) (X) 	 (65) 

-	 Sinh 2 * 120  4 
•(2-	 1. 02)' ' 6 ) E"
 

Sinh 12

- 1.30 ft. 

Table 3 gives the values of.u, u - K2 (ice.,, Y), and,'t(i.e;, X) 

for observation well W14.
 

Using the statistical model, Equation (69), and running a computer

ized regression analysis (Snedecor and Cochran, 1972) using the data
 

of Table 3, the following results were obtained:
 

b0 1.108
 

bI -a.131
 

2
r - 0.890
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Table' 3,, Values f "u,Y, x for observation well W14; 

U Y x 
"(ft.) (ft.) (days) 

2.920 1.620 0.094' 

2.910 1.610 0.'226, 

2.890 1.590 0.388 

2.860 1.560 0.640 

2.840 1.540 1.059 

2.750 1.450 1.194 

2.610 1.310 1.381 

2.460 1.160 L',963 

1.900 0.600 2.407 

1.680 0.380 3.211 

1.550' 0.250 3.374 

1.470 0.170 4.067 

1.350 0.050 4.391 

1.320 0.020 5.076 

1.290 ()* 5.366 

*neglect 
2 

The'above r gives a regression coefficient r = 0.940, which indi

cates that the field data agree very well with the general form of the 

solution of Equation (64) for the particular case of the Zero Degree 

Polynomial. 

Recalling that the derivation of the solutions involved terminating 

an infinite series, it is only logical to assume that K1 and K2 which 

appear on the right-hand side of Equation (64) will affect the solution.' 

'If time was allowed to approach infinity in Equation (64), the 

first term on the right-hand side of the equation approaches zero.
 

The second term, K2, in Equation (64) should, theoretically speaking, 
equal the value 'of u at t,= w whic h is d2 i. e. , u (2t-, - -)-'et Sm d A 
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regression analysis was made similar to the one above except that K 2 

was now taken as d2. Table 4 shows the values of u, Y (i.e., u -d 

and X (i.e., t). 

Table 4. Values of u, adjusted Y, X for observation well W14.
 

U Y X 
(ft.) (ft.) (days) 

2.920 1.900 0.094 

2.910 1.890 0.226 

2.890 1.870 0.388 

2.860 1.840 0.640 

2.840 1.820 1.059 

2.750 1.730 1.194 

2.610 1.590 1.381 

2.460 1.440 1.963 

1.900 0.880 2.407

1.680 0.660 3.211, 

1.550 0.530' 3.374 

1.470 0.450 4.067 

1.350 0.330 4.391 

1.320 0.300 5.076 

1.290 0.270 5.366 

,Running the, rgression analysis again using the data in Table 4,' 

,the following results were obtained: 

b - 0.887 

-b- -0.414
 
r2 
= 0.967
 

The above r2 gives a regression coefficient r = 0.98. This value
 

is larger than the corresponding one for the previous case (i.e., larger
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than 0.89), thus indicating a stronger correlation between the field,
 

data and the statistical model.
 

Since a strong correlation was found between the field data and
 

the statistical model as expressed in Equation (69), the next logical
 

step is to investigate Equation (66) itself. The,spacing of the mole
 

drains, Sm, is expressed implicitly in Equation (66):
 

Smn " T 
 (66)
 

in which the right-hand side of Equation (66) also contains Sm as a 

variable in the term K2
 

K2 - (2d2 ) (i) (X) (65) 

where, in this case 7lS 
Sinh 2Sm 

t 
X,! il and * -


Sinh -m

S
 

However, Equation (66) can be solved numerically for S. 

First, the field values of dl, d2, d3, St, k and f were substituted 

into. Equation (66). Then three values of u and t were selected to cover' 

the whole range of the field data. Equation (66) was then solved numeri

cally for Sm corresponding to the values of u and t using the Fixed 

Point Iteration Technique (Stark, 1970). The results are shown in Table' 

5.
 

The basic differential equation, Equation (1), does not account for 

the convergence of flow at the drains. In order to compensate for this,
 

Hooghoudt's equivalent depth is usually used to replace the actual depth"
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to the impermeable layer (Moody, 1966). In the combined system, how

ever, there are two sets of orthogonal drains, and since the exact na

ture of the convergence of flow at the'drains is not known yet, it is
 

not possible to apply Hooghoudt's equivalent depth concept directly.
 

Table 5. Results of solving Equation (66) numerically for the case of
 
the Zero Degree Polynomial.
 

u t Sm 
(ft.) (days) (ft.) 

2.860 0.640 24.557
 

190- 2.407 29.963
 

1.29 5.366 27.696
 

Given below is a procedure, although not exact, whereby Hooghoudt's
 

equivalent depth concept is applied to correct the spacing of the mole
 

drains in the combined system.
 

The first step is to neglect the presence of the tile drains and 

assume that the system is composed of mole drains only, with all the 

physical parameters of the field remaining the same. The next step is 

to transform this system of mole drains which is under transient state 

conditions, for any time t, to a system of mole drains under steady 

state conditions (subjected to a constant rainfall rate) using Hoog

houdt's steady state equation (Luthin, 1973).
 

2 4kH 
Sm "- (H + 2d) (70) 

where
 

S- - theoretical spacing of mole drains obtained from Equation (66),
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k = hydraulic conductivity
 

v - constant rate of rainfall
 

H Wu - d2
 

d- d2 + d3
 

d and d are asdefined previously (Figure 7)
 

Replacing Sm by the corrected spacing S and d by the equivalent
m mc 

depth de, Equation' (70) may be written as: 

Sc 4 k (H + 2de ) (71) 

where the equivalent depth de may be expressed as (Moody, 1966):
 

de d 1 d 0 <Sd <0.3 (72) 

S in -mc 
mc
 

-
355.' - 1.6 + 2 d)2d (73) 
mc mc 

a = diameter of mole drain 

Equations (70), (71), (72) and (73) are then used as follows:
 

1. Obtain the theoretical spacing S from Equation (66).
m 

,m
 

2. Substitute in the values of S, d and H into Eauation (70),to,
 
obtain the value of the constant ratio k.
 

S 

3. Assume Sc and find a' from Equation (73). 

4. 9ubstitute a' into Equation (72) to obtain d8 . 

5. Substitute d into Equation (71) to obtain a corrected spacing
e
 

mc 
,6. Substitute S c (Step 5) into Equation (73) and repeat Steps 3
 

through 6,untilboth values of Smc are equal. 
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It is clear that Steps 3:through 6 is a trial-anideerrorprocedure.
 

These steps can be combined'ina ,formsuch thatmS can be~obtained
 
me
 

numerically. Equations (71), (72) and (73) can be,combined into
 

S m (=H) (H +d (74) 

=/4H 1 d [3.8 In --d12 3.55 + 2 d1,+ d r)2
S r a S 

mc mc mc
 

Equation (74) can be solved quite easily numerically using the
 

Fixed Point Iteration Technique (Stark, 1970).
 

The above procedure war used to correct the theoretical values of
 

S (Table 5). The results are shown in Table 6.
 

Table 6. Spacing of the mole drains corrected for convergence of flow.
 

Sm 
 mc mc /Sm
(ft.) (f t. M 

24.557 17.818 72.56
 

29.963 21.671 72.33
 

27.696 18.633 67.28
 

The above'procedure may also be used to correct thespaeing of the
 

tile drains in the combined system.
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RESULTS AND DISCUSSION
 

The equations derived for the spacing of the mole drains S' and the
 
m 

spacing of the tile drains St are:
 

2t 

S 
m 

7 
Ki (66) 

UK2 

I2
 
(68)
 

where
 

16(d1 + d2) 
 4d2
 
gl 7l2 - (-=) (X) (23) 

K2 = (2d2 ) () (x) (65) 

The terms represented by the Greek letters in the above equations'
 

are listed in Table 1. The value of X, depending on the particular
 

case considered, is given in Table 2. It should be emphasized once 

again that t in Equation (68) is initialized (i.e., t = 0) at the out

set of,Stage , II. 

The equation for the spacing of the mole drains S , Equation (66), 

was,compared with the field data collected. The case of the Zero 

Degree Polynomial or,Case 1, being the simplest of all cases, was 

investigated. A very good correlation between the field data and the 

statistical model of the equation (69) was obtained. However, when 

'he field data were substituted into Equation (66) directly, andsm
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was obtained numerically (Table 5), 'it over estimated the actual field,
 

spacing of the mole drains by about four to five times.,
 

By applying the concept of llooghoudt's equivalent depth in an,
 

approximate way, it was possible to reduce the spacings of the mole
 

drains obtained from Equation (66) by about 30%.
 

The above mentioned overestimation can-be attributed to one or
 

more of the following:
 

1. Sensitivity of the terms of Equation (66) such that any 

inaccuracy on the part of the field data could result in an over-estima

tion or,under-estimation of SM .
 

2. The error introduced by terminating the infinite series during
 

the derivation of the equation and restricting itto the first term
 

only.
 

3. The effect of the convergence'of flow at the drains.
 

It should be noted here that the value of the spacing of the tile
, 


drains. 'St, in Equation,(66) was not takeni from Equation (68) but was 

taken as being equal to the actual field value.
 

For the remaining cases of Equation (66), correlation with the
 

field data was not possible because the new term contains 1o which de

pends on Equation (68). In order to obtain the spacing of the tile 

drains St from Equation (68) x would have to be assumed beforehand.
 

The two (i.e., St and x.) would then be substituted into Equation (66)
 

to obtain the spacing of the mole drains Sm. Since the field data for
 

Stage II is not available, and since Equation (68) depends on Stage II
 

(i.e., water surface below the mole drains but above the tile drains),
 

the correlation of Equation (68) to field data was not possible.
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FIELD'DESIGN'PROCEDURE
 

The following is a suggested procedure whereby the theoretical
 

equations may be used 'infinding the spacings nf the mole drains and
 

the tile drains in a combined system once the depths of these drains
 

below the ground surface have been established.
 

1. Assume theprofile of the water surface along the mole drains
 

(i.e., Case 1 through Case 6).
 
S 

2. Assume x0 (x0-) For the case of the.Zero Degree Poly

nomial x 0. 

3. Find the value of X in terms of St (see Table 2). For the 

case of the Zero Degree Polynomial X is a constant. 

4. Solve Equation (68) numerically for the spacing of the tile 

drains St. Note that the time t in the equation starts when the water 

surface begins to drop from the mole drain elevation and not the time 

when the intitial water surface starts to recede. If x > St , repeat
0 

Steps 2 through 4. This does not apply ,to the case of the Zero Degree 
Polynomial,'because for this casex o - 0. 

5. Correct St for the convergence of flow neglecting the presence
 

of the mole drains.
 

6. Find the value of X (Step 3) after substituting in the value: 

of St obtained in Step 5. For the case of the Zero Degree Polynomial 

X remains the same. 

7. Solve Equation (66) numerically for the spacing of the mole
 

drains Sm.*The term t in the equation represents the time of drop of
 

the water surface from its initial position.
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8. Correct S For convergence of flow neglecting the presence of 

the tile drains. 
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SUMMARY AND CONCLUSIONS
 

A theory was presented to predict the drop of the'water surface in
 

a combined mole-tile drain system.
 

Based on several assumptions, general equations for the spacing of
 

the mole drains and the spacing of the tile drains in'the combined sys

tem, were derived. 

Six water surface profiles along the mole drains were assumed, and
 

the particular solutions for the spacing of the mole drains and the
 

spacing of the 'tile drains in the combined system were derived.
 

The equation'expressing the spacing of the mole drains for a parti

cular water surface profile along the mole drains was compared with
 

data from a field experiment.
 

A procedure whereby the equations derived could be used in finding
 

the field spacings of the mole drains 'ard'the tile,drains was also pre

sented.
 

In conclusion, 'the theory which has been presented is only,a first
 

step in the design of combined systems. Extensive investigations are 

necessary, both on the equations derived ,and'on the nature of water'flow 

in a combined system, before it may be possible to apply'the ,theory to 

actual field'design problems.
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SUGGESTIONS FOR FURTHER STUDY
 

'1. Extensive field studies are netessary to determine the a1ppli

cability of the theoretical equations derived. 

2. Field investigations are necessary to determine the shape of, 

the water surface profile along the mole drains and its variability 

with time. 

3. 'The effect of xo in the theoretical equations should be'
 

studied more ,extensively.
 

4. An economic feasibility studv'isnecessarv to determine the
 

cost of installing a combined system as compared'to other covered drain
 

systems in heavy soils.
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Appendix A
 

Derivation of the Continuity Equation
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Appendix A 

'Derivation of the Continuity Equation 

(Transient State Condition) 

The derivation of the continuity equation which governs the height
 

soil based on the Dupuit-Forchheimer theoryI
of the water surface in the 

(Dupuit, 1863 and Forchheimer, 1930) is well known and can be found in 

different literature (Luthin, 1957 and Van Schilfgaarde, Kirkham and 

Frevert, 1956). However, a more elaborate derivation based on (Longwell, 

1966) is given below.
 

h 

-water surface
 

d d' impermeable layer
 

Px 

Figure 13. Groundwater flow system in dynamic equilibrium.
 

Figure 13 shows a two dimensional sketch of the 'water table over

lying an impermeable soil layer. Consider a saturated soil column 

aa'dd' 'lyingbetween the water table and the impermeable layer. Figure
 

14 shows the soil column in three dimensions with the base cc'dd' lying 

on the impermeable layer and a surface top aa'bbl. 
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h 

bb 

face 2 
a 

face 
, 

?eab

impermeabi 

layer A 
Ay
fn.d' 

y (X,Y,O0) AX 

Figure 14. Flow of water through the soil column.
 

The basic assumptions of the Dupuit-Forchhemer theory state that:
 

,1. All streamlines of gravity flow towards a shallow sink are
 

horizontal.
 

2. The velocity along these streamlines is proportional to the
 

slope of the free water surface, but independent of depth.
 

Therefore, based on the first assumption, the water will flow in'
 

the 'x-direction and the y-direction only (i.e., no flow in the h-direc

tion). 

The, law of, conservation of mass states that "material is neither, 

created nor destroyed" andcan be expressed simply as: 

In - Out + Source - Sink = accumulation (75) 

Let 

U '= velocity' in the x-direction 

U - velocity in the y-direction
 

The water flux in the x-direction i:
 

:au
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where 

a is the specific weight; unit weight per unit volume 

'The amount of water crossing face 1 (Figure 14),per unit time in 

the x-direction is: 

IMx A)1 MxU Ay Oxhy
 

Also, the amount of water crossing face 2 per unit time is:
 

( AA) oU h y+ :W (GUxh) AyAx 

(In-Out) x22= ( -) (Axx AA)2=- ax (li)A
 
(In~Ouff(ixAA~ - (MxAQ2 Ay~x
 

2 

~ ~ - y- (O~xh) 

Similarly ;in the y-direction: 

(In-Out) y (oUh) AxAy 

Amount ,of water in the soil column - fahAyAx 

where 

f is the specific yield of the soil 

Rate of accumulation =g- (fohAyAx) 

t (ofh) AyAx 

- Since there is no source or sink, and since the fiow-is incompress

ible (i.e.,a- constant), substituting into Equation (75): 

}Oh):oyx', (Uh hmo~ax -8 a
 

a (hUx) .(hU 8ht
- f (76) 

From the second Dupuit-Forchheimer assumptibn:,
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,,u -K ahF- Uy - -r h 

where,
 

K - hydraulic conductivity in the x-direction 

K = hydraulic conductivity in the y-direction 

Substituting into Equation (76):
 

)-F ~-L)-x(-Kxh -- 
a + ah 9h
 

L (Kh ) a (Kyh f -(
a
ax x 3 y Y)ft7 

a constant.
 

Therefore, Equation (77) reduces to:
 

Fora homogeneous and isotropic soil, Kx =Ky I.', 


(78-)
a ah 3 ah fah (78)'rh (h ) + r (h ) 

Equation (78) is a non-linear, second order partial differential
 

equation which-can be linearized as shown below.
 

Figure (15) shows two cartesian reference frames x-y-h and x-y-u.
 

Translation from the first to the second is quite simple. The x and y
 

directions remain the same. Now letting
 

hrd 3 +u
 

where d3 is the-distance between the,x-y planes in both frames, and
 

assuming that d3 ismuch larger numerically than values of u measured
 

from the x-y-u frame of reference, then
 

h " d3
 

and'
 

ah au ah au ah au 
5t t'ax a-x' a y 

Therefore, Equation (78) reduces to:
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a 2 + 92u a a. (79) 

a X2 2 atax 


where, 

a (constant) 
kd
3
 

Equation (79) is identical in form to the two-dimensional heat
 

flow equation (Carslaw and Jaeger, 1959), and therefore, the techniques
 

used in solving that type of equation will be used.
 

u 

Ih
 

Y3 

x 

Figure 15. Translation of cart~esian axes.
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Appendix B
 

Solution of the Two-Dimensional Heat Flow
 

Equation with Non-Homogeneous Boundary Conditions
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Appendi:x B 

Solution"of the' Two-D.Lensional Heat Flow 

Equation with Non-Homogeneous Boundary Conditions 

a2u +a au 
.(80)ax2 D2n 3t 

B.C.
 

u(x, o, t) f(x) u(o, y, t) - 0 

u(x, S , t) = f(x) u(Sty, t) - 0 

I.C.
 

u(x,' y, o) = F(x,' y) (general case)
 

The solution-of Equation (80) can be expressed'as the sum of two
 

solutions:,
 

U(X, y, t) - v(x, y) + w(x. Y, t) (81) 

where v(x, y) is the solution to Laplace's equation 

- + -2V 6 0 (82)

2 2 

B.C.
 

v(x, 'o) = f(x) v(o, y) = 0 
v (x, fi)Wx v (st , y),-O 

and ,w(x,,y, t) is the solution of:
 

2w + a2w 9w a 2 2+ a- (83)
 
ax By 

B.C.
 

w(I, o, t)-0 w(o,y, t)- 0
 

w(x, Sm, t)- 0 w(St, y, t)- 0
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w(x, y, O) - F(x, y) v(x, 

Proof,
 

.1. To check'if.theinitial,equation, Equation,(80)i is satisfied:
 

u(x, y, 0 V(x, y)+w~x y,t) (81)
 

2 , 22 ' , 2
-
a 2 u = v ,2w 

2 2 2 
ay,u y2y2 aw(85) 
a2 y2 2~ 

D7 aw 
D 
 (86)
 

Suming up Equations (84)'and'(85) and noting that 

(82)2v v 
2 y2
ax 

results in:
 

u 'a 2u = 2w a2w
 
2 Dy2 ax2
ax +2
 

a- (From Equation 83)at 

- Cat (From Equation 86) 

2.' To check if' the orginal boundary and initial conditions are', 

satisfied:
 

0u(x, y, ) - v(x, y) + w(x, y, ) (81') 

u(x, o, t) - v(x, o)+ w(x, o, t) - f(x) (87) 

u(x, S, t) v(x, Sm) + w(X, Sm, t) - f(x (88)' 
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u(St,y, t)m-(St, y) +w(Stty, t)= 0 (90) 

Equations (87),' through (90)" guarantee tbesatisfaction 'of the 

boundary conditions.
 

u(x, y, o) v(x, y) + w(x, y,' o) 

Sv (x, y) + F(x, y) - v(x,' y) 

-,F(x, y), (91) 

'Equation (91) guarantees the satisfaction of the initial condition.
 



Appendix C 

'Analysis of Truncating the Infinite
 

Fourier Series of v(x, y), Case 1
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Appendix C
 

Analysis of Truncatitg the lnrinite
 

Fourier Series of v(x, y), Case 1
 

00 

V(x,'y) 2 A Sinf- x Sinh Cosh n" (S-2y (4
nl St t t 

where 

A 2 S f(x) Sin xdx (13)SU Sinh -


St
 

For the case of the zero degree polynomial (Case 1):
 

f(x) = d2
 

St Xrd 2Sr o n 


f(x) Sin- Cos 2 x
 

2d2S
nTt [1 - Cos n ] 

2o ) n 1, 3, 5, . . 

0 n 2, 4, 6, . . 

4d 
2
 

nrS
 
nir Sinh A
 

8d2 1O Sinh 1 
-- x' 

ix Z) ST Sinh n " 2St 
n-i, 3, 5, 

(Sm- 2y) 

v1,y _.
SinnI 2 

C 
os n 

(92), 

wheri 



--
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IS
 

SS S
=2 	and y =-:Evaluating v(x, y) in Equation (83) at x 

t 8D 	 Sinhn
v(r, 0) d2 n, in Sinh n2 (93) 

n-l, 3, 5,,.. 

Let,
 

P 	 ~Sinr_.Sinh 2 
z 11I n 2 Sinh nC (94) 

nl, 3, 5,... 

S., 	S 
72m) = P " d2 (95) 

The 	right-hand side of Equation (93) should converge to d2 as'n W
C.
 

In other words, P of Equation (94) should converge to 100% as n + -.
 

Equation (94) is a function of C which in turn is a function of
 
Sm
 

the ratio S.a In order to cover all practical field spacings of the
 
tole drains and tile drains in the combined system, six values of SM
 

St
 
were investigated. Inother words, Equation (94) was investigated
 

five times, each time using a different value of C.
 

Table 7 lists the results. Columns 2, 3, 4 and 5 indicate the
 

number of terms summed up in the infinite series of Equation (94).
 

As indicated by the results of Table 7, Equation (93) has an
 

oscillating tehavior slowly converging as the number of terms of the
 

infinite reries is increased. Thus, if only the first term of the in

finite series of Equation (94) were taken and the rest of the terms of
 

the series were neglected, on the average v(x, y) would be over estim

ated by over 27%.
 



Table 7. Convergence of the infinite Fourier series of Equation (94).
 

S P(7) 

Sp 1 term 2 terms 3 terms 4 terms
 

0.0167 127 85 110 92
 

0.0250 127 85 109 91 

0.0500 130 88 ' 113 97 

0.0750 126 86 108 95
 

0.1500 126 92 106 99
 

Average 127 87 109 95
 

However, the mathematical calculations involved in finding u(x, y, 

t) in Equation (1)would be so complex if more than one term of Equation 

(93) is considered, particularly if it is noted that the case considered
 

is the simplest of all cases (i.e., zero degree polynomial), that a loss
 

of accuracy of about 30% should be accepted for the sake of simplicity.
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Appendix D
 

Reducing B to a Function of A
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Appendix D
 

ReducingB to a Function of A
 

fmS St 

B =fj0 tg(x,,Y) Sin Sx Sin dx dy (21) 
Sm0t 


g(x,'y) = (d1 +,d2) - v(x, y) (17) 

v(x, y) - ) (*) (A)Sin-Cosh 7T (S 2 (18)
St St 2St 

Substituting v(x, y) into Equation (17):
 

g(x, y), = [d1 + d2 ] - () (A) Sin 7Cosh f (S 2y) (96) 
1 St St 2St 

Substituting g(x, y) into Equation (21): 

j st N - vxx S y 

B ((d1 + d2 ) - v(x, y)) Sin Sin dx dy 
0 0t m 

s st 
 Sm St 4t
(do(dI + Sini x Si Sym dxdx dy _f+ 0 2 ° )(*)(A) 

Sin $in y osh (S - 2y) dx dy
 

t m S
 

4StSm r m WrS
 
(d + d2)-2A Sin' Cosh ( - dy
 

4sts2220 sm -st 

2 (d1 2 ) - (2A) (-) (Cosh 2 ) (97), 

7TS i S
 

'7rS m Sinh m Cosh 2S--t
Sn 2St- i 

But 2osh - - 1/2
' = 

2CoShm TSt
tSinh 


St
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,'Therefore Equation (97) reduces to:
 

4SS 2A S 
B i dI d

2 ) 'm (98) 

Equation (98) shows that B is a function of A where:
 

A ffiJ f(x),Sin L dx (19) 

2A
Letting X = t2 

16(d 1 + d2) 4d 2and K T2r - -X 

Equation (98) reduces to:
 

ss t 
B - -S-- (22) 
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Appendix E
 

Field Experiment Data
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Appendix E
 

Field Experiment Data
 

Table 8. Height of the water surface above the tile drains in the
 
observation wells - September 21, 1972.
 

September 21
Obser-

vation u u u

WellUUUU
Time (ft.) Time (ft.) 
 Time (ft.) Time (ft.)
 

A.M. A.M. P.M. P.M.
 

W1 9:27 2.93 11:34 2.92 2:46 2.90 6:40 2.89
 
W2 9:27 2.92 11:35 2.91 2:46 2.90 6:40 2.88
 
W3 9:27 2.93 11:35 2.91 2:47 2.90 6:41 2.88
 
W4 9:29 2.92 11:37 2.90 2:49 2.78 6:44 2.60
 
W5 9:29 2.93 11:37 2.95 2:50 2.89 6:44 2.59
 
W6 9:29 2.95 11:38 2.91 2:50 2.81 6:45 2.62
 
W7 9:31 2.89 11:40 2.87 2:52 2.56 6:46 2.33
 
W8 9:31 2.88 11:40 2.79 2:53 2.50 6:46 2.33
 
W9 9:31 2.88 11:41 2.72 2:54 2.44 6:47 2.25
 

W10 9:33 2.93 11:51 2.92 3:03 2.90 6:55 2.89
 
Wll 9:33 2.91 11:51 2.90 3:03 2.89 6:56 2.87
 
W12 9:33 2.92 11:52 2.90 3:04 2.89 6:56 2.88
 
W13 9:35 2.93 11:49 2.91 3:00 2.90 6:52 2.89
 
W14 9:35 2.93 11:50 2.92 3:01 2.91 6:53 2.89
 
W15 9:35 2.93 11:50 2.92 3:01 2.90 6:54 2.88
 
W16 9:37 2.93 11:46 2.92 2:57 2.90 6:50 2.89
 
W17 9:37 2.92 11:47 2.91 2:58 2.90 6:50 2.89
 
W18 9:37 2.92 11:47 2.91 2:58 2.90 6:51 2.89
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Table 9. 	Height of the water surface above the tile drains in the
 
observation wells - September 22, 1972.
 

September 	22
Obser-

vation
Well u 	 u uu

Time (ft.) Time (ft.) Time 
 (ft.) Time (ft.)
 

A.M. A.M. 	 P.M. P.M.
 

W1 12:41 2.77 10:43 2.87 2:04 2.74 6:29 2.62
 
W2 12:41 2.79 10:45 2.83 2:04 2.82 6:30 2.80
 
W3 12:41 2.78 10:45 2.84 2:05 2.82 6:30 2.80
 
W4 12:45 2.48 10:49 2.31 2:05 2.20 6:32 2.05
 
W5 12:45 2.47 10:49 2.31 2:06 2.19 6:32 2.04
 
W6 12:45 2.49 10:50 2.32 2:07 2.19 6:33 2.04
 
W7 12:48 2.24 10:51 2.12 2:08 2.01 6:35 1.86
 
W8 12:48 2.21 10:52 2.08 2:09 1.98 6:35 1.84
 
W9 12:48 2.19 10:53 2.06 2:09 1.96 6:35 1.84
 

W10 1:00 2.87 11:02 2.85 2:17 2.83 6:45 2.82
 
il 1:00 2.87 11:03 2.84 2:18 2.83 6:46 2.81
 

W12 1:00 2.85 11:03 2.84 2:19 2.79 6:46 2.34
 
WI3 12:57 2.88 11:00 2.84 2:15 2.76 6:43 2.62
 
14 12:57 2.86 11:00 2.84 2:15 2.75 6:43 2.61
 
W15 12:57 2.84 11:01 2.84 2:16 2.74 6:44 2.58
 
W16 12:59 2.88 10:57 2.85 2:13 2.83 6:40 2.70
 
W17 12:59 2.87 10:57 2.84 2:13 2.83 6:41 2.67
 
W18 12:59 2.87 10:58 2.84 2:14 2.81 6:41 2.51
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Table 10. 	Height of the water surface above the tile drains in the
 
observation wells - September 23-24, 1972.
 

September 24
Obser- September 23 

vation
WelU 	 U U 'U 

Time (ft.) Time (ft.) Time (ft.) Time (ft.) 

A.M. P.M. P.M. P.M.
 

Wi 8:28 2.22 7:09 1.87 2:35 1.61 6:20 1.55 
W2 8:29 2.25 7:10 1.84 2:35'. 1.59 6:21 1.54 
W3 8:29 2.28 7:10 1.86 2:36 1.63 6:22 1.58 
W4 8:31 1.97 7:12 1.70 2:32 1.57 6:23 1.53 
W5 8:31 1.97 7:12 1.70 2:32 1.57 6:24 1.54 
W6 8:32 1.98 7:13 1.70 2:33 1.57 6:24 1.53 
W7 8:34 1.81 7:14 1.61 2:30 1.50 6:25 1.46 
W8 8:35 1.82 7:14 1.53 2:31 1.44 6:26 1.39 
W9 8:35 1.82 7:15 1.54 2:31 1.40 6:28 1.31 

WI0 8:44 2.41 7:24 1.81 2:37 1.56 6:35 1.47
 
Wil 8:45 2.29 7:24 1.71 2:38 1.51 6:36 1.41
 
W12 8:45 2.03 7:25 1.62 2:38 1.44 6:36 1.32
 
W13 8:40 2.48 7:21 1.92 2:39 1.69 6:33 1.56
 
W14 8:41 2.46 7:21 1.90 2:39 1.68 6:33 1.55
 
'WI5 8:41 2.44 7:21 1.88 2:40 1.66 6:34 1.53
 
W16 8:38 2.44 7:19 1.95 2:41 1.59 6:30 1.44
 
W17 8:38 2.35 7:19 1.86 2:42 1.56 6:31 1.42
 
W18 8:39 2.26 7:20 1.79 2:42 1.54 6:32 1.41
 



Table 11. 	 Height of water surface above the tile drains in the
 
observation wells - September 25-26, 1972.
 

Obser- September 25 	 September 26
 

vation
Well u u 	 u u
Time (ft.) Time (ft.) 
 Time (ft.) Time (ft.)
 

A.M. 	 P.M. A.M. P.M.
 

Wi 10:59 1.37 6:45 1.33 11:10 1.24 6:07 1.22
 
W2 11:00 1.34 6:46 1.31 1i:11 1.23 6:07 1.20
 
W3 11:00 1.39 6:46 1.33 11:11 1.26 6:08 1.22
 
4 11:01 1.44 6:47 1.35 11:13 1.33 6:08 1.28
 

W5 11:02 1.45 6:48 1.36 11:14 1.33 6:09 1.29
 
W6 11:02 1.45 6:48 1.35 11:14 1.33 6:10 1.28
 
W7 11:04 1.35 6:50 1.32 11:16 1.28 6:13 1.26
 
W8 11:05 1.28 6:50 1.23 11:17 1.20 6:13 1.19
 
W9 11:05 1.23 6:51 1.18 11:18 1.15 6:14 1.13
 

W10 11:12 1.27 7:00 1.21 11:26 1.14 6:24 1.10
 
Wl 11:12 1.24 7:00 1.18 11:27 1.11 6:24 1.08
 
W12 11:13 1.23 7:01 1.11 11:28 1.09 6:25 1.04
 
W13 11:10 1.49 6:57 1.36 11:24 1.32 6:21 1.29
 
W14 11:11 1.47 6:58 1.35 11:24 1.32 6:22 1.29
 
W15 11:11 1.46 6:58 1.33 11:25 1.31 6:23 1.27
 
W16 11:08 1.37 6:55 1.20 11:21 1.19 6:19 1.13
 
W17 11:08 1.36 6:55 1.20 11:21 1.19 6:20 1.13
 
W18 11:09 1.36 6:56 1.21 11:22 1.20 6:20 1.13
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