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This book covers basic network analysis at an intermediate level. It is
designed as a one-semester course for technikon students studying
Electrical Engineering.

The language in the text is simple, conversational English. Difficult
concepts and technical terminology are explained throughout the book.

The book consists of 8 units. Each unit starts with a list of outcomes or
study objectives. These outcomes set out what you should be able to do
at the end of each unit.

The text is set out in such a way that you should be able to work
through the book by yourselves. New concepts are explained and
reinforced by providing examples with solutions to work through. Try to
work through these on your own first, before looking at the solution for
guidance. The figures throughout the text help you to understand the
material and clarify concepts. The mathematics in this course is thereby
made clear and understandable.

Because this is a problem-solving course, there are also many activities
for you to work through. These activities allow you to make sure that
you have understood the work you have just covered.

The summary at the end of each unit enables you to see at a glance
what you should have learnt in the unit. The summary is followed by a
section with self-evaluation exercises for assessing your progress.

Answers to the activities and self-evaluation exercises appear at the end
of each unit.



We have used four icons in this book:

1/ Activity 2
This is an ACTIVITY icon. When you see this icon you will know

that it is time to DO something! The activities are active and enjoyable,
and they help you to understand the subject. Feel free to do them with a
friend or group of friends. The solutions to the activities are given at the
end of each unit.

~~.:?~ This is a DEFINITION icon. Read the definitions carefully
P'f.~ because the details are important.

The TAKE NOTE icon appears alongside all the extremely
important information.

• Self-evaluation
This is a self-evaluation icon. The self-evaluation exercises at the
end of each unit enable you to assess your own progress.



Symbols used in this book:

Symbol Physical parameter Unit

V, v voltage V (Volt)

I, i current A (Ampere)

R resistance o (Ohm)

L inductance H (Henry)

C capacitance F (Farad)

Z impedance o (Ohm)
y admittance S (Siemens)

t time s (second)

co angular velocity rad/s eadian)
second

T period s (second)

f frequency Hz (Hertz)

cr, ~, 4>, e '" angles 0, rad (degree or radian)

P active power W (watt)

Q reactive power VAr (volt-ampere reactive)

S total (apparent) power VA (volt-ampere)

PF power factor -

( = COSangle)

W,W energy J, Wh (joule or watt-hour)

S resistivity Om (ohm meter)

e permittivity E (Farad)
ill meter

f.J, permeability !i (Henry)
ill meter

complex number -

a + jt in: rectangular form -

r ~o polar form



Basic concepts

_OUTCOMES}
After studying this unit, you should be able to:

• review the concepts of electric current and voltage

• apply Ohm's law

• explain Kirchhoff's current and voltage laws and use these to
determine currents and/or voltages in simple resistive
circuits

• determine when resistors are connected in series or in
parallel, and calculate the equivalent resistance for any
combination of these

• explain what voltage and current dividers are and how to use
their rules

• calculate electrical power and energy for simple resistive
circuits

• explain the meaning of 'short circuit' and 'open circuit' in
circuit analysis

• practically analyse any common resistive DC circuit, and
solve for its parameters using any of the above methods (in
terms of current, voltage, power and energy)

• review your mathematical knowledge in the fields of
trigonometry, complex numbers, calculus and matrices

1



2 Basic Circuit Analysis

C[D Introduction
In today's world, most of us live with electricity around us. Electricity can
be a very good friend if it is used properly, but a deadly enemy if it is
misused. Because we cannot see, hear or smell electrical current, it is
important that we have an understanding of basic electrical principles.

All basic electrical systems have the following main components:

• a source;
• a transmission system;
• a control apparatus; and
• a load.

An ideal electric circuit is a mathematical model of a physical circuit that
allows us to transmit energy from a supply or source to a point of
application or load.

The parameters of such an ideal circuit that we need to determine are the
voltage and the current associated with any element of the circuit.

The ideal circuits we study allow us to theoretically predict the behaviour
of any electric circuit and its components, without having to use real
(physical) elements.

Electrical engineers and technicians should be able to analyse or design
models for any circuit and then, based on their observations, construct
the physical system that performs the desired task. When there is a fault
in an existing circuit, they should be able to make observations and take
measurements that enable them to pinpoint the fault and repair the
circuit. These are some of the aspects we will consider in this subject.

In this course we use the international unit system known as the SI unit
system. This system has the advantage of being consistent and, as you
already know, is based on seven basic quantities (length, mass, time,
electric current, temperature, luminous intensity and amount of substance)
and their base units (metre, kilogram, second, ampere, degree Kelvin or
Celsius, candela and mole). I hope you can remember some of the units
commonly used in electrical engineering, like ampere for current, coulomb
for charge, volt for voltage, and ohm for resistance.

In most technical fields, measurements range from very small to very
large. So we need to refresh our memories about the SI unit prefixes, like
'tera-', 'giga-', 'mega- etc. They are very convenient and often used
instead of writing long numbers.
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The symbols and the Greek letters used in this book are the ones that
are commonly used in our field and appear in all electrical engineering
textbooks.

To study Electrical Engineering, you will need a basic mathematical
background. You may remember studying some special functions called
trigonometric fnnctions in high school. For easy reference, there are basic
trigonometric identities in Appendix I at the end of this unit.

When you do calculations, remember that all answers should have the
correct nomber of significant digits and must adhere to the rules for
rounding off (you probably have studied this in Maths). Where
appropriate, try to use engineering notation. Find out how your
calculator works in 'engineering mode' if you do not already know this.

In the first part of this unit, we will revise some of the basic concepts you
studied in the previous level. After that, we will review some mathematical
concepts, but since this is engineering and not a mathematics course, we
will not go into great detail.

All of these concepts form the basic theoretical knowledge you will need
to study circuit components and their interaction. Let's get started!

o Revision of basic concepts
Electrical engineering involves the production, transmission, application
and control of electrical energy.

In this book we will focus on direct current (DC) and alternating current
(AC) electrical circuits, which are mathematical models of physical
circuits. The ideal electrical circuit includes current, voltage, resistance,
inductance and capacitance (I, V, R, L and C).

The materials used iu electrical circuits are typically couductors, insulators,
and semicouductors.

1.2.1 Current and voltage

Current IS the rate of movement of charge III an electrical
circuit:

i(t) dQ
at
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Current can be described as the movement of free electrons in a circuit.
For current to flow continuously, we must have a complete circuit that
includes an electromotive force (emf) provided by the voltage source.

When any electric current flows, it produces forces known as 'magnetic'
forces.

Voltage is the 'potential' difference between two points and
characterises the ability of an electrical force field to do work.

v = ~
b, q

In the following equation, the + sign indicates the assumed high
potential point and the - sign indicates the low potential point:

v
ba

= - vab

vah = Vb - Va

Vb' = Vb - V, a(+)

b(-)

Fig. 1.0

1.2.2 Electrical resistance and Ohm's law
Resistance is a measure of the extent to which a material opposes the flow
of current through it.

Conductors have a small resistance. Insulators have a large resistance.

For a conductor R = p land k= G (conductance), where p = resistivity

of material, I = length, A = cross-sectional area

When we want to replace a resistor, or if we want to build a circuit and
need a resistor, it is very important to know the resistor's power rating and
the effect of temperature on the value of the resistor.
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For metals, resistance increases with the increase in temperature.
We say that metals have a positive temperature coefficient
(ao > 0):

R] = RoO + aOe])
where Ro = resistance at temperature To

R1 = resistance at temperature T]
el = T 1 - To, difference in temperature
ao = temperature coefficient

In this unit, we wiII refer to linear resistors only. For these, Ohm's law
states that v = Ri, and is a linear relationship. (Do you remember that
the graph v = I(i) is a straight line that passes through the origin and has
a slope equal to R?)

The current flowing through resistors found in resistive networks is
always directly proportional to the voltage applied to the resistor. The
resistor is then called a linear resistor.

Y,<----'

Alternative mathematical forms for Ohm's law are:

V V
1= 7< or R = 7

Activity 1. 1
The field coil of a shunt motor has a resistance of 10.5 n at O°C.
Determine the current that wiII flow through the coil if the supply
voltage is constant at 220 V and the temperature of the coil
increases to 60°C. The resistance temperature coefficient of copper
at acc is 0.00426;oC

1.2.3 Kirchhoff's Laws

. Kirchoffs current law (KCL) states that the sum of the currents
entering a junction (node) is equal to the sum of the currents
leaving the junction:
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ti = 0 (for the junction),
I: currents entering the node = I: currents coming out
of the node

- - - -

,
-4,

I,,
,

i, node
,

lj I,,
. ;'---. region-In /

- - - -
Fig. 1.1

Just as KCL applies to any node of a circuit (in other words, to satisfy
the physical law of conservation of charge, the current going in must
equal the current coming out), so KCL must hold for any closed region
(see fig. 1.1).

tv = 0 (for the closed loop),
I: voltage rises = I: voltage drops

R,

+ v,

- - - -

Fig. 1.2

KVL is, in fact, an expression of conservation of energy.
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1.2.4 Series and parallel combinations of resistors
The series connection of resistors means that the same current flows
through each resistor, since the output node of one is the input node
for the next one, and so on.

We can have two, three, four or more resistors in series. To write a
general formula, we will call the last resistor the 'n'th resistor, where

Yr----' n "22.

R, R,
Or-----.,~-V\/\/v~---V\/\/v---

Fig. 1.3

The equivalent series resistance:

Req(series) = t R i = R1 + R2 + ... + Rn
1

R"

The parallel connection of resistors, as in fig. lA, means that the resistors
have the same voltages (potential difference) across them.

_1_=_1 +_1 + +-.L
R,qll R 1 R, . . . R"

or,
Geq = G1 + G2 + ... + Gn

---

>
~ ;v > R1 R,

>

---

R"

Fig. 1.4

For two parallel resistors, the equivalent resistance Reg = R~,+R~,

For 'n' resistors with equal value, in parallel: Reg = ~
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The 'n'th resistor is the number of resistors in a combination.
For example, for three resistors n = 3, for 21 resistors n = 21.

• Activity 1.2 .
1. Determme the combmed resistance of four resistors m senes of

3 n, 6 n, 7 nand 12 n respectively.

2. Determine the combined resistance of four resistors in parallel
of 3 n, 6 n, 7 nand 12 n respectively.

1.2.5 Voltage and current dividers
A voltage divider is a circuit with 'n' resistors in series. The rule for the
voltage divider is:

V=~Y,
L,R,

1

And for two resistors in series we have:

V Rl V[ = R
1
+ R, S

V R, v:
2 = R 1 + R, S

v

I

Fig. 1.5(a)
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Fig. 1.5(b)

A current divider is a circuit with 'n' resistors in parallel. The rule for the
current divider is:

1;= X= t~,
I

I

+ v

Fig. 1.6(a)

And for two resistors in parallel we have:

I - G1 1- R, I
1 - G1 + G, - R1 + R,

and

I G, I R 1 I
2 = G1 + G, = R1 + R,

Fig. 1.6(b)
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1.2.6 Short and open circuits
Short circuits are paths in which current flows through zero resistance.
The voltage drop across the short circuit is always zero and in some cases
this can lead to very high currents. These currents are known as short­
circuit currents.

Open circuits are paths of infinite resistance. Since the resistance is infinite,
the current practically is always zero and the voltage across it is known as
open-circuit voltage.

1.2.7 Power and energy
Can you remember the concepts below? We are going to use them in
our studies.

The relationship between electrical power (P) and electrical energy (W) is:

P= W
t

When there is an electrical resistance in the circuit:

2 V'P= VI=I R=J[

EXAMPLE 1.1
Look at the circuit in fig. 1.7 and:
(a) calculate the current I in the resistance;
(b) find the current when the voltage is doubled; and
(c) calculate the current when the voltage is 24 V and R is doubled.

I

Fig. 1.7
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Solution

(a) 1= V = 24 = 6 A
R 4

(b) 1= 2V = 48 = 12 A
R 4

Note: Double voltage =} double current

V 24
(c) 1= 2R = 8 = 3 A

Note: Double resistance =} half of the current

EXAMPLE 1.2
Study the network in Figure I.8(a) and calculate the current in each
resistor.

Did you notice that there are five unknowns? Let's apply KCL at the
nodes to reduce the number of unknowns.

At first we must assume the direction of the currents.
I A

We can add in the direction we think
the current will flow.

In node A we assume 11 is the current
flowing between A and D.

I
c

Fig. 1.8(b)
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I

Fig. 1.8(c)

A

Il~AB
The current flowing between A and B will be
I - II' So, we add this to fig. 1.8(b).

Fig. 1.8(d)

I-I
1

I~B
I BC

Fig. 1.8(e)

In noduD we assume 12 flows between
D ano·.8, so the current between D and C is
II - lz. We add this to fig. 1.8(b).

In node B the current between Band C is
12 + I - II. We add this to fig. 1.8(b).

Let's check node C. We know the current that
comes out must be I (equal to the current going
into this section of the network).

1,-1, 1-1,+1,

_1-oEC__V
C

Fig. 1.8(f)

A

So, we now know that we have worked
correctly up to here.

We still have two unknowns to solve,
namely II and 12 ,

We will need to use KVL. Let's look
at loop ABD.

28 (I - II) - 8 12 - 3 II = 0
28 x 5 - 28 II - 8 12 - 3 II = 0
140 = 31 II + 8 I,

Fig. 1.9(a)
80

\r--~-.:oB
1,

Now let's consider the loop source
ADC.

40 = 3 II + 14 (II - I,)
40 = 17 II - 14 I,
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+ 40V\
-T J D

I

A

II

30

140

11- 12

C

Now we have two equations for the two
remaining unknowns:

Fig. 1.9(b)

140 = 31 II + 8 12; multiply the equation by 7
40 = 17 I) - 14 12; multiply the equation by 4

Now we can solve the system:

980 = 217 I) + 56 12

160 = 68 II - 5612

(217 + 68) I) = 980 + 160 = 1 140

I) = 1140/285 = 4 A and 12 = 2 A

So the flow of current in the circuit will be:

lAD = 4 A
I (5 A) A I DB = 2 A

---;>-

lAB = 1 A
II (4 A) 1-1

1
(1 A) he = 3 A

12 (2 A) IDe = 2 A
D ~ B

1 1- 12 (2 A) 1- 1
1
+I, (3 A)

I (5 A) C

Fig. 1.10

If we check the BCD loop we get:
2 x 14 = 8 x 2 + 4 x 3

28 = 28

Finally, we know the magnitude of all the currents and their directions.
This is shown in fig. 1.10.
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Analysing systems like these requires a lot of care. It is very easy to make
mistakes in your calculations.

In the example, we had to apply KCL and KVL simultaneously to solve
the unknowns. We needed to obtain five independent equations to find
the five unknowns.

If you come across a similar problem, try to follow these rules:
• First determine the number of unknowns.
• Then try to use Kirchhoff's first law (current law) as many times as

Yr---' possible. (KCL equations are simpler than KVL equations.) Apply
KCL to the number of the nodes minus one. (In the example we
applied KCL three times and checked the last node.)

• Choose a number of independent loops for KVL equal to the
number of unknowns, minus the number of times you applied KCL.

Note that the fourth equation for current came as an identity (I = I) so it
could not be used. However, it showed us that we worked correctly.

EXAMPLE 1.3
In example 1.2 we could have considered the loop DBC instead of ABD, as .
in fig. l.ll.

Solution

D 1,

C

Fig. 1.11

If we simultaneously solve this equation and the one for the loop source
ADC, this gives us the same solution for the system II = 4 A and 12 = 2 A.
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EXAMPLE 1.4
Now find the power dissipated by the resistor in fig. 1.12 if a 15 A current
flows through the resistor. The voltage across the resistor is 30 V.

15 A

~ov

Fig. 1.12

Solution

P = V I = 30 X 15 = 450 W
or
R = V = 30 = 2 Q

I 15

P = P R = 152
X 2 = 225 x 2 = 450 W

or 2

p = V' = JQ.. = 900 = 450 W
R 2 2

Did you notice that you only need to know two parameters of the
circuit (voltage and current, or voltage and resistance, or current and

"~:"':"'':'':;;.J resistance) to work out the power in a resistive circuit? And, if you
know the value of any two parameters (R, I, V, P) of a circuit, you
can work out the other two.

Also remember that, when you calculate the power dissipated by a
resistor, you must use the voltage drop across that resistor and/or the
current flowing through that resistor.

If you have several resistors in series or parallel in a circuit, you can work
out the power of the circuit based on the equivalent resistances and the
rules mentioned earlier in this unit.
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C1=@
1.3.1

Useful mathematical concepts
Complex numbers

A complex number is a number written as z = a + jb, where a
and b are real numbers and j, called the imaginary unit, has the
property that l = -I. The real numbers a and b are called,
respectively, the real and imaginary parts of a + jb.

i instead ofj, but to avoid confusing it with the
ntaneous value of current, we will only use j.II~

Some books use
symbol for insta

ty;V'1 L.

U

~ Properties of complex numbers in rectangular form

The following five rules are very important and should always be used
when working with complex numbers:

I. Equality of complex numbers
A + jB = C + jD if and only if A = C and B = D

2. Addition of complex numbers
(A + jB) + (C + jD) = (A + C) + j(B + D)

3. Subtraction of complex numbers
(A + jB) - (C + jD) = (A C) + j(B - D)

4. Multiplication of complex numbers
(A + jB)(C + jD) = (AC - BD) + j(AD + BC)

+ jB and A - jB are

5. Division of complex numbers
A+jB A+jB C-jD AC+BD BC-AD
C + jD = C + jD x C - jD = C' + D' + } C' + D'
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You have just revised the properties of complex conjugates!

However, we suggest you use the polar form for multiplying and dividing
complex numbers, as we will explain below.

~ Polar form of a complex number

Look at fig. 1.13. Point P represents the complex number x + jy with the
coordinates (x, y).

Point P can also be represented by polar coordinates (r, 8).

_____ /, P (x,y)

r / :y,
8 '

O~,-LX-----L--;o.X

Fig. 1.13

= P(r,8)

Now we're going to use trigonometry functions. Have you revised them?

Since x = r cos e and y = r sin e we can write x + jy = r(cos e + j sin e),
which is the polar form of the complex number.

We often call 'r' the modulus and 'e' the phase of a complex number.

So, we get r= ";x2 + y'
The abbreviated notation for this is r/fl.

Multiplication in polar form

[rj (cos e j + j sin ej)] x h(cos e2 + j sin e2)]
= rjr2[cOS(ej + e2) + j sin (e j + e2)]

or, in the abbreviated form: rjr2 j(e j + e2)

Division in polar form

r,(cose, + jsine,) = Ii[cos(e _ e) + .sinCe - e)]
r2(cose,+Jsme2) r2 j 2 J 2

or, abbreviated, Ii j(e j - e2)r2 '-'-,---,-_--=:

TEXAMPLE 1.5
1 Calculate 2 eq = 21 + 2 2 if 2 1 2 + j5 and 2 2 = 7 + j9.
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Solution

Zeq = (2 + 7) + j (5 + 9) = 9 + jl4

Divide V = 4.5LQ" by Z = 1.5/30°.

Solution

You can check your result by recalculating using rectangular
coordinates. Try it! This will be good practice for you.

• Activity 1.3
Find the real and imaginary part of the complex number z = ~ ~ ~J

1.3.2 Calculus in Electrical Engineering

~ Derivatives

~~
~

If y = j(x), the derivative off(x) with respect to x is defined as:

dy = lim f(x + 6.x) - f(x)
dx 6HO Ex dF

Some other possible notations for derivatives are T' f' (x) or
simply y'. x

The derivative gives the slope of the curve associated with the initial function.

If we can calculate the value of the derivative at a specified point, we can
see if the function is iucreasing or decreasing at that point. In other words,
we can see the trend of the function.

To calculate the derivatives of any given function we need to know the
rules for differentiation. These can be found in any calculus book.
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5t = 5 cos 5t

v = L~; where L = constant and i = 1m coswt

are also constants)

ate the following sinusoidal function: i = sin 5t

EXAMPLE 1.6
ate the following exponential function: v = e5tDifferenti

Solution

Let u = 5

Differenti

Solution

!l sin
dt

Calculate

(1m and w

Solution

V= L~; = L:fpm coswt) = LIm1t(coswt) = - LImw sinwt =

I - Vm sinwt = Vm cos (wt +~) where Vm = LIm W = constant

~ember trigonometric identities!)

~ Integrals

If ¥X = fix), then y is the function with derivative f(x) and is
called the anti-derivative of fix) or the indefinite integral of
fix). The symbol used for the integral is f f(x)dx. Since the
derivative of a constant is zero, all indefinite integrals differ by
an arbitrary constant, C.

To integrate, we need to know the rules for integration. Make sure you
know and can apply these rules.

If we have an interval [a, b] andf(x) is piecewise continuous on this
interval, the definite integral of f(x) between x = a and x = b is defined as:

b

ff(x)dx = lim, {f(a)b.x + f(a + b.x)b.x+ ... j[a + (n - I)b.x]b.x},

;md the limit exists.
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If j(x) = fxJ5(x), the definite integral can be evaluated as:
b b d bIf(x)dx = IdxJ5(x)dx = g(x) 1= g(b) - g(a)

(a fundamental calculus theorem)

Another fundamental theorem is the mean valne theorem that states:
b

f j(x)dx = (b - a)j(m), where m E [a, b]
"

Application of integrals:

• The definite integral is the area under the curve f(x) between the limits
a and b.

• The average value of a function on a given interval is defined:

I b

fav(emge) = b _ a I j(x)dx

This formula shows that the area under the curve is equal to the area
of a rectangle with dimensions (b - a) x fav. The average of the
function can be determined from this.,1-_.....

fav-

Fig. 1.14

EXAMPLE 1.7

[(x)
[(x)
continuous on[a,b]

area under the curve,
= [[(x)dx

Assume a typical cosine wave i = i(t) where i = 1m coswt, with 1m =
constant = maximum value for the function i, and w is also a constant.

The square of i is then f = 1m
2 (cos wt)2

Find the average of f for a full period.

Solution

wT = 27f '* T = 27f
W
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Then,

, 12r" , 'r" 2 2 fw'rw

,i av = ,;; i dt = ~ IJcos wt) dt = 27r (COS wt)dt
w

fW[1 I. ] i.(w
= 27r 'it + 4w sm2wt ! =

t w [I br 1 I· ( 27r) 1 . ( ]= -"'--- - x - - - x 0 + - x sm 2w x - - - x sm 2w x 0) =
27r 2 w 2 4w w 4w

= !'d::. [:!!: _ 0 + _I x 0 __I x 0] = ~w x :!!: = !m
27r W 4w 4w 27r W 2

If we use the following notation: I( = I rms (root mean square) =}

2 ,f I '2i =I = m=}I =-=.m...=VL.I
av rms L rms -v':2 T m

Remember this result, because you'll see it again!

1.3.3 Matrices in Electrical Engineering
In Mathematics we learned to solve systems of equations with the help
of their associated matrices. Let's see if we can use matrix calculations
to find the unknown elements of our electrical circuits.

Do you remember the examples of solving a system of equations in the
previous semester? You had to solve different given circuits by applying
Kirchhoffs laws.

Let's solve the problem in Example 1.8.

®® 12 R2=2 0 @R=IO3-V\/' VA

14 Is
_V

>R4=9 [1 5: R,=9 [1 .?
> > <

EXAMPLE 1.8
@ 13

Fig. 1.15 © ©
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Find the currents flowing in each branch of the circuit. The value of the
supply voltage is 100 V, and the resistors have the values indicated in
fig. 1.15.

Solution

If we use the equations for the nodes first, we notice the following:

The current through 14 is equal to 14 = 13 - 12 and the current through
R5 is equal to 15 = 12 - h.

Remember to use the current law before writing the voltage
equations. This will make it easier for you to solve the problem!

After making the above observations, we only need to find the three
remaining unknowns: h, 12 and h

The loop equations are:

For loop ABC: 100 = 1 h + 9 (h - 12)

For loop BCD: 9 (h - 12) = 2 12 + 9 (12 - I))
For loop CDE: 9 (lz - I)) = 61)

This can be written as:

100 = 10 h - 9 lz + 0 I)
o= -9 h + 20 lz - 9 I)
0= 0 h - 9 12 + 15 I)

Or in matrix format:

-9 0] [I ]20 -9 l,
-9 15 I,

Hint: If you worked correctly, you will have noticed that, for simple
networks, the square matrices are symmetrical (aij = ajD-

To find the unknown currents, we have to solve the following matrix
equation. Rewrite it as:

[
I,] [10
I = -92

I, 0

-9 0] -) [100]
20 -9 0
-9 15 0
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Do you remember how to calculate the determinant for a 3 x 3 matrix
like the one above? Let's see how it's done ...

The determinant of the square matrix is:

10 x 20 x IS + (-9) x (-9) x 0 + 0 x (-9) x (-9) - 0 x 20 x 0­
(-9) x (-9) x 10 - IS x (-9) x (-9)
= 3 000 + 0 + 0 - 0 - 810 - 1 215
= 975

So the inverse of the square matrix is:

I [20 x 15 - (-9) x (-9) -[(-9) x 15 - 0 x (-9)J
975 -[(-9) x 15 - (-9) x 0] 10 x 15 - 0 x 0

(-9) x (-9) - 20 x 0 -[10 x (-9) - (-9) x 0]

Which gives, after elementary calculations:

[

219 135 81]
9~5 135 150 90

81 90 119

(-9) x (-9) - 0 x 20 ]
-[10 x (-9) - 0 x (-9)]
10 x 20 - (-9) x (-9)

[

22.46]
13.85
8.31

Now we can solve the matrix equation:

[7,] = 9~5 [i~~ ~~~ ~~] [1~0] = 9~5 [i~ ~~~] -
II 81 90 119 0 8 100

*!J = 8.31 A, 12 = 13.85 A and 13 = 22.46 A

The flow of the currents in the circuit is shown in fig. 1.16:

@ 22.46 A (I 0) @13.85 A (2 0) © 8.31 A ®

V=IOOV

8.61 A 5.54A
(22.46-13.85) (13.85-8.31)

(90) (90) 60

22.46 A

©
13.85 A

Fig. 1.16

©
8.31 A
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We could have arrived at the same result in a much easier way, but we
wanted to give you an example of matrix calculations in electrical
engineering. This was a very simple example, since we only worked in DC
and used pure resistors. In future, however, you can use these basic
principles for any typical network problem.

The matrix method is also very useful when there is a large number of
unknown values in circuits.

Let's use another method for solving the same problem.

(6x9+ 2)x9
The total resistance of the circuit is Req = ffi + I = 4.45 0

6+9+ 2+ 9

So, the current h = 100 / 4.45 = 22.46 A, etc. (Apply Kirchhoffs laws.
This also proves that you are working correctly.)

([) Summary
In the first part of this unit we revised some of the fundamental principles
you encountered in Electrical Engineering I:

• Current and voltage
• Electrical resistance
• Ohm's Law
• Kirchhoffs Laws
• Series and parallel combinations of resistors
• Voltage and current dividers
• Short circuits and open circuits
• Electrical power and energy

These principles form the basis of all other (more advanced) theories in
the field of electrical engineering.

The second part of this introductory unit, and appendices I and II,
reviewed some of the basic concepts of trigonometry, complex numbers,
calculus and matrix calculations.

In Unit 2 we will start applying these concepts and principles. So, if you
are uncertain about anything, please page back to the relevant section and
make sure that you understand it.
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IIIIIIII Self-evaluation

I Calculate I = I) - 12 if II = 6 - j 3 and 12 = 4 + j3.

2 Write V = 5,6 (-110° in rectangular form.

3 Divide V = 4,5 Lsr. by I = 2,25(-45° .

4 Calculate i = c~; if C is a constant and v = Vm cos wI, where Vm

and ware given constants. [v = 1(1)]

5 Assume a typical cosine wave i =1(1) with the following expression:
i = 1m cos wI, where 1m = constant = the maximum value for the
function i. Calculate i av(emge) for an interval of time equal to the first
half-period of the wave.

Hint: Remember that 21T = wT =} T/2 = 1T/W.
SO, you will have to integrate between 0 and 1T/W.

6 Look at the following circuit and answer the questions below:

I
4A

~-

V
R
SO

Fig. 1.17

(a) Find the voltage across the resistor.
(b) Find the voltage when the current passing through the resistor

is doubled.
(c) Find the voltage if the current is again 4 A but the resistance

is doubled.

R3=2 \2 @ I, R,=4 \2

V ILe:nI3 4 5 6

Find the currents flowing in, and the voltages across each resistor,
in the following circuit:

II R
j
=3 \2

7

---'-10 V

V

I
V2 RyLI \2

Fig. 1.18

© ©
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8 Look at the following circuit:
Ieq

+ 12 V
Req

30
+

V,
i 40

+20
1';=4 V

v, +
60 40

Fig. 1.19

Knowing that Vi = 4 V, find V2 , V3 , i and Req for the bridge.

9 Find the total resistance R T of the following circuit:

160
'VV

140
'VV

~50
>

30
A A A

90
A A A

~240
>

80
AAA

A
-<;--

Fig. 1.20

Hint: Work from A towards the terminals!

10 A heater takes a current of 8 A from a 220 V source for 12 hours.
Calculate the energy consumed in kWh.

Answers

Alctivity 1.1 (page 5)
16.67 A

Alctivity 1.2 (page 8)
1 28 n
2 1.38 n

Alctivity 1.3 (page 18)

Real part = 0.561
Imaginary part = 0.048
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Self-evaluation (page 25)

lI=2-j6A
2 V = -1,91 - j 5,26 V
3 V / 1=2/45°
4 i = -w C Vm sin wt = wC Vm cos (wt + 1f/2)
5 0
6 (a) V = 32 V

(b) V=64V
(c) V = 64 V

7 II = 2 A, lz = 1 A, 13 = 1 A, 14 = 0.67 A, Is = h = 0.33 A,
VI = 6 V, V2 = 4 V, V3 = 2 V, V4 = 2 V, Vs = 1.32 V, V6 = 0.67 V

8 V2 = 8 V, V3 = 4 V, i = 0, Req = 3.6 fl
9 R r = 34 fl
10 W = 21.12 kW

Appendix I

~ Basic trigonometric identities

Let </> and 0 represent two different angles. Then the following can
be proved:

1 sin (</> + 0) = sin </> cos 0 + cos </> sin 0
2 sin (</> - 0) = sin </> cos 0 - cos </> sin 0
3 cos (</> + 0) = cos </> cos 0 - sin </> sin 0
4 cos (</> - 0) = cos </> cos 0 + sin </> sin 0
5 sin if> + sin 0 = 2 sin \12 (if> + 0) cos \12 (if> - 0)
6 sin </> - sin 0 = 2 cos Yz (¢ + 0) sin Yz (</> - 0)
7 cos ¢ + cos 0 = 2 cos \12 (¢ + 0) cos \12 (¢ - 0)
8 cos </> - cos 0 = 2 sin \12 (</> + 0) sin Yz (0 - </»

9 sin ¢ - sin 0 = Yz [cos (¢ - 0) - cos (</> + 0)]
10 cos </> - cos 0 = \12 [cos (</> - 0) + cos (</> + 0)]
11 sin </> cos 0 = \12 [sin (</> - 0) + sin (</> + 0)]
12 sin 20 = 2 sin 0 cos 0
13 cos 20 = cos20 - sin20 = 1 - 2 sin20 = 2 cos20 - 1
14 sin20 = \12 ( 1 - cos 20)
15 cos20 = Yz (l + cos 20)
16 ejO = cos 0 + j sin 0

Appendix II

~ Indefinite integrals

Here are some important indefinite integrals that you need to understand
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to complete your strdies successfully.
I f sin wtdt = -w cos wt

2 f cos wtdt = 1 sin wt
w .

3 f sin2 wtdt = i - sl4~wt

4 f cos2 wtdt = i + si4~wt

5 f sin wt cos wtdt = 2~ sin2 wt

6 f t sin wtdt = ~, (cos wt - wt cos wt)

7 f t cos wtdt = ~, (cos wt + wt sin wt)

8

9

10

II

12

13

14

15

J1
2 sin wldl = ~3 (2wt sin wi + 2 cos wt - w2p cos wi)

f P cos wtdt = ~3 (2wt cos wt - 2 sin wt + w2t2 sin wt)

f eW'dt = ~ew,

f teW'dt = ~, eW'(wt - I)

f t2eW'dt = ~3 eW'(w2t2 - 2wt + 2)

few" sin w2tdt = 2 ~ 2 eW''(WI sin W2t - W2 cos W2t)
WI W 2

few" cos W2tdt = LV' ~ ,eW''(WI cos W2t + W2 sin W2t)
I w,

fa' :~'t' = db tan-
1
(~)

~l

2

ff(t)dt = y(+ C) means that:
(1) 1(t) is the derivative of y (dyjdt), and
(2) y is the anti-derivative (or indefinite integral, as it
is usually called) of f(t).

The indefinite integrals table can be used for finding integrals
or derivatives!

These are only a few of the integrals you can use. If you need
more, look them up in a mathematics textbook or try to
calculate them yourself.
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OUTCOMES

After studying this unit, you should be able to:

• identify the mathematical expression of sinusoidal alternat­
ing current and voltage, and describe what is meant by
maximum value, cycle, period, frequency and root-mean­
square value

• construct phasor diagrams and use them when studying
simple AC circuits (see also complex number theory in
Unit 1)

• describe the operating principles of all the passive
components in AC (R, L and C)

• define and determine impedances (resistance, inductive
and capacitive reactance) and admittances (conductance,
susceptance)

• calculate equivalent impedance for simple combinations
(series and/or parallel)

29

unit·

2
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@~D Introduction
In Unit I we showed you how to apply basic concepts to DC circuits. In
this unit we will show you how to apply the same concepts in AC circuits.

Alternating current or AC is a current that periodically reverses direction.
The graph of the current versus time is called the waveform of the current.

An alternating voltage is a voltage that periodically reverses polarity.
The positive and negative terminals of an AC voltage source interchange at
regular intervals. This means that current flows out of one terminal to the
second terminal, then flows out of the second and returns to the first.
This type of voltage is mainly produced by AC generators (or alternators,
as they are often called).

The AC waveform studied most frequently is the sinusoidal waveform (the
sine wave). Its value at any instant in time can be determined by using
trigonometric sine or cosine functions. In sinusoidal waveform, the current
(voltage) gradually increases in one direction, reaches a maximum, then
decreases to zero, and finally reverses direction. After passing through
zero it increases in the reverse direction until it again reaches a maximum,
after which it returns to zero.

Sinusoidal currents and voltages are very important, mainly because
electric power is normally transmitted in this way at a frequency of 50 Hz
(or 60 Hz in some places).

o
2.2.1

Useful concepts
Mathematical aspects and rms values

Current can be expressed as a sine function: i = 1m sin wi, but for our
purposes the cosine function is more convenient. (This will be elaborated
on in the following section on phasor and phasor diagrams.)

The mathematical expression used generally for sinusoidal alternating
current is:

i = 1m cos wi

where i is the value for current at the instant 'I'

1m is maximum current
w is angular velocity (w = 2-rrj, where f = frequency)
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In South Africa the supply frequency isl = 50 Hz

o 1t
"2

,1t,
,
,

Fig. 2.1

31t
2"""

21t

rot

A cycle is the time from one positive crest to the following positive crest:

wT= 27r

where T = 27f = the time for one cycle = one period.
w

The number of cycles per second is called frequency:

1 = :br = t (cycles per second), and

w = 27f/= 3l4r~d (at 50 Hz).

The methods and laws which apply
to DC olso opply to steady AC.

Sometimes DC IS referred to as an
AC of zero frequency.

Did you know that the shape of ordinary household voltage is sinusoidal?
If you want to see the waveforms when measuring voltage and current,
you need to use an oscilloscope. Ask your lecturer to help you use an
oscilloscope at any of the ordinary plug sockets in the lab. This will show
you the waveform of the voltage.
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1m (maximum value, amplitude)
I,m,(effective current, nns current) 0,7071 m

la, (half cycle average) 0,6371 m

"---4---~---+-----r-----------t

Fig. 2.2

In an AC circuit, the current varies from one instant to another. So the
question is: how is the amount of current specified?

Several methods can be used to do this. Let's look at three of them.

Method 1. Specify the maximum current (the amplitnde of the wave) 1m •

This method is sometimes misleading because it gives the false impression
that this would be the effective power-producing value of the current in
the circuit.

Method 2. Specify an average value
It is obvious that the average value of a cycle is zero, so this is pointless.
However, the average current for half a cycle can be worked out:

2Iav = 1T 1m = 0.637Im

But even this method is not the most suitable for our purposes.

Method 3. Think: 'Why do we generally measure ACT
Normally, we want to be able to estimate what the current can do.
Whether it operates a bulb filament, a television set, a microwave oven
or any other equipment, we want to know its ability to do work and,
ultimately, what it will cost. We tend to think in terms of power, so we
must find a value for AC that gives the same 'power' as a DC of
equivalent value.

Do you remember that, for DC, power is IV or RP?

Let's assume that an AC flows through the same resistance. We should be
able to write: p = PR (remember that the basic principles are the same for
AC and DC), so:

Average power = p = average (p R) = R (average p) (since R is constant)

So, what we are looking for is the (average i2). This average is sometimes
called the effective value or root-mean-square value (rms):

I
1= Ief = I,ms = J2 = 0.707 1m
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Page back to the section on integrals in Unit I and look at the example.
Do you now understand why we did this calculation? What was the

result? That's right: ~. This proves it is correct!

Another way to work out the average is:

Average power: p = PR = 1";(cos wt)2R = I";Ri(cos 2wt + 1)

Since the average of cos 2wt for any integer number of cycles is zero, we
can now write:

_ 2R _P _ [lm-]2
P - 1m2 - -ZR - viz R

If you compare this result with the assumption P = PrmsR, you'll see that

I -lm-,
rms - viz .

The same method to determine average values applies to sinusoidal
voltages.

V ~
rms - viz

Most ordinary ac voltmeters and ammeters are calibrated to indicate rms
values. Some meters give the maximum value reading, but these are not
commonly used (see Method I).

2.2.2 Phasors and phasor diagrams
Phasors are rotating lines, and their projections on the X-axis are
convenient representations for alternating quantities. They are very useful
when studying AC circuits.

A=a+jb

b r
9-

Fig. 2.3
o

!
a Re
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The line OA in fig. 2.3 is at an angle ewith the real axis. If eis constant,
the line is fixed.

If the angle increases in time, the line rotates.

If the line rotates with a constant angular velocity w, the angle e
constantly increases and can be given at any time (t).

We know from physics that:

e= angle = wt = angular velocity x time

Each time the angle increases by 21r(wt = 21r), the line will be in its
original position again.

The mathematical expression of the rotating line is: reiwt
, where:

• r is the (constant) length of the line, and
• w is the angular velocity at which the line rotates (about the origin of

the complex plane)

The real component of this line (the projection on the real axis) is:

Re{reiwt
} = Re{r(cos wt + j sin wt)} = r cos wt

This proves that the projection of the rotating line is a sinusoidal varying
quantity, similar to the currents and voltages in AC.

Graphically, an alternating quantity can be conveniently represented by
the projection of a rotating line on a fixed axis. This rotating line is called
a phasor.

y

--+----o~=-----'---~4-----;;.x

1m cos rot

Fig. 2.4
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If line 1m in Figure 2.4 rotates like a wheel-spoke at a constant velocity,
the length of its projection on the X-axis will vary sinusoidally with time
(1m cos wt). If 1m is the length of the line, then:

• the length of the projection on the X-axis is 1m cos wt and
• the length of the projection on the Y-axis is 1m sin wt

where:
• w is the constant angular velocity
• we assume the direction of w is counterclockwise

Now we can say that a phasor can represent a sinnsoidal current or a
voltage.

If we have an initial phase, we 'advance' the phasor by an angle e,
1m cos(wt + e).

Fig. 2.5

This is a very easy way to represent sinusoidally alternating currents and
voltages. The lines tell us all we need to know about these quantities.

The only problem is that we must always assume a reference (in time).

We can either choose the reference as the instant the line for current is on
the positive X-axis (the angle of the phasor is then 0), or when the voltage
phasor has an angle zero. The voltage reference is usually preferred.

The first step is always to select one phasor as the reference. Remember
that all the other phasors must be drawn with the correct relative angles.

@=@) Passive elements in AC circuits

An element that receives power from a network is called a passive
element. An active element delivers power to a network.
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Al1 passive components have three electrical properties:

• Resistance
• Capacitance
• Inductance

2.3.1 Electrical resistance in AC
Here's a reminder of what we covered in Unit l.

• Resistance is the real component of any impedance. Impedance general1y
implies sinusoidal excitation of the circuit (single frequency, sine wave).
Although resistance is a simple electrical concept, it is probably the
most difficult to describe accurately.

• Theoretical1y, resistance is unaffected by the frequency of the applied
signal.

• Practical1y, real resistors are frequency dependent because they contain
some inductance and capacitance.

• A typical wire-wound resistor will be purely resistive only at power
frequencies below I kHz. At audio frequencies, it will show a strong
inductive component and at much higher frequencies it will show a
strong capacitive component.

Resistance is measured using:

• an ohmmeter (often one of the elements in the digital multimeter)
• the Wheatstone bridge (the most common of the resistance bridges)
• the Kelvin (or double) bridge (normal1y for smal1 values of resistance)

Some of the basic practical resistor uses include:

• Room heating units
• Kitchen appliances, such as toaster and kettle heating coils, and the

spiral grids of oven heating elements
• Soldering irons
• Incandescent light bulb filaments (remember the change in resistance

with temperature)
• Limiting the current in other circuit components

In general, the DC measurement is inadequate for evaluating
resistances in power circuits because of the phenomenon known as

Yr---' 'skin effect' (see Introduction to Electrical Engineering (2nd ed.) by
CR Paul, published in 1992 by McGraw-Hill). Resistances and losses
tend to increase with the frequency due to the skin effects in the
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wires. If possible, always try to measure resistance at the same level
of excitation that will be used in the resistor's application.

In all the examples used in this book, we will consider only constant
resistance, ignoring frequency effects.

Alternating current through a resistance can be represented using
Ohm's law:

R=Y,
I

(or G = conductance, where G = 1= ~)

v = Ri = R(Im cos wt) = (Rlm)coswt = Vm coswt

in which Vm = RIm is the maximum value of the voltage wave.

R

v," ~ impedance
1m

V

rot V R

0 2.

-1", I R V
-v"l

VI phasors

Fig. 2.6

As you can see, on the positive X-axis we can use wt = angle, since
w = constant.

Using the conductance G = 1
i = Gv = G(Vm coswt) = [If] coswt = 1m coswt

Vwhere 1m = GVm = i

2.3.2 Inductance

~ Self-inductance

At the beginning of the 19th century, J Henry discovered that electric
circuits have a property similar to mechanical momentum: once a current
starts flowing, it tends to continue flowing.
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The mechanical momentum of an object is represented by Mv, where v is
the velocity of the object and M its mass (a characteristic of the object).
The 'electrokinetic' momentum, as it was originally called, is represented
by Li, where i is the current flowing through the circuit and L a
characteristic of the circuit known as 'inductance'.

Faraday explained this momentum in terms of the magnetic field around
the conductor.

~ti~ The symbol for inductance in a circuit is L, and we measure
~ inductance in Henry [H], in honour of J Henry who discovered

the electromechanical analogy.

Newton's second law of mechanics states:

F = itCMv) = M~~ = Ma

where a represents acceleration. In words, 'the force necessary to change
the velocity of an object is equal to the rate of change of mechanical
momentum'.

The analogous electrical relation is:

d di
v = dlLz) = L dt

or 'the voltage necessary to produce a change of current in an inductive
circuit is equal to the rate of the change of electrokinetic momentum'.

As you can see, L is a constant and it is called the 'self-inductance' of
the circuit.

The same relationship can be written:

di = tvdt
or

i = tfvdt

.. ~utual inductance

Faraday noticed that a changiug current iu one circuit induces a voltage in
another nearby circuit. The circuits are said to be 'coupled' together. If we
call the two circuits 'circuit I' and 'circuit 2', the voltage induced in circuit
2 by a changing current in circuit 1 can be written:

di
V2 = L 21 "at
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Let's assume that the current in circuit 2 is changing. The voltage induced
in circuit I will be:

L di,
VI = 12 dt

L 12 and L 21 are called mutual inductances.

It can be proven from general energy relations that the two mutual
inductances of a pair of coupled circuits are equal:

L 12 = L 21 = M

Faraday explained self-inductance and mutual inductance in terms of a
magnetic field surrounding a conductor carrying current. This approach
allows you to work out inductance based on the circuit parameters.

Faraday computed flux linkages, N¢, which are equivalent to the
electrokinetic momentum of the circuit:

N¢ = Li, where N = number of turns in the coil and ¢ = magnetic
flux (Wb)

So, L = ~¢ (inductance is equal to the flux linkages produced by ampere
of current).

d d
v = d/Lz) = d/N¢J

Farady's Law for induced voltages states: The magnitude of the
voltage induced in a conductor moving through a magnetic field
is directly proportional to the rate at which flux lines are
intersected.

v = - ft(N¢J

The minus sign shows that the induced voltage opposes the applied
voltage that is responsible for the increase in current.

According to Lenz's Law, an induced current will flow in such a
direction that its own magnetic flux will be directed to oppose
the change in flux that produced the induced current '* The
self-induced voltage opposes the increase in current.
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If the current in the coil is decreasing, the induced and the applied
voltages have the same direction. In this case the induced voltage opposes
the decrease in the current.

It can be proved that the rules for series and parallel inductances are
similar to those for resistors:

Series inductance: L = L 1 + L2 + ... + Li + ... + Ln
(without mutual inductance)

If you consider the mutual inductance, you must calculate accordingly.

Taking the mutual inductance (M) into consideration we have, for two
inductances in series Leq(±) = L 1 + L2 ±2M.

/M~
+ +

Fig. 2.7

Parallel inductance: i = 1+1+ .,. + L+ ... + 1;
eq 1 2 I n

For two inductances in parallel: Leq = L~I;12

L
1

- - - - - -

Fig. 2.8
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Self-inductance of a coil depends on:

• the number of turns in the coil
• the cross-sectional area of the flux path
• the length of the flux path

L N2A NzA
= fl T = floflr T

where, fl = permeability = floflr (H)
N = number of turns in th~coil
A = cross-sectional area of the flux path (m2

)

I = length of the flux path (m)

We have worked with 'ideal' inductances, but remember that real
inductors are a combination of resistance and inductance, since the
wire of the coil has a resistance.V.f--...J

Assuming a sinusoidal alternating current is flowing through the
conductor I = 1m cos wI, we get:

v = L 1t(Im cos wI) = LIm 1t cos wI = - wLIm sin wI = wLIm cos [wI + 1]

impedance

XLI

h900
-- ------>

~----~~vt-90
0

IL VIphasors

L

The current and voltage waveforms in this case are shown in fig. 2.9.
I

r---------'
v

i,v

J!;n ------------------- "-c---v

1m ------------- -----

i

Fig. 2.9

o ""2 "
, rot

3"

J"""2

""2



42 Basic Circuit Analysis

Then Vm = wLlm , the maximum voltage. We call wL the 'inductive
reactance' and normally use the symbol X for reactance:

Vm = Xlm

In fig. 2.9 the maximum value of the current is reached later than the
maximum value of the voltage. We say that the current 'lags' behind the
voltage. As you can see, the lag is Y. cycle (or l' or 90°) on the axis.

The formula used to calculate the energy stored by an inductor is:

WL(t) = 1LP(t)

Let's move on to capacitance.

2.3.3 Capacitance
Capacitance has been recognised since the 18th century. For capacitance
to exist, we need two electrical conductors at different potentials, separated
by an insulating material.

In practice a condenser or capacitor (both terms are used) is a device in an
electrical circuit that stores electric charge.

Most power capacitors we use are designed using metal 'sheets' as the two
conductors, and air, impregnated paper or plastic is used as an insulator
between the two conductors. There are other capacitor designs, but we
will not discuss these in this unit.

The charge on a capacitor q = Cv , where:

• q is the charge;
• v is the voltage (or potential difference); and
• C is a factor of proportionality called capacitauce (of the capacitor)

measured in Farads (F).

~ Capacitors iu series

The following figure represents capacitors in series.
C1 C2 Ci Cn

o I~ ~------1 ~--------1 f--o
Fig. 2.10

1 1 1 1
c;=c;+c;+"'+c::

eq 1 2 n
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To remember this formula, make an association with resistors, but note
that for capacitors in series, the formula resembles that for resistors in
parallel, and for capacitors in parallel, the formula resembles that for
resistors in series!

Capacitance depends on:

• the size and form of the plates;
• the distance between the plates; and
• the insulating material used.

A_ A
C = e([ - eo er ([ [F]

where e = eo e, permittivity of the dielectric [~]
A = parallel area of the plates [m2

]

d = distance between the plates [m]

An electric field appears between the plates of a capacitor each time the
capacitor is charged.

Remember that the symbol used for capacitors in a circuit is -jf-, and that
the value is measured in Farads (F).

IV Activity 2.1
a. What is the equivalent resistance of the circuit shown below?

R,

50 10 [] 200

b. Now what is the equivalent capacitance of the circuit shown
below?

5 pF 10 ,uF 20 pF

o~II~II-I~
C2
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~ Capacitors in parallel

The circuit below represents capacitors in parallel. To remember the
formula, you must make an association with resistors in series.

Fig. 2.11

Ceq = C j + Cz + ... + C, + ... + Cn

Ifl IV Activity 2.2
fL..J!...¥JILJ a. What is the equivalent resistance of the circuit shown below?

50

100

200
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b. What is the equivalent capacitance of the circuit shown below?
5,uF

IO,uF

20,uF

When voltage is applied to a capacitor's terminals, the current is given by
the equation:

i = !r(Cv) = C~~

If it is a sinusoidal alternating voltage:

v = Vm coswt

and the current is:

i = c!r(Vm coswt) = -wCVm sinwt = wCVm cos(wt + 1)
Current and voltage waves for sine excitation are shown in fig. 2.12.

f
v

1 'r-------900 Vm

1m

Xc
C impedance

Ie 1
~~!

VI phasors

o

i,v

v

1t 1t

2'
31t
'2

1t
2'

21t

(j)t~

Fig. 2.12

Did you notice that the current 'leads' the voltage (by a quarter of a cycle,
or 90°, or 1rad)? So, the maximum value of current is:

1m = wCVm

If we call wC = B susceptance (in this case, 'capacitive susceptance'), we
can write the equation as:

1m = B(C)Vm
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Did you notice that all these equations are valid if we see the capacitor as
a 'pure capacitor' - a capacitor that presents only capacitance.

We normally call w~( = j) the capacitive reactance, by analogy with

wL = X, the inductive reactance.

Mathematically, the inductor is the 'dual' of the capacitor.

The following formula represents energy stored in the electric field
between the plates:

wc(t) = iCV2(t)

Every practical component has a certain amount of resistance, inductance
and capacitance, but in this course we will look mainly at the
predominant characteristics.

Every inductor has resistance that must be taken into account. The
overhead lines used to transmit electricity are studied as combinations of
R, Land C, and for long lines you will have to consider distributed
parameters and other factors.

o Impedance (Z) and admittance (Y)
All network theory uses the concepts of impedance and admittance.

Impedance, Z, can be defined as the ratio of the applied voltage to the
forced current:

Z = 1;
I

and is not a function of time.

Admittance, Y, is the reciprocal of impedance:
I

Y= Z

The real and the imaginary parts of the impedance Z are denoted by the
letters R and X:

Z= R ± jX

where R and X may be the resistance and the reactance of a physical
element of the circuit. For example, if we have a coil of wire, R is its
resistance ("'" constant) and X its inductive reactance (proportional to
frequency).
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The admittance Yalso has a real and an imaginary component. This can
be written:

Y= G +- jB

where G is conductance and B is susceptance.

Since Y = i, there are some relations between the components:

_ . _ I _ I _ R - jX
Y- G+;B- Z- R+jX- R'+X' *

R X
G = R'+X' and B = -R'+X'

_ . _ I _ I _ G - jB
Z - R + ;X - Y - G+jB - G' +B' *

G B
R = (? +B' and X = G' +B'

Inductive reactance is positive,
capacitive reactance is negative.

If you look back at the formulas for Z and Y you will notice that:

IZI = VR' + x' and 01 = tan-I ~

1 I V" -I BY = G + Band 01 = tan G

If you review the theory of capacitance and inductance, you will see that
the respective reactances are:

XL = wL = 21rfL
and

I I
Xc = wC = 21rjC

The inductive reactance is shifted 90° in front of the resistance and the
capacitive reactance is shifted 90° behind the resistance.

In an RLC series, as seen in fig. 2.13, we normally add the two reactances
(in fact, it is a subtraction!) and then calculate the impedance using
Pythagoras in the right-angle triangle which remains:
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L C

O~__~~_-----'(VY)L__I~

Fig. 2.13

x = XL - Xc in this case, and

IZI = VR' + x'
() = tan- 1 ~

z

R

Fig. 2.14

2.5.1

Simple combinations of resistors (R),
inductors (L) and capacitators (C)
RL in series

Look at fig. 2.15 below, where you have a resistance connected in series
with an inductance.

L
i R

~

v

6>--------------l
Fig. 2.15

Z=R+jwL

Z= R + j XL
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Phasor diagram

Z2 = R2 + xl;

IZI=JR'+x: n

e
R

Fig. 2.16

R~

To show the direction tanO =~, and 0 = tan- 1 ~.

If we assume V as reference (V~), it is obvious (see complex numbers
theory) that:

Fig. 2.17

The current lags behind the voltage with an angle 1-00
• Alternatively, we

can say the voltage leads the current by the same angle.

So, the current will have a modulus 1= i and a direction 1_00 (don't
forget that we assumed the voltage as the reference).
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The waveforms in this case will be:

e

v

Fig. 2.18

You know that the angle for a pure inductance would have been 90°
(or 1)' In this example, the new angle is e.

2.5.2 RC in series
For fig. 2.19:

Z=R-idc
Z = R - iXc, Z2 = R2 + xc

2

IZI = VR
2 + x:. n

v

Fig. 2.19

To show the direction:

tane = ~

e= tan- 1~

but here you must choose the negative angle from the family of solutions!
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R

-8

z

Fig. 2.20

R~

Xci-90°
Z~o

Assuming V as the reference:

VLO° = II()OO
Zj_IJO l.!!...-

v
"

- --------------/--",-,

Fig. 2.21

and that the current 'leads' (in front of) the voltage with an angle ():

8
Vm ------------------

1m
v

Fig. 2.22

(You already know that for pure capacitance () = 90°.)
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2.5.3 RLC in series
2 = R + jwL - jJc

2 = R + jXL - jXc, or

2 = R + j(XL - Xc)

121 = VR' + (XL - Xcl' , and

e= tan-1 XL RXc

R

v

L c

Fig. 2.23

Possible situations:

R
Z-R

a) resonance:
resistive characteristic
for the circuit

Z

R 6

b) inductive characteristic

Fig. 2.24

R
-6

z
X~XC-XL

XLL

xC

c) capacitive characteristic

In this example, if we assume the voltage as the reference point, the
current can be leading, lagging or in phase with the voltage, depending
on the overall character of the circuit.
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EXAMPLE 2.1
Determine the current drawn by the following circuit:

L ~23,85mH
R~50

~-~VV\/'------'

I
125V,50Hz

Fig. 2.25

Solution

C =16()uF

1------,

XL = 21rfL = 7.49 Q

1
Xc = 27rfC = 19.89 Q

Z = 5 + ;7.49 - j19.89 = 5 - j12.4 = 13.37/-68° Q

50

13.370

-jI2.40

I~9.35/68°A

h 680
V=125LQ"VL~--' ~

Fig. 2.26

Let's assume the supply voltage is the reference. Then:

V 125 °l=z= 13.37~0=9.35/-68 A

2.5.4 RL in parallel
Here one should think in terms of currents, since the currents flowing
through the elements are no longer the same.
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IT

IR
Ir
~

v ' R "' L

"'

Fig. 2.27

IRI!!:

hi-90°

IIrI = Vr-;:-f.-+----;o-Z

e= tan- I t
the angle for current is I-So

I
L

~ ~ ~ ~ ~ IT

Fig. 2.28

The two impedances are now in parallel, so:

2 1 = R 1 + jO

2 2 = 0 + jX2

2 - 2,2, _ (R, +jO)(O+jX,) _ . R,X, - 2!!t.
eq - 2, +2, - R, +jO +0+jX, - }R, +jX, -

You can check if this correct by doing the same calculation for current,
and finding whether you get the same value.

We can now draw an equivalent series circuit for the RL parallel circuit.
Since the impedance must be the same:
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Req = Re{Zeq}

xeq = Irn{Zeq}

Req xeq

v

Fig. 2.29

2.5.5 RC in parallel
Applying KCL in node A for fig. 2.30:

v

IRLQO

Ic /90°

Ihl = JI + IR C

e= tan- 1 f.

Fig. 2.30

_____ IT

Fig. 2.31
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Equivalent impedance:

ZI = R 1 + jO

Z2 = 0 - jXc
Z - Z,Z, _(R,+jO)(0-jXc)_-jR,Xc _ Z /_ 8°

eq - Z, +Z, - R, +jO +0- jXc - R, - jXc -

R Xeqeq

i>--------,VVV'-----ji
v

And in a series circuit with an equivalent impedance we will have:

Req = Re{Zeq}

Xeq = Im{Zeq}

Fig. 2.32

2.5.6 RLC in parallel

Considering the three types of elements in parallel:

c
C

,\ I R EL
I

~
~

-~

v R < L -,-
<

r
Fig. 2.33

I R = ~ !!l

h = f /-90°

Ie = f /90°
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Ie ,,Ie f
f -IL I ~ V

I
R

= I
V

~ ?

IR V ~ -{. t--~ I~

IL
0/ 1L IL

capacitive resistive inductive
character character character

Fig. 2.34

If we combine h with Ie, and the result is combined with IR using
Pythagoras, we get:

Ix = h - Ie (will have an angle of +; or -;, depending which
current is bigger)

I r = JI + IR X

B = tan-It
R

Equivalent impedance:

-1_-1+_1 +-1
2, - 2 1 2, 2,

ZI = R I +jO

2 3 = 0 - jX3 (or jXc)

I I I I
Z, = R 1 + jXL + -jXc =}

I !jXL (-jXc) + R 1(-jXc) + R 1!jXL
Z, = R 1 XL)(-jXC )

2 = R1XLXC

e XLXc+jR(XL-Xc)

Another way to solve parallel circuits is by using admittance (conductance
and susceptance). Add the admittance for parallel branches, then the
equivalent impedance of the parallel group is directly obtained as the
reciprocal of its admittance.
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EXAMPLE 2.2
Determine the current drawn by the following circuit:

R=20 [J

vvv

L=95.4mH
f----'( y y Y L-_-j

C=40pF

r------jl If-----j
I I

Fig. 2.35

Solution

()-Eo-- 500V;50Hz ____

V 500
I R = Ii. = 20 = 25 A

ZL = 0 + jXL = 0 + j21CfL = 0 + j29.97 Q

h = 29.g~~ = 16.68/-90° = -j16.68 A

Ze = 0 - jXe = -j2;jC = -j79.58 Q

Ie = 79.5~~ = 6.28/90° = j6.28 A

l tot = 25 - j16.68 + j6.28 = 25 - j10.4 = 27 /-22.58° A

Fig. 2.36

IL -lct-------- [tot

IL
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EXAMPLE 2.3
A coil with a resistance of5 n and an inductance of 0.03 H is connected in
series with a resistor R = 10 n and a capacitor of200 JLF. The supply is
giving 220 Vat 50 Hz. Determine the current drawn in the circuit and the
voltage drop across the coil.

50 ; 0.03H R =100 C~ZOOflF

Fig. 2.37

Solution

0-<~-- 220V;50Hz

Zedil = 5 + j(211fL) = 5 + j x 2 x 11 X 50 x 0.03 = 5 + j9.4 = 10.65/62° Q

Z(o/ = 5 + j9.4 + 10 - jz,;/c = 15 + j9.4 - h1l x ~g6x ZOO = 15 + j9.4 - j15.9

= 15 - j6.5 = 16.35/-23.43° Q

Assume the voltage as reference:

- VLO° _ 220/0" _ 13 46/23 43° A
1- Z", - 16.35/-23.43° - . .

V coli = I Zeoli = 13.46/23.43° x 10.65/62° = 143.35/85.43° V

~oiI

I

23.43°
""'----'--_-----'L-__~ rs

Fig. 2.38

r
EXAMPLE 2.4
Determine the total current drawn by the following circuit, assuming the
supply voltage as reference:
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I

!

~220V;50Hz

Fig. 2.39

Solution

2 2 = 5 + jwL = 5 + j X 21r/L = 5 + j X 2 X 1r X 50 X 0.02 = 5 + j6.28

= 8.03 (51.47° Q

2 3 = 10 - jXc = 10 - h;jC = 10 - j2X1rXl~~X 100 = 10 - j31.83

= 33.36 (-n.w Q

II = 2
1
2
0
0&° = 22 LQo = 22 + jO A

_ 220[0° _ ° _
12 - 8.03/51.47° - 27.4(-51.47 - 17.07 - j21.43 A

h = 33.3~~~%..560 = 6.6 (72.56° = 1.98 + j6.3 A

I = II + 12 + h = 22 + jO + 17.07 - ]21.43 + 1.98 + j6.3 = 41.05 - jI5.13
= 43.75 (-20.23° A
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or, with admittances:

2 1 = IOLQo Q

2 2 = 8.03 /51.47° Q

2 3 = 33.36 /-72.56° Q

=? Y1 = 1
1
= 101t = 0.1 LQo Siemens

Y2 = 8.03/;1.47° = 0.125/-51.47° S

Y3 = 33.36/~72.560 = 0.03 /72.56° S

Y1 + Y2 + Y3 = 0.1 LQo + 0.125/-51.4T + 0.03/72.56° =

= 0.1869 - jO.0691 = 0.1992/-20.29° S

=? 1= 0.1992/-20.29° x 220LQo = 43.82/-20.29° A

(The difference between the results is due to the errors incurred by
rounding the decimals.)

v (220 V)
~~--.----;"'""

~0.20

I (43.82 A)

Fig. 2.40

EXAMPLE 2.5
Look at the following circuit:

(j-E---- 220V;50Hz

Fig. 2.41
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Determine the total current drawn if you know that:

2 1 = 3 + j5 Q

2 2 = 10 +]D Q

2 3 = 5 + j15 Q
2 4 = 10 - j30 Q

2 5 = 20 - j30 Q

Solution

Y2 = i
2
= 0.1 LQo S

Y3 = i, = 15.8d71.57' = 0.063/-71.57° S

Y4 = .44 = 31.62/71.570= 0.0316/71.57° S

For the three parallel branches:

Yeq = Y2 + Y3 + Y4 = 0.13 - ]D.03 S

2 eq = 0.13 ~ j(l.03 - 0.1334/~ 12.990 = 7.49L12.99° = 7.3 + j1.68 Q

2 tot = 2 1 + 2 eq + 2 5 = 3 + j5 + 20 - j30 + 7.3 + j1.68 = 30.3 - j23.32 Q

_ no!§' _ °
l tot - 38.23/-37.58° - 5.75/37.58 A

@~~ Summary

1 The typical mathematical expressions for alternating currents/voltages
are:

i = 1m coswt
V = Vm coswt
where 1m , Vm - maximum values

2 The frequency is the number of cycles per second:
f = }, where T is the period

3 For a sinusoidal alternating current:
Iav = 0.637Im

I,ms = 11m = 0.707Im
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4 The passive components in AC circuits have the following properties:
resistance, capacitance and inductance.

For R: current and voltage are in phase

For L: current is lagging the voltage by 90° (or;: rad)

For C: current is leading the voltage by 90° (or;: rad)

For L: reactance is XL = 2rrfL = wL

For C: reactance is Xc = 2rr}C = Jc
5 Impedance:

General: Z = R ± jX where R: resistance
Z = R: pure resistive circuit X: reactance
Z = ± jX: pure reactive circuit

6 Admittance:
Iy= Z

Y = G ± jB (+ for capacitive, - for inductive)
where G represents conductance and B represents susceptance

7 For series circuits:

- RL series: Z = R + jXL = R + jwL = R + J2rrfL

- RC series: Z = R - jXc = R - Jw
l
C = R - J2;fC

- RLC series: Z = R + j(XL - Xc) for inductive circuit

Z = R - j(Xc - XL) for capacitive circuit

if XL = Xc : resonance (Z = R, resistive circuit)

8 For parallel circuits:

• For two branches in parallel: Zeq = Z~f~2
Do not directly add resistance and reactance!

• For three branches in parallel: i:: = i + i + i
eq 1 2 3

or you can work with admittance.

II Self-evaluation
1 A coil has an inductance of 200 mHo Calculate its inductive

reactance at the following frequencies:

a. 1000 Hz
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b. 100 kHz
c. 10 MHz

2 Assuming the supply voltage as reference, determine the current
flowing in the coil in the circuit:

R = 9.07 Q

XL = 4.21 Q

(9.07+)4.21) \)

50V;50Hz

Fig. 2.42

Draw the impedance triangle for this coil.

Draw the phasor diagram for voltage and current.

3 A capacitor has a capacitance C = 0.025 f1F. Find the capacitive
reactance for w = 106 rad

s
4 A capacitor of 8 f1F takes a current of 1 A when the alternating

voltage applied across it is 250 V (rms). Calculate;

a. the frequency of the applied voltage
b. the resistance to be connected in series with the capacitor to

reduce the current in the circuit to 0.5 A at the same frequency

5 A circuit consists of a 120 Q resistor in parallel with a 40 f1F
capacitor and is connected to a 240 V, 50 Hz supply. Calculate the
current drawn by the circuit from the supply.

6 A parallel network consists of three branches. If the currents in the
three branches are 10 (30° A, 10 L.Qo A, and 10 /30° A, calculate the
current flowing from the supply. Draw the phasor diagram for the
currents.

7 Three branches with a resistance of 50 Q, an inductance of 0.15 H,
and a capacitance of 100 f1F are connected in parallel across a 100 V,
50 Hz supply. Assume Vsupply as reference and calculate the supply
current. Draw the phasor diagram for the currents.

8 A series circuit consisting of a resistor of 20 Q, an inductor of 0.3 H,
and a capacitor of 33.8 f1F is connected to a 230 V, 50 Hz supply.
Calculate the value of the current in the circuit.
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9 Analyse the following circuit:

%2=2 [J

12

~----- IOV;50Hz ------~

Fig. 2.43

Obtain the values of all currents and construct the phasor diagram.
(Use the supply voltage as reference.)

Answers
Activity 2.1 (page 43)

a. Rr = R, + R2 +R3

=5+10+20
= 35 Q

b. cl = cl + C
I + C

I
T I , 3

I I I I
CT =') + 10 + 20
I 7

CT =20
20

Cr = "I = 2.857 J.1.F

Activity 2.2 (page 44)
_I __I +1-+_1

a. R T - R, R, R,
I I I

=')+10+20

=iu
20R r = "I = 2.857 Q

b. C r = C 1 + C2 + C3
= 5 J.1.F + 10 J.1.F + 20 J.1.F
= 35 J.1.F

'.
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Self-evaluation (page 63)

1 1256 Q; 1.256 x 105 Q; 1.256 X 107 Q

2 I=5/-24.9°A

3

V=50V

-24.9°

I=5A

65.1°

Vz. (21.05 V)

4 Xc = 40 Q

5 f= 79.6 Hz
R = 433 Q

6 1= 3.6/56.25° A

7 1= 27.32/Jt A

10/30°

10~

10/-30°
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9 I=11.51JtA
Observation: XL = Xc; resonance.

10 11 = 1.711-15.7° A
12 = 1.491-63.41° A
13 = 1.311-41.9° A

k---,--':----.-~- v
-15.7°

I]

Appendix I

~ Dependent (controlled) sources

A dependent source is one with a value dependent on the voltage (or
current) at some other point in a circuit.

These sources are sometimes called 'controlled' sources and can be either
voltage or current sources.

When we discuss problems, we usually refer to 'ideal', independent
sources, but it helps to have some knowledge about these other sources.
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The four types of dependent sources you may find in your circuits are:

• voltage-controlled voltage source
• voltage-controlled current source
• current-controlled voltage source
• current-controlled current source

These are quite easy to remember. There are current and voltage sources,
both of which can be controlled by the two parameters lor V.

Let's have a look at the first type of dependant source: voltage-controlled
voltage source:

+o------~

Vj

~----_o+

+
'V 50~

Notice that the output voltage of the source (to the right of the drawing)
depends on VI (the voltage applied on the left of the drawing).

So, we can say that Vo is 'controlled' by VI, which, in this case, is external
to the circuit containing your source.

If, for example, VI is I V then Vo = 50 x 1 = 50 V.

If VI is 1,5 V then Vo = 50 x 1.5 = 75 V, etc.

Note that the controlling voltage can sometimes belong to the same
circuit as the controlled source.

Let's look at another example of controlled sources:

+

+
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What do you see?

This time the controlling parameter belongs to the same circuit as the
controlled source.

It should be obvious that this is a current-controlled source and that
the source is a voltage source (the third type of dependent source).

K is the constant that multiplies the value (of the current) and is not
dimensionless, like the 50 in the previous example.

In this example, the units are ~ = Q, so it is a resistance.

Other, more advanced books use a diamond symbol to represent a
controlled source. This avoids confusing it with independent sources.

Appendix II

+ dependent
voltage
source

dependent
current
source

~ Voltage and current dividers in AC

If you page back to Unit 1, you'll find the definitions for voltage and
current dividers.

Previously, you studied DC circuits with resistors as loads. By now you
should know that the basic principles hold for AC theory. However, for
AC circuits you need to consider magnitudes and angles. This is quite
easy if you use the complex numbers theory.

Since you know that the series and parallel combinations of impedances
comply with the rules for resistances, it's obvious that:

In AC, the voltage divider is a circuit with 'n' impedances in series:
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and the rule is:

V;=,~iV
I:z,

\

For two impedances only:

V z\ V
1 = z\ +Z, .

V Z, V
2 = Z\ +z, .

oth impedances and voltages are complex numbers
calculate accordingly!'~

Remember that b

t '1J
and you need to

v;u-· ...
:/
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In AC, the current divider is a circuit with 'n' impedances in parallel:

Ii

rv V

and the rule is:

I V Y I I Y'=Z=2:"' =",yX,
I ~. ~ I, '

where Y, (admittance) = i s,

For two impedances in parallel:

I Y'I Z'I
1 = Y, + Y, = Z, + Z2

and

I Y, I Z, I
2 = Y, + Y2 = Z, +Z,

I

rv V

I

Zi
(Yi)

These two rules are useful for solving problems with series and/or
parallel combinations. You'll also come across them when you study
electrical machines.

Yr-----'
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. OUTCOMES-
- ,,--

After studying this unit, you should be able to:

• understand the behaviour of any basic load (R, L, C) in terms
of power and energy;

• calculate power - active, reactive and apparent - in AC
networks;

• determine the power factor for any ac circuit;

• adjust the power factor of a given circuit to a desired value;

• understand the power triangle (P S, 0) and its relationship to
the PF for various types of load.

PREVIOUS PAGE BLANK 73
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@=Y Introduction
In Unit I we introduced power in a DC circuit. In this unit we will
introduce you to power in an AC circuit.

Power is defined as the rate of doing work.

In circuits, power comes from the supply (battery, generator) and is
transmitted to the load. The load, in turn, gives out the desired form of
energy. Energy is defined as the capacity to do work.

For example, a resistor gives us heat (heat energy), a motor gives us the
shaft mechanical motion (mechanical energy) and a pump can raise the
water level (potential energy).

Up to now you only know that electrical power is measured in watts (W)
and that IW = If. While this is enough for the DC resistive circuits you
have already studied, things can get a little more complicated for AC.

In this chapter, you'll learn more about power. So let's start!

o
3.2.1.

Power in AC circuits
AC power in resistive circuits

Do you remember that, when we had a look at the rms concept for AC
theory, we also discussed power? If you don't, page back to the section on
'Useful concepts' in Unit 2. We found the effective (or root-mean-square)
value of an alternating current from the 'average' power dissipated in a
resistor.

In Unit 2 we also found that, for resistance, the current was in phase with
the voltage.

Keeping in mind that any combination of resistors can be equated with
a single (equivalent) resistance, this means that the same applies for any
resistive circuit.

We also know that instantaneous power is the product of instantaneous
values of the voltage across and the current through a resistive network.
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If we plot the curves for voltage, current and power of a resistor, we get:

i, V,p

o
i

v

Fig. 3.1

p

average power

rot [rad]

The expression for instantaneous power can be written:

p = vi = PR = i (where i, v are instantaneous values)

But this doesn't help much. A more practical and useful quantity is the
average power of the resistor, which can be written:

F av = VrmJrms in watts (W)

W, or

W

Remember that I rms = 0.707 I max and V rms = 0.707 V maxo

The phasor diagram for the resistor was:

"' v

Fig. 3.2

No angle exists between current and voltage and, in this case, all the
power will be active power.

So, F = VI

and the cosine of the angle between the current and the voltage is
cos 0° = I. You'll see later that the cosine of the angle between current
and vol tage is called the 'power factor'.

Remember, for a pure resistive circuit:
• the angle between current and voltage is 0°;



76 Basic Circuit Analysis

• the cosine of this angle (power factor) is I; and
• all the power in the circuit is active power.

There is an analogy between efficiency and power factor. Both
have values from 0 to 1 (or 0-100%) and the efficiency shows how

~:;"';';;;;"J much input power can be used at the output of the element

"., = );"""' x 100%
Input

Large power consumers are concerned with both the active and the
total power. The ratio of these two powers gives the power factor
of your network. In ideal conditions, we would like this ratio to be
near one. This will become clearer as we work through this unit.

Remember that neither the PF (Power Factor) nor the efficiency of a
network can ever be bigger than one (or 100%).

3.2.2 AC power in an inductance
Do you remember the phasor diagram for voltage and current through
an inductance?

In Unit 2, we saw that, when a sinusoidal voltage is applied across a pure
inductance, current lags voltage by I (90°).

In Figure 3.3 The current lags the voltage by 90°. So the angle between
current and voltage (¢) is 90°, and the power factor (cos ¢) is O.

v

Fig. 3.3

You will never find 'pure' inductances in physical circuits - all the
coils and windings present resistance. In this unit, we'll consider

y,..__-' the case of a 'pure' inductor. After that, we can study the coils as
a combination of the inductor and resistance.
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There is a 'lagging' power factor because the current lags behind the
voltage.

Let's look at the typical waveforms:

VL= Vmcoswl

iL = 1m cos( wi - n
(v,p energy

p v

1_-, ~stored energy

'" ""It /
, OJI

Fig. 3.4

The power curve crosses the zero axis every time the voltage or the
current is zero. When both the voltage and the current are positive or
negative, the power is positive. But when one is positive and the other
is negative, the power is negative.

What is 'negative' power? We know that the energy stored in the

magnetic field of an inductance is !£P. This means that, during the cycle,
when power is positive, energy builds up in the field. When the power is
negative the energy is returned to the source.

This has the immediate effect that the average power is zero because all
the energy received from the source in a half cycle is returned to the
source in the next half cycle.

Can you see that the average power in a pure inductance is always zero
since the positive power values are cancelled out by the negative power
values over one full cycle?

Instantaneous energy is:
1£.2 1£(1 . )2 1£12 . 2

W = 2 I = 2 m sm wi = 2 m sm wi

From this formula it is clear that the energy has no negative values
(constant> 0; 1m is squared; sinwt is squared), the zeros are at 'Jr, 2'Jr

dh ' 'Jr3'Jr... etc., an t e maxImums are at 2' 2' ..., etc.

I added the curve for energy in fig. 3.4.
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The power curve is a double-frequency curve. One cycle = 1r.

Even if we cannot identify active power in an inductance, we still know
a power associated with it: Q- the reactive power.

3.2.3 AC power in a capacitance
Have a look at the phasor diagram for capacitance which you studied
in Unit 2. In this case, the current leads the voltage by 90°. So, the
angle between current and voltage is 90° and cos ¢, the power factor,
will be zero.

90 0

Fig. 3.5

We can now say that the power factor is a 'leading' power factor, since
the current leads the voltage. Look again at the waveforms:

Vc = Vm coswt

ic = 1m cos ( wt + ~)

(v,p energy

p

Fig. 3.6

v",

~ ~ \ energy
rot

When an alternating voltage is applied to a capacitance, the average
power supplied is zero and the power represents a double-frequency wave.

When it comes to a capacitor, it is important that the energy is maximum
when the voltage is maximum. This is different from inductance, where
energy is maximum when the current is maximum.
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Do you remember that energy in a capacitor is !CV2? Energy is returned

to the source in alternate half-cycles of the voltage. The capacitance
consumes no energy.

From now on the product v x i will be measured in volt-amperes instead
of watts.

Here's a simple method to help you remember when the power factor is
leading or lagging: Think of the word 'CIVIL'. In the case of capacitance
C, the current I is in front of (or leads) the voltage V, so the power will
lead. Similarly, V leads the current I in inductance L, so the current and
the power factor will be lagging.

EXAMPLE 3.1

The instantaneous current in a pure inductance of 8 H is given as:

i = 12 cos( 3141 - })

Determine:

a. the rms value of the current
b. the maximum energy produced in the magnetic field
c. the frequency

Solution

a.

b.

c.

[ -1m... - 12 - 8 49 Arms-)2- )2- .

Wmax = !LPmax = ! x 8 X 122 = 576 J

f=~

w = 314rad, from the expression above, and then
s

f =i~4 ~ 50 Hz

What is the maximum instantaneous voltage across the inductance in
the example?

[m = :::Z =} Vm = wLIm = 314 x 8 x 12 = 30 144 V
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EXAMPLE 3.2
If a capacitor needs to be connected across a voltage of 30 144 V, what
should its capacitance be to receive a maximum energy of576 J?

Solution

!CV
2

max = 576 =? C = ~661~4~ = 0.000001267 F = 1.27 f.lF
'--------

g small values for capacitors and try to use the
its when you write your results. Instead of using

f.lF (microfarad).
'~

Get used to seein

~ # prefixes for SI un
v"u· ... F here, we used

'/

3.2.4 AC power in impedances

~ Power in a coil (RL series)

We know that a coil consists of a resistance in series with an inductance.

For a combination of RL series, we know that the phasor diagram looked
like this:

I

Fig. 3.7

or, more detailed now:

Icos~=Ia
,,-----,-----.;;.,-------~o~ V

Isin~=Ir

Fig. 3.8
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I was projected on the direction of V and on the right-angle direction to V.

I coscjJ is the 'in-phase' component of the current (in phase with the
voltage!) or the active current. This is the only power producing part of
the total current.

We can calculate the power by multiplying this value by the voltage:

P = VIcos<jJ

What happens to the other part of the current? Remember that the power
in the induction part, as we know it, is zero. I sincjJ is called the
'quadrature component' or the reactive current.

Although I sincjJ makes no active power contribution, when it is combined
with voltage, it produces 'reactive' power:

Q = VIsin<jJ

Q is measured in VAr (volt-amperes reactive).

Since the product of V and I is another type of power, lSI = VI,
measured in VA (volt-amperes):

S2=p2 +Q2
S is called the 'apparent power'.

The three powers can be represented in a right-angle triangle called the
'power triangle':

Q= VI sin ~

p= VIcos ~

Fig. 3.9

The apparent power is the hypotenuse and the active and reactive powers
are the two other sides of the right-angle power triangle.

The equation P = VI cos<jJ, which shows the product of the voltage by the
in-phase current, is often used in power calculations. Since we are mainly
interested in active power, this equation holds true for a single
component, a network, and for a whole network.

Have you noticed anything interesting? If you go back to Unit 2, you'll
see that your angle between current and voltage is the (-) angle from the
impedance triangle:
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z

L----'-------~R

Fig. 3.10

The same angle appears in the power triangle, so we can say that the
impedance and the power triangles are similar.

Later in this unit you'll find out that this angle is very important, since
cos</> is the power factor of this system.

EXAMPLE 3
A 100 V, 50 Hz voltage is applied across a coil with R = 20 Q and
XL = 15 Q. Calculate:

a current
b active power
c apparent power
d reactive power
e power factor.

Solution

a. Z = 20 + jl5 = 25/36.87° Q
V 100 0' °

1= Z = 25 36.87' = 4/-36.87 A

b. P = Vlcos¢ = 100·4· cos36.87° "" 320W
(or, in our case, because we know R: P = RP = 20 X 42 = 320W)

c·ISI=VI=100x4=400VA

d. Q = vS" - r = v400' - 320' = 240 VAr

e. cos¢ = cos36.87" = 0.80

~ Power in a RLC series circuit

Let's have a look at a RLC series circuit.
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You already know that any combination of loads can be simplified to a
RL series circuit, a RC series circuit, or a R circuit. Since R, Land C
cover (function of the values of the reactances) any of these possibilities,
it means that after we discuss this case you'll be able to calculate
practically the powers for any circuit.

For a RLC series circuit:

• XL> Xc =} Z ~
• Xc > XL =} Z I-BO
• XL = Xc =} Z 1Sr; resonance (like a resistor)

For the above cases, the angles between currents and voltages are:

• _eo
• eo
.0°

We can calculate further the real power (P), apparent (8) and reactive
power (Q) using:

P = VIcos¢
Q = VIsin¢
lSI = VI = Vp' + Q'

EXAMPLE 3.4
An AC voltage of 100 V is applied to a series circuit of R = 20 n,
XL = 15 n, and Xc = 30 n. Calculate:

a. current
b. active power
c. reactive power
d. apparent power

R L C

v
'----------j"v}----------'

Fig. 3.11
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Solution

Assuming V as the reference:

a. Z = 20 + jl5 - j30 = 20 - jl5 = 25 (-36.87° Q

I - ViO' - IOOLQ' - 4L36 87° A
- Z - 25(-36.87' - .

b. P = VI cos¢ = 100 x 4 x cos(-36.87°) = 320 W
(or P = RI2 = 20 X 42 = 320 W)

c. Q = VI sin¢ = 100 x 4 x sin(-36.97°) = -240 VAr

~ Keep the sign of Q in mind because, if you have to calculate sums of
~ reactive powers (for example for finding out the total reactive power
,1---' in a circuit), you'll have to know how to do the algebraic sum!

S = P + jQ = 320 - ]240 = 400(-36.87° VA
•

Let's work out the solution for lSI = VI = 100 x 4 = 400 VA

OK! But where is the angle? Now try to calculate S = VI =
100~ x 4L36.87° VA

What did you get?

The right modulus, but not the right angle?

Remember, when the power is written in polar form, the angle (sign
included!) is the same as the one for impedance.

Where did you go wrong?

Let's try to recalculate:

S= VI*

where I* is the complex conjugate of I (for example if I = modulus ~ =}

I* = modulus (_()O, or I = a + jb =} I* = a - jb) =}

S = 100~ x 4(-36.87° = 400L-36.87° VA

Have you got it right? But you still need to know why you have to use
the complex conjugate of I.

Let's suppose we choose an arbitrary reference and we know the voltage
for the circuit is V = 220L45° V. If we calculate the current, we get a
value of I= IOL-15° A.
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If we work correctly (and we haven't changed the reference!), the phasor
diagram should look like this:

450

o,,=-L_-,---~---X
_ISo

Fig. 3.12

It's clear that the angle between the voltage and the current is 60° (the
phase angle). But 60° = 45° - (-15°), and not 45° + (-15°) which we
would have got for the angle by multiplying V x I.

This is why we have to consider the complex conjugate of 1.

In the example, the power would be:

S = 220/45° x 10/15° = 2 200/60° VA
1
1*

We have calculated the modulus of S and we can work out power factor,
reactive power, etc. Why must we remember the formula?

Try to express S in rectangular form:

S = 2200/60° = I 100 + jl 905 VA

From this form we can identify the active (real) power and the reactive
power:

P = I 100 W; Q = I 905 VAr

We can also calculate the power factor (0.5).

As you can see, this a much faster method and it can be really useful
when it comes to more complicated circuits.

Do you remember how to calculate the equivalent impedance for different
series and parallel combinations of impedances? Every time you have a
more complicated circuit, first try to find out the equivalent impedance
and then calculate the power according to the formula.
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EXAMPLE 3.5
Here is a circuit:

12 Z2=10LltO B 14 Z4=15/45°0

1; Z3~201-3(1' 0

v's VEe
Ir V=220LltV

'V

A C

Fig. 3.13

From the information given in the figure, calculate:

I. 2 eq - the total equivalent impedance of the circuit
2. /total- the current flowing through the circuit, h
3. The voltages VAB and VBe

4. The currents flowing through each impedance (II, /z, h, /4)
5. The active powers dissipated in each impedance, and the total active

power for the circuit
6. The reactive powers dissipated in each impedance, and the total

reactive power for the circuit
7. The apparent power for the circuit

I Solution

2 1 has an inductive character (R in series with L), 2 2 is a resistor,
and 2 3 has a capacitive character (R in series with C). These are

'F"":"":;.J all the types of loads we have studied (R, L, C). Look carefully at
how each type of load influences the calculations.

1. 2 - 2,2,2, + 2 -
eq - 2,2, + 2,2, + 2,2, 4 -

_ 20/30' x 10/0' x 20/- 30' ° _
- 20/30' x 10LQ"+20/30' x 20/-30' + 1OLQ" x 20!..=30' + 15/45 -

_ 4000LQ:' 0_ 4000LQ:' 0_

- 200/19' + 400LQ" +200~ + 15/45 - 746.4 + jO + 15/45 -

= j4~~~~ + 15/45° = 5.36L!r + 15/45° = 15.97 + j10.6 =

= 19.17/33.57' n

'--



Unit 3 - AC Theory (Part II) 87

or:
Y1 = i, = 20)300 = 0.05/-30° S

Y2 = i, = 10k = 0.1LQ:' S

Y3 = i
3
= 20~ = 0.05/30° S

Y1 + Yz + Y3 = 0,05/-30° + 0.1LQ:' + 0.05/30° = 0.186602 + jO =
= 0.186602 S = Y eqA- B

ZeqA-B =~ = 5.36LQ:' Q
eqA-B

Zeq = 5.36LQ:' + 15/45° = 15.97 + jl0.6 = 19.17/33.57° Q

Whatever method you use, you'll get the same result if you work
correctly.

2. Knowing the supply voltage and the equivalent impedance of the
circuit:

_ V _ 220LQ" _ °
Ir- 2,q - 19.17~ - 11.48/-33.57 A

3. VAB = ZAB X Ir = 5.36LQ:' x 11.48/-33.57° = 61.53/-33.56° V

V BC = ZBC X IT = 15/45° x 11.48/-33.57° = 172.2/11.43° V

You can now check:

4.

VAV + VBC = 61.53j-33.57° + 172.2jl1.43°
= 220.05 + jO.l "" 220LQ:'V

I - VAB - 61.53/-33.57" - 3 08j-63 57° A
1 - 2, - 20/30° -. .

12 = ~2B = 61.5%~.57° = 6.15j-33.5r A

I = VAB = 61.53/-33.57" = 308/-3 5r A
3 2 3 20L-300 . .

Again we can check:

II + 12 + 13 = 9.57 - j6.35 = 11.485/-33.565° A

And 14 = Ir = 11.48/-33.57° A
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5. We know that the formula for active power is P = VIcos¢

Replace in the formula the respective values for each impedance =>:

PI = 61.53 x 3.08 x cos30 = 164.12 W

Pz = 61.53 x 6.15 x cosO = 378.41 W

P3 = 61.53 x 3.08 x cos(-30) = 164.12 W

P4 = 172.2 x 11.48 x cos45 = 1397.85 W

The total active power will be:

PI + Pz + P3 + P4 = 2 104.5 W

6. The formula for reactive power is Q = VIsin¢

Again, by replacing the values we get:

QI = 61.53 x 3.08 x sin 30 = 94.76 YAr

Qz = 61.53 x 6.15 x sin 0 = 0

Q3 = 61.53 x 3.08 x sine-30) = - 94.76 YAr

Remember to keep the minus sign here!

Q4 = 172.2 x 11.48 x sin 45 = I 397.84 YAr

QI + Qz + Q3 + Q4 = I 397.84 YAr

7. For the total power remember:

8 = VI* = 220L!r x 11.48L33.57° = 2 525.6L33.57° =

= 2 104.36 + jl 396.54 YA
1 1

"'" PI + Pz + P3 + P4 "'" QI + Qz + Q3 + Q4
(checked!) (checked!)

You could have written 8 = P + jQ, because we have already
calculated P and Q for the circuit. But it's better to check that
you have worked correctly.

Now, let's practice power calculations:

8 1 = VIII * = 61.53/-33.57° x 3.08/63.57° = 189.51000 YA

8z = VzIz* = 61.53/-33.57° x 6.l5L33.57° = 378.4IL!rYA

8 3 = V3h* = 61.53/-33.57° x 3.08/3.57° = 189.51/-300 YA

84 = V4I4* = 172.2D 1.43° x 11.4803.57° = I 976.86/4SO YA
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If we write in rectangular coordinates:

S, = 164.12 + j94.76 VA = PI + jQ, (checked!)

S2 = 378.41 + jO VA = P2 + 0 (checked!)

S3 = 164.12 - ]94.76 VA == P3 - jQ3 (checked!)

S4 = I 397.85 + jl 397.85 VA = P4 + jQ4 (checked!)

This means that we've also checked all the partial results for power!

And finally:

SI + S2 + S3 + S4 = 2 104.5 + j1 397.84 ~ Stotal

Obviously, this last part is an alternative solution for solving Stotal

Elf Activity 3.1
, Calculate the average power of a network that has a supply voltage

of 100 sin(wt + 105°) V and draws a current of 4 sin(wt - 15°)A
Is the network delivering or absorbing power?

o Power factor
From here on we're going to use Sas the modulus, rather than lSI.

3.3.1 Definition and generalities
The only difference between the equation for the amount of apparent
power and the one for amount of real power is the factor cos¢:

S= VI
P = VI cos¢

The cosine of the angle ¢ in the power triangle, or cos ¢, has particular
significance. It is called the power factor or PF.

We can write:

PF = cos¢
P = S x cos ¢ = S x PF

and

cos¢ = PF = f
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or

s-~
- cos </>

The angle 1> is also the phase angle between voltage and current in
an element, branch or network.

The angle is the same as the one found in the impedance diagram.

~ PF is never greater than one.

',N' ..

'/ EXAMPLE 3.6
A single-phase, 200 V supply is connected to a single-phase motor delivering
2 kW at a power factor of 0.6. Also connected across the supply is an
inductive load with impedance Z = 15 + )20 Q . The efficiency of the motor
is 91%. Calculate the power factor as seen from the supply.

Solution

First sketch the circuit using the given information:

Fig. 3.14

200 V 2=(15+j20) \)
2KW

MOT PF=0,6
11 = 91%

Again, we must assume a reference. Let's say we choose Vsupply as the
reference.

Now, for the motor:

P · - f"" - 2000 - 2 198W
m - 1] - 0.91 -

But Pin = VI, cos¢ '*
_ Pin _ 2198 -183A

II - V cos¢ - 200 X 0.6 - .

cos¢ = 0.6 '* 1> = ±53.l 0
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The motor has an inductive characteristic, so we'll have to choose the
negative angle from our values.

Remember that an inductive type of load means the power factor lags!

=} I) = 18.3(-53.P = II - j14.6 A

For the inductive load:

Z = 15 + J10 = 25/21° n

I - 200& - 81-53'°0 - 48 '64 A
2 - 25(53' - ~ - . - J .

So the total current is:

13 = I) + 12 = II - j14.6 + 4.8 - j6.4 = 15.8 - j21 = 26.3(-53° A

There are a few things that need to be highlighted here...

Did you notice that both the loads had a similar PF? (angle ~ 53° =}

same PF ~ 0.6)

It is logical that the overall power factor will be the same - i.e. equal PFs
=} the total PF is equal to the PF of any load. That's what we got! The
angle for the total current was -53°, so the PF for the whole circuit is
again 0.6.

Did you notice that we didn't always stick to the 'rounding' rules?
Sometimes you need to use your common sense to write down results
and not follow the 'rules' word by word.

Let's look at how the current flowing through the impedance, 12, can be
calculated:

_ 200& _ 81_°3°° A
12 - 25(53' - ~

According to the rules of mathematics, when we use the rectangular form
we do not have to write any decimals. Do you agree?

If we calculate:

8(-53° = 4.814 ... -j6.389... ,

theoretically we should write:

8(-53° = 5 - j6!

Now, try this short calculation:

52 + 62 = 25 + 36 = 61
v'6T = 7.81 A
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If we choose to use only one decimal, we'll get:

4.8 - j6.4
4.82 + 6.42 = 64
v'64 = 8,
which is the current you really used in your calculations.

These issues are debatable and, unfortunately, nobody can give you a set
of standard rules. These 'feelings' of significance usually come with
practise.

If you find yourself in any doubt about, or when you don't trust yourself
to choose the number of digits to work with (and be able to explain
why!), stick to the rules.

In the example, if we had worked strictly according to the rules, we would
have obtained an error of :

e = L'!.x = 2.5%
x

But for the active component:

ea ~ 4%
By ~ 60/0

If we accept the errors for current and for the active component, the error
for the reactive part is already unacceptable. What we need to establish is
how this will affect us. What was the purpose of solving the problem?
Sometimes it matters, sometimes not. This brings us to the next section:
the significance of power factor.

3.3.2 Significance of power factor
In the previous example, we worked out that the motor gets
approximately 2 200 W from a supply of 200 V which delivers a current
of 18.3 A, at a power factor of 0.6 (the phase angle being 53.1°).

Let's assume that the phase angle is only 20° and see what happens:

1= P 2200 =117A
new V cosq,,,w 200 X cos20 .

What happened?

We still have the same real power supplied by our 200 V source, but the
current decreased.

Why?
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The initial current was more than 18 A and the power factor was 0.6
(which is a poor PF!). By changing only the PF, the current dropped to
less than 12 A.

cos 20 = 0.94 (a very good power factor!)

So what?

Remember that the wires need to be larger to carry 18 A instead of 12A,
and that the resistive losses are proportional to the square of the current!

It's clearly uneconomical to have a poor power factor in this installation.

The high investment cost incurred (cables, transformers, etc.) means that
the power company (for example, ESKOM) will charge you more on a
monthly basis than they would if you had a good power factor.

So how can we improve the power factor of the consumer?

• Activity 3.2
. ! An electrical motor operates at 240 V. The motor absorbs an

average power of 8 kW at a lagging power factor of 0.8. Calculate
the complex power of the load and the impedance of the load.

3.3.3 Power factor correction
Let's look again at the example 3.6 on page 90.

The current was lagging (behind) the voltage by an angle of (-)530
• If we

draw a phasor diagram for this situation, it will look like this:

_530

Fig. 3.15

Remember, we assumed the voltage as reference, so we've drawn it on the
real axis!

The two projections of h on the real and imaginary axes are ha (active
component) and hr (reactive component).
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The question now is: can we draw a leading current to reduce the reactive
component of h?

The angle by which the current lags the voltage will decrease and the
cosine of the angle will increase. In other words, we 'improve' or 'correct'
the power factor. Ideally we would like a power factor of 1, which would
mean that S = P, making all the power in the circuit active!

Since this is not practically possible, we aim for a power factor of
approximately one. A PF of 0.90-0.95 is considered really good.

Let's say we would like a power factor of 0.92 for our circuit. What can
we do?

Remember, if we can draw a leading current that reduces the reactive
component of h, we will get a better PF.

The question is how?

Capacitors draw a leading current from the supply, so we'll connect a
capacitor to our circuit:

13 new

200 V c

Fig. 3.16

z OT

Revise the section on current dividers!

EXAMPLE 3.7
What capacitor must I choose to obtain a power factor of 0.92?

Solution

To get a PF of 0.92, the angle between current and voltage must be:

arccos 0.92 = cos-1 0.92 = 23.0T

I don't want to change the active current, so the phasor diagram will now
look like this:



~rnew
-23.070

- -0 ~new
-53 '

,

,
,

----- ~

Fig. 3.17
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From fig. 3.17 we can see that the capacitor must draw a current equal to
13r - 13r new·

But we dont know the value of h,new' Can you find it in the information
you have?

ha is 15.8 A and I 3r is 21 A (both of which we already know).

We also know that the desired angle is 23.07° (to obtain the 0.92 power
factor!).

If we calculate:

tan 23.07° = 0.43 = Ii:" = ~)5~8 '
we get hrnew = 6.7 A

(or, directly, hr new = ha X tan23.07)

The problem is almost solved. The capacitor must draw a current of:

Ie = h, - hr new = 21 - 6.7 = 14.3A,

and then:

13rnew

Ie

,

.'\ ""1
3

new,
,
,
,

Fig. 3.18

and, for our capacitor:
V 200

Xe = Ie = 14.3 = 13.99 (}
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1 1 1
Xc = 27fjC =} C = 27f/Xc = 27f50x13.99 = 0.000227 F "" 225 J1F

So, a capacitor of 225 J1F would do the work.

There is another theoretical alternative. We didn't mention whether we
wanted a leading or lagging power factor, so we could have chosen an
angle of 23.07° with (+) (again trigonometry: cos 23.0r = cos (-23.0r)
= 0.92!) Remember that cos ¢ = cos(-¢)!

'+23.07"
k"'--~"loJ'---~ V

13rnew

The phasor diagram would have looked like this:

_____ 13 new

Fig. 3.19

The current drawn by the capacitor in this case must be:

Ie = hr - I 3r new = 21 + 6.7 = 27.7 A

and
200

Xc = 27.7 = 7.22 Q

1
C = 27f50 x 7.22 = 0.000440 F "" 440 J1F

A capacitor of 440 J1F would have improved the PF to 0.92, this time
leading.

If you study AC synchronous motors, you'll find that they also im­
prove the PF of a factory. While doing useful work, they can draw

!'J'-_..... a leading current with a quadrature component that has the same
effect as current in a capacitor!

• Activity 3.3 .
. A 240 V 50 Hz induction motor of 500 W has a lagging power

factor of 0.7. Calculate the value of the parallel connected
capacitor required to raise the overall power factor to unity.
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Power measurements in single-phase
circuits

The instrument that measures active power in a circuit is called a
wattmeter (from watt, the unit for power).

A wattmeter measures voltage, current, and power factor, since the
expression for Pis:

P = Vlcosrj>

:;~
lY;Vl ..

For DC power measurement (since we normally discuss resistive
circuits), the power factor is I and we can use only an ammeter
and a voltmeter to measure current and voltage respectively. The
product of the two meausrements will give you the power.

A normal wattmeter measures average power and the scale calibration is
normally not linear.

Basically, a wattmeter has a fixed coil for current measurement and a
mobile coil for voltage measurement. Since the moving coil's torque is
proportional to the product of current and voltage (in fact second
current), it also considers the PF.

Due to the inertia of the meter, the readings are not reversed during
negative power intervals.

Wattmeter connection in a circuit:
voltage coil
current coil

w
load

Fig. 3.20

In this example, the
symbol for the wattmeter is:

Fig. 3.21

and indicates both coils.
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Remember to connect the current coil in series, like an ammeter, and the
voltage coil in parallel with your load, like a voltmeter.

Other accepted symbols for wattmeters are:

Fig. 3.22

where the coils are not represented (used for more schematic diagrams),
or:

Fig. 3.23

for more detailed circuits or when we want to underline some
connections.

There are two ways to connect a wattmeter. The first is illustrated in
fig. 3.20.

The total line voltage (across the load and the current coil) is applied to
the meter. This means that the loss in the current coil is included in the
meter reading. To work out the loss for correction purposes would
involve errors, because the resistance of the current coil is very small and
not usually given or accurately measurable.

In this example, the real power P would be the indication of the
wattmeter minus RI2 (R of the series coil). Normally RI2 is only a few
watts and can be disregarded. This option is analog to the connection
for measuring resistors:

A

v

(for DC)

Fig. 3.24

load
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The other possible connection is when through the current coil flows a
current greater than the current through the load. (The current divides
itself through the voltage coil and through the load, and the end of the
current coil is connected to the voltage coil). This would be analog to the
following (DC) measurement:

v

Fig. 3.25

load

The power in the voltage coil should be deducted from the reading.
Since R v is usually stated, we can calculate:

P = (indication of the wattmeter) - £
Then we must use a voltmeter to measure the load voltage V.

EXAMPLE 3.8
A wattmeter connected in a circuit reads 200 W. The line voltage is 200 V
and the resistance of the potential circuit is 3800 n. What is the load power?

Solution

P = wattmeter reading - r =,
(200)'

= 200 - 3800 = 189.5W
'-----

We had to assume that the current coil supplies both the voltage coil and
the load, although this wasn't stated.

The first connection (fig. 3.24) is preferred for small load currents and the
second one (fig. 3.25) for high load currents and voltages.

Sometimes wattmeters can be damaged below their full-scale
readings. Can you work out why this happens? Suppose a

Yr---' wattmeter has a full-scale capacity of 1000 W, the rating for the
current coil is 10 A and the rated voltage is 120 V. If we measure
720 W at 120 V for a load with a PF = I =}

P = VI =} 1= f = m= 6 A!
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But we don't usually know the PF of the load beforehand. Let's see what
would have happened if our load had a small power factor like 0.201

720 = 120 x Ix 0.20,*

I= 24 Ai

As you can see, this current will burn out the wattmeter's current coil
(::> 10 Ai).

Because a wattmeter reading gives no indication of current and voltage,
always use an ammeter and a voltmeter in conjunction with a wattmeter
(especially when a low PF is suspected):

v

Fig. 3.26

load

This diagram is of immediate benefit. If we have all three measurements
we can calculate:

s= VI

cos ¢ = ~ (the PF. of the load)

and the reactive power:

Q = S sin¢ = S.jC"I-_-c-o's2--'-¢

Another option is to connect the meters in the following order:

V load

Fig. 3.27

Then you must deduct the losses in A and V from the wattmeters reading.
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Have you noticed that both connections introduce errors to circuits? For
example, the ammeter will read the load current and the current flowing
through the voltmeter. Use your knowledge and common sense when you
connect meters.

• Activity 3.4
Using the circuit diagram in fig. 3.26, measure the active power for
the following loads in the lab:

1 resistive load
2 (pure) inductive load
3 capacitive load

Now calculate the power factor for each one.

What did you find?

@~§) Summary
In this unit we studied mainly AC power (active, reactive and apparent)

For R, Land C loads we have:

1. For a resistor the power relations are:

(Real) P = S = VI
(Reactive) Q = 0
(power factor) PF = 1
(Phase shift) <jJ = 0

2. For inductances and capacitances:

(Real) P = 0
(Reactive) Q = S = VI
(Power factor) PF = 0
(phase shift) <jJ = ± 90°

(For C you'll have negative values for Q!)

3. For any impedance:

P = VI cos<jJ
Q = VI sin<jJ
ISI = VI = yr--,jJ-+-Q--02
S= VI*

p
PF = cos<jJ = S
PF E [0, 1]
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4. The power factor of any element, branch or circuit is defined as:
PF = cos</;

where </; is the angle between the current flowing in and the voltage
across the element, branch or circuit.

</; is also the angle in the impedance triangle and power triangle.
Power factor varies between 0 and I.

5. A power factor as close to I as possible is preferred. Inductance and
capacitors can be used to improve the power factor. Wattmeters are
used to measure power.

II Self-evaluation
1. A supply of 550 V is connected to a load with an impedance of

34.41/35.54" Q.
Assuming the supply voltage as reference, calculate:
a. the current flowing through the impedance
b. active power
c. reactive power
d. apparent power

2. Two resistors of 8000 Q and 6000 Q are connected in parallel.
A third resistor of 3 000 Q is in series with the two. An AC supply
applies 100 V to this network.

a. What is the power in each resistor?
b. Calculate the total power using the applied voltage and the

current supplied by the source.
c. What is the PF of the network?

3. A 120 V source supplies two loads: one carries 8 A at 0.85 PF
lagging, and the other 5 A at 0.80 PF leading. Work out the total
current, power, and overall power factor.

4. Determine the apparent power for each element in this circuit:

Fig. 3.28

Calculate the active, reactive, and apparent power for the circuit.
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5. Study the following circuit:

~ Z/ =-.£.17.68- jI7.68) \2

A 12 Z2= 25 \2 B 14 Z4

13 Z3 ~~7.68+ jI7.68) (]

VAS Vsc

IT Y = 250LQ.°Y
= 170/10.13°Y

'V

c

Fig. 3.29

From the information given in the circuit, calculate:

a. The voltage VAB

b. The currents flowing through each of the impedances (I], Il, h 14)

c. IT (total) - the current flowing through the circuit
d. 2 4 and 2 eq - the equivalent impedance of the circuit
e. The active power dissipated in 2 3

f. The reactive power dissipated in 2 4

g. The apparent power for the whole circuit

6. A single-phase 250 V supply is connected to a single-phase motor
delivering 2.4 kW at a power factor of 0.62. Also connected to the
supply is an inductive load with an impedance 2 = 25Glo Q. The
efficiency of the motor is 94%. Calculate:

a. The overall power factor (as seen from the supply)
b. The value of a parallel connected capacitor to improve the

power factor to 0.94 lagging

Answers

Activity 3.1 (page 89)

P = -100 W
Q = 173.2 VAr
Delivering power.

Activity 3.2 (page 93)

S = 8 + j6 kV A
2 = 4.61 + j3,46 Q

Activity 3.3 (page 96)

C = 28.2 p,F
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Activity 3.4 (page 101)

The wattmeter will show you:

Pjo, ,"sistor = value (it depends on the values you have in the lab!)

P jor inductonce :: 0 } (if you worked correctly!)
Pfor capacitance - 0

PFfor resistor = I (S = VI = P)
PFfor inductance = 0 (S = VI; P = 0)
PFfor capacitance = 0 (S = VI; P = 0)

Alternatively, if you have a power factor meter, you could simply read off
the power factors.

Your main observation is that, for the resistor, the apparent power is
equal to the active power, while for the other two (L, C) the apparent
power is equal to the reactive power. (Hence the denomination of 'active'
and 'reactive' components.)

Now you can try any combinations of loads (R, L, and C)
and measure V, I, P. Then you can calculate: S = VI VA;

~"":"";;:;J cost/; = PF = ~; Q = .,;S' - p' VAr; etc

Self-evaluation (page 102)

I. a. 15.98(- 35.54° A
b. 7.15 kW
c. II kVAr
d. 8.79(35.54" kVA

2. a. PI = 0.355 W
Pz = 0.474 W
P3 = 0.725 W

b. Ptotaf = 1.555 W
c. PF = I

3. IT = 10.9(-6.4° A
S = I 300 + )146 = I 308(6.4° VA
PF = 0.994

4. SR=P=1440W
SL = QL =]2560 VAr
Sc = Qc = - )640 VAr
Stataf = 2400(53.1° VA
P ,otaf ~ 1440 W
Qtataf ~ I 920 VAr
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5. a. VAB = 87.98/-19.87° V
b. II = 3.52/25.13° A

I 2 = 3.52/-19.87° A
h = 3.52/-64.87° A
14 = 8.50/-19.87° A

c. IT = 8.50/-19.87° A
d. 2 4 = 20/30° Q

2 eq = 29.42/19.87° Q
e. P3 = 218.98 W
f. Q4 = 722.5 VAr
g. S = 2125/19.8r = 1998.5 + ;722.3 VA

6. a. PFtotal = 0.60
b. C"" 190 p,F (191.52...)



Resonant circuits

After studying this unit, you should be able to:

• identify the performances of networks subjected to
varying frequencies

• analyse simple series and parallel resonant circuits

• design circuits that operate at pre-determined
resonant conditions

PREVIOUS PAGE BLANK
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@]) Introduction
In Unit 2 you were introduced to the analysis of RLC circuits. In this unit
we will deal with the frequency response of such RLC circuits.

The frequency response of a circuit, instrument or electronic system is
an important measure of its performance. Each one is designed with a
specific operating range. For example, a stereo sound system has an
operating range of 20 Hz to 20 KHz. Within this frequency range, the
system components must detect and amplify signal frequencies that make
up the music we like to hear.

In communication engineering we study the performance of a given
network when subjected to varying frequencies. This is called the
frequency response of the circuit. At certain frequency values, the current
and/or voltage in a circuit reaches a maximum or minimum value. This
frequency is called the resonant frequency of the circuit. While this is
particularly significant in communications, resonance is also important in
switching circuits, transmission lines and other electric power circuits.
Resonance is fundamental in nature, finding its analog in mechanical
systems in relation to such problems as shock and vibration, in fluid
dynamics, and in many other fields. This unit focuses on electrical
resonance.

~@
4.2.1

Series circuit
Resonance in RLC series circuit

We have seen that the net reactance in an RLC circuit is:

Z = R + j (XL - Xc)

and that

z= VR' + (XL - Xcl'

=VR2 +X2

If for some frequency of the applied voltage, XL = Xc (in magnitude)
then

X=o

. ,
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and

Z = R (see fig. 4.I(b))

In fig. 4.1(a):

VL = IqjXL and Vc = IqjXc

These are equal in magnitude but opposite in phase, so they cancel out
each other. The two reactances together act as a short circuit since the
combined voltage develops across the combination.

I

V= r;,

Fig. 4.1(a)

109

Z=R

Fig. 4.1(b)

The applied voltage V drops across R so that V = VR' The circuit
impedance Z = R. The phasor diagram for series resonance is shown
in fig. 4.l(c).

::: ;;:- 1
V

Fig. 4.1(c)
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The frequency (j,) at which net reactance is zero is given from the
relation:

XL - Xc = 0

or XL = Xc

or wL = w~
w2 = _1_

LC

(21rj,)2 = ic
1

j, = 21CVLC

If L is in henry and C in farad then j, is given in hertz (H).

We have seen that, under these conditions, the impedance of the circuit
equals the ohmic resistance R, so current is maximum, limited by the
value of R alone. Its value is:

V
10 =R:

and it is in phase with V.

This condition is called series resonance and the frequency at which it
occurs is called resonant frequency (jr). So, a series RLC circuit is said to
be in resonance when its net reactance is zero. Since X = 0, series
resonance can be described as a condition of maximum admittance or
minimum impedance (both terms mean the same thing).

As current is maximum it produces large voltage drops across Land C.
These drops being equal and opposite to each other they cancel out.

• Activity 4.1
. A I H coil is connected in series with a I I'F capacitor. What is the

resonance frequency?

• Activity 4.2
What capacitance IS reqUired to resonate with a 100 mH cOil at
1000 Hz?
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• Activity 4.3
What mductance is needed to resonate at 10 MHz with a
capacitance of 100 pF?

4.2.2 Bandwidth of a resonant circuit
In an RLC circuit, the maximum current is solely determined by the
circuit resistance R. However, at frequencies far from resonance, the
amplitude of current becomes decreasingly dependant on R. For circuits
with low value of R, the resonance curve sharply peaks and such a circuit
is said to be sharply resonant or highly selective. Circuits with high value
of R have a flat resonance curve and are said to have poor selectivity.

Selectivities of different resonant circuits are compared according to their
bandwidths. Bandwidth of a circuit is given by the band of frequencies
that lie between two points on either side of the resonant

frequency where current falls to ~ of its maximum value (at resonance).

The narrower the bandwidth, the higher the selectivity of the circuit.

In fig. 4.2 the bandwidth AB is given by

N=fz - /1
or

RAW = W2 - WI = L

I =.ro R

11 10 12

Fig. 4.2

Obviously, over this range of frequencies, current is equal to or greater

than~.j2'

where 10 = ~ - the maximum current at resonance.
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Power at points A and B = i R

= (-!/J/ x R

J,'R=--y
-1I.0

2R-2

= ! x power at resonance.

This is why points A and B on the
response curve are known as half

power points.

It can be proven that the half power frequencies are:

11 =Ir - 4:L

and/2 =Ir + 4:L

4.2.3 Q-factor of a series circuit
Where you have an RLC series circuit, the Q-factor is defined as being
equal to the voltage magnification in the circuit at resonance.

We have seen that at resonance
V

10 = Ii.

Voltage across either coil or capacitor = 10XL or 10Xe
Supply voltage V = loR

.". Voltage magnification = V= 15t = -1 = w'RL

.". Q-factor = w'RL = 2"~L = tan cP

where cP is the power factor angle of the coil.
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EXAMPLE 4.1
The parameters of a series R, L, C circuit are R = 1 KQ, L = 8 mH,
C = 20 PF. The applied voltage is 20 Y rms of variable frequency.

Calculate:
I the resonant frequency
2 the current at resonance
3 the Q-factor
4 the voltage across the inductor and capacitor at resonance
5 the lower and upper half power frequencies
6 the bandwidth

Solution

I 1
f, = 2",VLC

1
2",y8 x 10 3 X 20 x 10 12)

= 397.88 kHz

2 v
10 = R

_ 20
- 1kll

= 20 rnA

3 Q-factor = wi
_ 2", x 397,88 X 10' x8 X 10-3

- 1 X 10'

= 20

4 Voltage across inductor = Voltage across capacitor
i.e. YL = Yc
YL = Yc = (2", x frL) x 10

= (2K x 397,88 X 103 x 8 x 10-3) X 20 X 10-3

= 400 V

5 fl =fr - 4:L

= 397.88 x 103
- 4 x ,; : i ~3 10 3

= 387.93 kHz
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/2 =/r + 4~L

= 397.88 x 10
3 + 41f ~ ~ ~O;O 3

= 407.82 kHz

6 Bandwidth = E _ I X 10
3

L-SxI0 3

= 1.25 X 105 rad/s

([@ Parallel circuit
4.3.1 Resonance in a parallel circuit
In this section we wi11look at a practical case of a coil in parallel with
a capacitor as shown in fig. 4.3.

Such a circuit is said to be in electrical resonance when the reactive
component of line current is zero. The frequency at which this happens
is known as resonant frequency.

R

Ie C
f------'

I

L..---------i "v }-'V'--- --.J

Fig. 4.3

Fig. 4.4
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z

R

Fig. 4.5

The vector diagram for this circuit is shown in fig. 4.4.

At resonance, the reactance is zero, so

Ie - h sin'h = 0 or h sin4>L = Ie

The condition for resonance becomes:

.!:' x Kc = 1::.z z XC

XL X Xe = Z2

1Now XL = wL, Xe = wC

. wL = Z2.. we

or~ = Z2

or~= R
2 + xl

= R2 + (21fjL)2

(21fj,L)2 = ~ _ R2

/ 1 R'
21fj, = VLC - IJ

1 / 1 R'
orj'=21fVLC- L'

This is the resonant frequency and is given in Hz if R is in ohm, L is in
henry and C is in farad. If R is negligible (i.e. R « XL) then:

f, = k ----same as for series resonance
211" LC
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~ Current at resonance

As shown in fig. 4.4, since the wattless component of the current is zero,

the circuit current is I = h COS(PL = ~ x ~
I- VR-22

Substituting 2 2 = ~ we get:

I - VR
-T

C
V

=T
C1?

The denominator /:R is known as the equivalent or dynamic impedance of
the parallel circuit at resonance. Since current is minimum at resonance,
fR must represent the maximum impedance of the circuit. In fact, parallel
resonance is a condition of maximum impedance or minimum admittance.

Current at resonance is minimum, and such a circuit (when used in radio
work) is sometimes known as a rejector circuit because it rejects (or takes
minimum current of) the frequency to which it resonates.

4.3.2 Q-factor of a parallel circuit
The Q-factor of a parallel circuit is defined as the ratio of the current
circulating between the two branches to the line current drawn from the
supply - or, simply, the current magnification.

Obviously, the circulating current between capacitor and coil branches
is Ie.

So Q-factor = ~

Now Ie =.£
V

= l/wC = wCV

andI=+
(C1?)

Q-factor = wCV + -f
L C1?

=WR.
= 21;L = tan </> (same as series)
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where <p is the power factor angle of the coil.

Resonant frequency when R is negligible can be written:
I

f,. = 21fVLC

S b · . h' 1 . 21f{Lu stltutmg t IS va ue m R we get:

Q-factor = 21fL x I
R 21fVLC

=~~

EXAMPLE 4.5
A choke (coil) connected across a 500 V, 50 Hz supply takes lA at 0.8
power factor. What capacitance must be placed in parallel to make the
power factor of the combination unity (PF = 1).

Solution

Impedance of coil Z = 5~0

= 500 n

cos <p = 0.8 ... sin <p = 0.6
XL = Z sin <p

= 500 x 0.6
= 300 n

XL = 21rjL

L - XL
- 21fj

_ 300
-2x1fx50

= 0.954 H

The power factor of the combined circuit will become unity when it is
resonant at f = 50 Hz. The conditionis:

c=.!:...
Z'

_ 0,954
- 500'

= 3.81 /LF
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EXAMPLE 4.6
A coil of resistance 20 n and inductance 200 /lH is in parallel with a
variable capacitor. The combination is in series with a resistor of 8 000 n.
The voltage of the supply is 200 Vat a frequency of ]06 Hz.

Calculate:
1 the value of C to give resonance
2 the Q-factor of the coil
3 the current in each branch of the circuit at resonance.

Solution

First draw the circuit

Fig. 4.6

R
L=200JlH

~20 [l

c

'--__-( "v }-v~ ---,

XL = 21rfL
= 21r X 106

X 200 X 10-6

= 1 256 n
Coil resistance is 20 n which is negligible compared to its reactance
(R « XL)' Because coil resistance is negligible the resonant frequency
is given by:

1

2

1
!r = 21rVLC

106= 1
21rV200 x 10 6 X C

C"" 125 pF

Q
_ 21rfL
- R

21r X 106 X 200 X 10-6

20
= 62.8

3 Dynamic impedance of the circuit is:
L 200 x 10-6

CR = 125 x 10 12 X 20

= 80 kn
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Total equivalent resistance of the tuned circuit is:

80 + 8

= 88 kD

'C tI 200urren = 88000

= 2.27 rnA

... p.d. across tuned circuit = current x dynamic impedance
= 2.27 x 10-3 x 80 000
= 181.6 V

Current through inductive branch = vl20;~162562

= 0.1445 A
= 144.5 rnA

Current through capacitive branch = 1/~c

=wVC
= 181.6 X 21f x 106 x 125 X 10-12

= 142.7 rnA

o Summary
1 Remember the following points about series resonance:

• Net reactance is zero, i.e. X = 0 or XL = Xc

• Therefore VL = Vc or VL - Vc = 0

• Impedance at resonance = R

• Line current at resonance is maximum and equal to ~ and is in
phase with voltage.

• Power factor is unity i.e. cos 4> = 1

Remember the following points about parallel resonance:

• net susceptance is zero Le.l
c

= ~ or XLXC = Z2 or ~ = Z2

• reactive (or wattless) component of line current is zero.
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• dynamic impedance = J:R II

• line current at resonance is minimum and equal to r but is in
phase with the applied voltage. CR

• power factor of the circuit is unity.

Here is a table comparing series and parallel resonant circuits.

Item Series Circuit Parallel Circuit
Impedance at resonance Minimum Maximum
Current at resonance

Maximum = ~ Minimum = {
Cii

Effective impedance R L
CR

Power factor at resonance Unity Unity
Resonant frequency _I_ I J 1 R2

2.,fIT; 27r LC IJ

It magnifies Voltage Current

Magnification (Q factor) is J., J.,
R R

• Self-evaluation

1 A series circuit, consisting of a coil (R = 30 ll, L = 0.5 H) and a
capacitor resonates at a frequency of 48 Hz. Calculate the
capacitance of a capacitor that, when connected in parallel with this
circuit, will increase the resonant frequency to 60 Hz. Calculate in
the latter case, the total current and the current in each branch of the
circuit if the line voltage is 100 V.

2 A 20 II resistor is connected in series with an inductor, a capacitor
and an ammeter across a 25 V variable frequency supply. When the
frequency is 400 Hz, the current is at its maximum value of 0.5 A
and the potential difference across the capacitor is 150 V. Calculate:

a. the capacitance of the capacitor.
b. the resistance and inductance of the inductor.

3 An RLC series circuit consists of a resistance of 1 000 ll, an
inductance of 100 mH and a capacitance of 10 PF. If a voltage of
100 V is applied across the combination, find:

a. the resonance frequency
b. Q-factor of the circuit
c. the half power points.
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4 A constant voltage at 1 MHz is applied to an inductor in series with
a variable capacitor. When the capacitor is set to 500 pF, the current
has its maximum value but is reduced to one half when the
capacitance is 600 pF. Find:

a. the resistance
b. the inductance
c. the Q-factor of the inductor

5. A coil of resistance 10 n and inductance 0.5 H is connected in series
with a capacitor. On applying a sinusoidal voltage, the current is
maximum when the frequency is 50 Hz. A second capacitor is
connected in parallel with this circuit. What capacitance must this
second capacitor have so that the combination acts like a non
inductive resistor at 100 Hz?

Calculate the total current supplied in each case if the applied
voltage is 220 V.

6 The resonant frequency of series RLC circuit is 1.2 KHz, if
R = 5 nand L = 5 mHo Find C and the impedance and power
factor:

a. at resonance
b. at twice resonance frequency
c. at half resonant frequency

Answers

Activity 4.1 (page 110)

f, = 2"k
1

2,,)1 X 10-6

= 0.159 X 103

= 159 Hz

Activity 4.2 (page 110)

f, = 27fk
21fy'LC = },

4~LC = },
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c- I
- 41r'xLxj,'
_ I
- 41r' X 100 X 10-3 X (I 000)'

= 0.253 f-lF

Activity 4.3 (page 111)
I

Ir = 21rVLC

27rVLC =}
4??LC = /2
L= 1

47T"2 X C xf/

= 24 X 1r' X 100 X 10-12 x (10 X 10')

= 2.53 f-lH

Self-evaluation (page 120)

1 CI = 32.7 f-lF
[= 0.54 A
II =j1.23 A
lz = 0.54 - j1.24

2 C = 1.325 f-lF
L = 0.119 H
R = 30!!

3

5

a. Ir = 159 KHz 4 a. R = 30.6!!
b. Q = 100 b. L = 0.0507 mH
c. II = 158.2 KHz c. Qf= 10.4

h = 159.8 KHz

C = 6.9 f-lF 6 a. C = 3.5 f-lF
[(50Hz) = 22 A Z=R=5!!
Ir= 0.04 A PF = 1

b. Z = 56.8!!
PF = 0.09 (lag)

c. Z = 56.8!!
PF = 0.09 (lead)
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Networks Theory (Part I)

Ibufc6MES]·-·-----~

After studying this unit, you should be able to:

• Analyse various DC and AC circuits using Kirchhoff's
Laws.

• Solve different network problems using Superposition
Theorem.

• Apply Thevenin's Theorem and solve problems using it
(Thevenising) .

• Explain Norton's Theorem and solve problems using it
(Nortonising) .

• Develop circuit problem-solving techniques and methods
to check your answers.

123
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([y Introduction
In Unit I you were introduced to Kirchoff's Laws. In this unit we will
discuss these laws as applicable to networks.

We will study some principles and special theorems that can be used to
analyse complex circuits. These techniques can be used to simplify both
DC and AC circuits and reduce the amount of work needed to study the
networks.

We will only refer to linear networks. A linear network responds directly
proportional to the magnitude of any stimulus applied to it.

A linear circuit consists of linear elements and ideal sources of voltage
and current. An ideal voltage source should supply an unlimited amount
of energy without a decrease in its terminal voltage and an ideal current
source delivers current that is independent of voltage. These are simplified
models of the reality.

A passive network is one that contains no energy source and an active
network is one that contains a minimum of one source of energy, for
example a battery; an active element.

Various techniques can be used to solve a circuit for its voltages and
currents. Remember, for any problem, that you can solve it at least two
ways. Try and understand all the methods you are introduced to in this
unit, because each one can be used to analyse circuits. Once you've
mastered these 'tools' you should be able to economise on the amount of
work and time you spend on solving problems. You will also be able to
check your work. After all, the final solution should be the same
regardless of which method you use!

Let's get started!

o
5.2.1

Network theorems
Kirchhoff's laws

Let's revise Kirchhoff's two laws:

~ Kirchhoff's current law (KCL)

At any node of a circuit, at every instant of time, the sum of the
currents that enter the node is equal to the sum of the currents
coming out of that node.
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Another version of this law is: 'The currents algebraically sum to zero in
any node of a circuit.'

Do you remember that, if we consider the currents directed into a node to
be positive and the currents directed out of a node to be negative their
algebraic sum will be zero?

This law can be applied to both DC and AC circuits.

This law is essentially the law of conservation of charge, which is why the
first expression 'at every instant of time' was mentioned. The law can be
generalised for any closed region of a network (the current going in the
region must equal the current coming out of the region).

~ KirchhofPs voltage law (KVL)

In any loop of a circuit, at every instant of time, the sum of the
voltage rises equals the sum of the voltage drops.
or

Around any loop in a circuit, the voltages algebraically sum to
zero (if we see the voltages across elements that are transversed
from plus to minus as being positive and the voltages across
elements that are transversed from minus to plus as being
negative, or vice-versa).

• Activity 5.1
, ' Look back in your notes and make sure you know what we mean

by 'node' and 'loop'. Try and solve again the example for
Kirchhoffs laws in Unit I to remind you of this theory.

EXAMPLE 5.1

Let's start with a DC example.

Look at the circuit in Fig. 5.1. Find the currents in each branch using
Kirchhoffs laws.

125
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A

R=60
3

Fig. 5.1

Solution

In node A:

I j = I z + 13 =? I z = h - 13 .••CD

Remember, KCL can only be used once in this example, because we have
only two nodes. However, KVL can be used twice because there are three
unknowns and, so far, only one equation.

For loop:

Ez --> Rz --> R3(--> Ez)

Ez = R3h - Rzlz ...@

Remember, we conventionally assume the current flows from + to
- in DC circuits.

For loop:

E j --> Rj --> R3( --> E j )

E j = Rjlj + R3h ...0)

If we substitute lz = h - 13 in equation @ we get:

Ez = R313 - Rlh - h)

= (R3 + Rz)h - Rzlj

If we look at the system:

Ez = (R3 + Rz)h - Rzlj

E j = R3h + Rjh
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There are two equations with two unknowns (Ij and 13)

RjEz = (RjRz + R jR3)h - RjRzlj

RzEj = RzR3h + RjRzlj

Adding the two equations:

RjEz + RzE) = (R)Rz + RzR3 + R jR3)h =?

I - R,E, +R,E, t4'
3 - R,R, + R,R, + R,R, ...'-:V

Now substitute this value in equation CD and:

E R I + R I R I + R R,E, + R,E,
j = j I 3 3 = j j 3 R,R, + R,R, + R,R,

=?

R I - R,R,E, +R,R,E, +R,R,E, - R,R,E, - R,R,E,
I I - R,R, + R,R, + R,R,

=?

I = (R,+ R,)E, - R,E, 0)
1 R,R, + R,R, + R,R, ...

Now we can calculate Iz as II - h but we should rather keep this
equation for checking if we have worked correctly. So let's use the
equation for loop:

E I -t R j -t Rz -t Ez(-t E j)

E) - E, = Rill + Rzlz

=?

R I - (E E ) R (R, +R,)E, - R,E,
22- 1 - 2 - lR1Rz + RzR 3

+ R t R3

=?

I = R,E, - E,(R, + R,) ®
z R,R, + R,R, + R,R, ...

Using the data of the problem in equations @, 0), @ we get:

I = (6 + 4) x 120 - 6 x 60 = 840 = 1556 A
1 3x4+4x6+6x3 54 .

I - 6 x 120 - (3 + 6) x 60 = 180 = 3 33 A
z - 54 54'

and

13 = 4 x 1205~ 3 x 60 = 12.22 A
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Let's check these results:

In node A: II = 12 + 13

Is 15.56 = 3.33 + 12.22? Not exactly (15.56 -1= 15.55), but the slight error
is due to the decimals rounding. So we worked correctly! Did you notice
that all the values (II> h h) are positive? This means that we incidentally
chose the correct directions for the currents from the beginning.

Let's think about this problem. Why did we do such a simple problem?
Basically, because the example could be solved from the beginning to the
end literally (using only letters), in formulas. How does this help us?

The possiblity of you making a mistake in your calculations is reduced
and, later on, you'll see that the results are general and can be extended
to other problems.

More than that, you have the opportunity to check your results. Did you
notice how we checked the currents? If you get the same answer (and you
worked correctly) the problem is solved and you can rely on your result;
if not (you've made a mistake) it is very easy to recalculate the values
(only three calculations in this example!). We also tend to work more
carefully and logically when we work in the formulas.

Try to use this way of solving problems as many times as you can, unless
you need some partial results or special interpretations and observations.
But if you feel more comfortable working with numbers, do so. If you
work correctly you'll get the same result!

Let's take it a step further. ..

EXAMPLE 5.2
Study the circuit infig. 5.2. Use Kirchhoffs laws to find the currents
flowing in the circuit:

£1 = 60~Y

£2 = 90/30o y
2 1 =1'80.
2 2 = 120.
2 3 = 8 - 1'60.

rvE
1

Fig. 5.2
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Unlike the previous example, here we have an AC circuit. So let's
write our equations accordingly:

KCL

Node A:

•

Did you notice that we're now working in complex numbers?

KVL

Loop

Ez -> 2 2 -> 2 3(->E2)

E2 = 2 31] - 2 Z[2 ...<1)

E1 -> 2 1 -> 2 3(->E1)

E1 = 2 1[1 + 2 31] ...G)

£Z = 2 31] - 2 Z(/1 - 1]) = (2, + 2 z)h - 2 2[1 (multiply equation by 2 1)

E1 = 2 31] + 2 1[1 (multiply equation by 2 z)

2 1Ez = (212 2 + 2 32 1)[3 - 2 12 z[1

2 zE1 = 2 22 3[3 + 2 12 2[1

2 zEz + 2 zE 1 = (2,2z + 2 z2 3 + 2 12 3)1]

=>
[ _ 2,E, + 2,E, '4'

3 - 2,2, + 2,2, + 2,2, ...\V

Substitute 1] in equation G) and:

E - 2 [ + 2 2,E, + 2,E,
1 - 1 1 32,2, + 2,2, + 2,2,
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Working out II from the last equation (where all Es and Z's are given
data in the problem) we get:

I = E1(22 + 2,) - 2,E2 G)
I 2 12 2 + 2 22, + 2,21 '"

Again, write the equation for loop:

EI -+ ZI -+ Z2 -+ Ei-+E1)

and

E I - Ez = Zlh + Z zI2

=? .

Zzlz = (212 2 + 2 22, + 2,21)(E1 - E2) - 2 1E1(22 + 2,) + 2 32 1E2

2 12 2 + 2 22 3 + 2,21

=?

I = 2 3E1 - (21 + 2,)E2 <Ii
Z 2 12 2 + 2 22, + 2,21 '"

ZI = 8/90° Q
Z2 = 12LQ" Q

Z3 = 10/-36.87° Q

ZIZZ=j96 Q2
ZZZ3 = 96 - }72 QZ
Z3Z1 = 48 + j64 Q2
ZIZZ + ZZZ3 + Z3Z1 = 144 + j88 = 168.76/31.43° QZ
Z2 + Z3 = 20 - j6 = 20.88/-16.7° Q
ZI + Z3 = 8 + j2 = 8.25/14.04° Q

Thus
I _ 60& x 20.88/-16.7° -10/-36.87° x 90M

I - 168.76/31.43°

_ 1252.8/-16.7°-900/-6.87° _ 396.96/-39.47°
- 168.76(31.43° - 168.76/31.43°

= 2.35/-70.9° A

I
_ 10/-36.8]0 x 60W - 8.25(14.04° x 90/30°

Z - 168.76/31.430

_ 600(-36.8]0 -742.5iliMo 877.52/86.49°
- 168.76/31.43° 168.76/31.43°

= -5.2/55.06° A

I _ 12;00 x 60& + 8(90° x 90(30°
3 - 168.76/31.430

= 4.27(28.57° A

720/60°
168.76/31.43°
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Let's check the results:

Ii = 2.35/-70.9° = 0.77 - j2.22 A
12 = -5.2/55.06° = -2.98 - j4.26 A

h = 4.27/28.57° = 3.75 + j2.04 A
12 + h = 3.75 - 2.98 + j2.04 - j4.26 = 0.77 - j2.22

= Ii

so we worked correctly!

The general convention is to display current as positive with the
modulus of the phase angle less that 180°. So,

Yr---' h = 5.2/-180° + 55.06°
= 5.2/-124.94° A

Before we go further let's do a quick recap of the two examples. Have
you noticed any 'coincidences'?

Look at the final formulas obtained for the currents. Are they similar?
The configurations of the two circuits are similar, the only difference
being that one is a DC circuit, containing only resistances (except the two
supplies) and the second is an AC circuit that, apart from the 2 (now) AC
supplies consists of impedances.

Did you expect that, if we replaced the resistances in the initial current
formulas with impedances, we would obtain the formulas for the currents
flowing in the AC circuit? You probably did! And as you will see, it's
true.

Look at the following diagram:

X
r---------r-----<i ~ - - - 1

,
y ,

l- L- ~ ~ J

Fig. 5.3

Let's assume that the above circuit is part of a laboratory testing stand.
Between the terminals X and Y, we want to study different types of loads
(impedances), so we change Z continuously.
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If we have the equations 4, 5 and 6 calculated in the previous example,
each time we study a new load only 2 (in the problem marked 2 3) will
change. With three calculations only you can work out all currents.

Now you can see why it helps to delay substitution of values to the end
of the problem (working literally).

fill Activity 5.2
A voltage of 2 V IS applied between diagonally opposite corners of
a framework in the form of a cube, each member comprising a
resistor of I Q. Use Kirchoffs laws to determine the combined
resistance of the cube.

5.2.2 Superposition theorem
You may have already learnt that methods other than Kirchhoffs laws
can be used to study electric circuits.

One of the most frequently used methods is based on the 'superposition
theorem':

'In a linear network containing more than one emf source the resultant
current in any branch is the algebraic sum of the currents that would
be produced by each emf acting alone (all the other sources being set to
zero or eventually replaced by their internal resistances).'

Simply put: when we have two or more active sources in a network, the
current in any element of the network is the (phasor) sum of the separate
currents that are created by each source as if it were acting alone in that
circuit. The removed sources (all the others) must be replaced either by a
short-circuit, or by their internal resistances (when they cannot be
neglected).

You will see that the superposition principle has much broader
applications. For example, you can use it when you'll study 'complex'
waves as a superposition of two, three or more sine waves of different
frequencies.

Steps for solving a problem using the superposition theorem:

I Select one of the sources and replace all the others either by their
internal impedance or by a zero resistance (short-circuit).

2 Determine the desired current(s) in the (different) branch(es) resulting
from this single source (as if it is acting alone in the circuit).
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3 Repeat steps I and 2 for each source (until the currents flowing in
the branches have all been calculated).

4 Sum algebraically all the component currents to obtain the actual
branch current (Remember, in AC, working with complex numbers
will give us a phasor sum!)

EXAMPLE 5.3
(Superposition theorem applied in a DC circuit)

Calculate the currents in each branch of the following circuit:

Fig. 5.4

Solution

Looking at only the first source the circuit will be:

I J 13
;: Ji

~ 400
~

Fig. 5.5

~ 120
~

The internal resistances of the two sources are not mentioned, so it
is assumed they can be neglected.

40 x 12
Reg = 40 + 12 + 8 = 17.23 Q

24
11 = 17.23 = 1.39 A
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With the rule of the current divider:
12

12 = 1.39 x 52 = 0.32 A

and
40

13 = 1.39 x 52 = 1.07 A

Now look at the second source:

>
2'40 (]
<

Fig. 5.6

Req = ~0\4~ + 12 = 18.67 Q

I - L- - ---l.L - 0 86 A
4 - R,q - 18.67 - .

and, respectively
8

Is = 14 X 40 + 8 = 0.14 A

40
16 = 0.86 x 40 + 8 = 0.72 A

Now do the algebraic sum in each branch:

For the branch containing the 8 Q resistor:

II - 16 = 1.39 - 0.72 = 0.67 A

For the branch containing the 40 Q resistor:

12 + Is = 0.32 + 0.14 = 0.46 A

For the branch containing the 12 Q resistor:

h - 14 = 1.07 - 0.86 = 0.21 A

So the currents flowing in the circuit will be:

r V2 = 16V

>
~12(]
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1.39 A 1.07 A- - - - - -> - - - - - ->
0.67 A 0.21 A

24V ~j j;]4A 0.86 A 16V
0.32A 0,46 A

80 400 120

Fig. 5.7

with the directions indicated in this figure.

Check for node A: 1.39 = 1.07 + 0.32 A
0.86 = 0.14 + 0.72 A
0.67 = 0.46 + 0.21 A, so we worked correctly.

Let's recalculate these currents using what we did in the first example
with Kirchhoffs laws. You will notice that the configurations of the
circuits are similar, so we'll use these formulas and replace the data
we have for this problem.

In the 8 Q resistor the current is:

= (40 + 12) x 24 - 40 x 16 = 608 = 0678 A
8 x 12 + 12 x 40 + 40 x 8 896 .

In the 40 Q resistor the current is:
_ 12 x 24 + 8 x 16 _ 416 _ 0464 A
- 896 - 896 - .

In the 12 Q resistor the current is:
_ 40 x 24 - (40 + 8)16 _ 192 _ 0214 A
- 896 - 896 - .

(0.464 + 0.214 = 0.678)

There are small differences in the results due to the rounding of decimals
and the accuracy used in other calculations. But it is obvious the results
are correct. Remember, no matter what method you use, if you work
correctly you will get the same result.

It is always a good idea to try and work out one problem using two
different methods and compare the results. If you calculate correctly
the results should coincide.
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EXAMPLE 5.4
(Superposition theorem applied in an A C circuit)

Calculate the currents flowing in each branch of the following circuit:

Solution

"v 60~V

Fig. 5.8

"v 90/30" V

Let's say that we have only the first source in the circuit. Then our circuit
is:

e60~V

"~ }8 [) ~ (8-}6) [)
<

Fig. 5.9

~12 [)

• Activity 5.3
. Try to explain what character your three impedances have.

'Ji.4I{i The voltage given by this supply has an angle of 0°, so it is on the
~ reference axis.

:/ _ 12(8 - }6) _ 96 - J72 _ 120(-36.87°
Zeq2-3 - 12 + 8 -}6 - 20 -}6 - 20.88/-16.70°

= 5.75L-20.17° = 5.4 - jl.98 Q

Zeql-2-3 = 5.4 - jl.98 + j8 = 5.4 + j6.02 = 8.09/48.UO Q
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II = 8.0~%~~ll' = 7.42/-48.UO A

42/ 8 11° 12~ - 4/- 8110 12W12 = 7. -4. x 12 + 8 _ i6 - 7. 2 4. x 20.88/-16.700

= 4.26/-31.41 0 A

and

I - 742/ 48 11° 8 - ;6 - 742/ 48 110 10/-36.87°
3 -. -. x 20.88/-16.700 -. -. x 20.88/-16.70

= 3.55/-68.28° A

We can now partially check:

h + h = 4.26/-31.41° + 3.55/-68.28° = 4.95 - i5.52

= 7.414/-48.116° "" II

Up to here it seems right.

Did you notice how we applied the rules for series and parallel
impedances (they are similar to the ones you know for resistance)

'f-=~..l and those for current dividers in AC (again, similar to a DC
current divider, only that we work with impedances instead of
resistors and the currents are now complex numbers)?

Now use only the second source:

16

"'~ (8-j6) 0
<

Fig. 5.10

_ i8(8 - i6) _ 48 + ;64 _ 80/53.13°
Zeq13 - i8 + 8 - i6 - 8 +]2 - 8.2504.04°

= 9.70/39.09° = 7.53 + j6.12 n

Zeq123 = 7.53 + j6.12 + 12 = 19.53 + j6.12 = 20.47/17.40° n
_ 90/30° _ °

14 - 20.47~o - 4.40/12.6 A

Is = 4.4/12.6° x 8 _ J2 + i8 = 4.4j12.6° x :~~;
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= 4.4(12.6° x 8.2~~ = 4.27(88.56° A

I. 4 4(12 6° 8 - ;6 44(126° 10(-36.8]0
6 =. . x 8.25(14.04° =. . x 8.25(14.04°

= 5.33(-38.31° A

Partial check:

Is + h = 4.27(88.56° + 5.33(-38.31° = 4.29 + jO.96

= 4.4(12.61 ° A "" 14

Up to here, everything seems to make sense. Let's calculate the real
currents flowing in the three branches:

II - 16 = 7.42(-48.UO - 5.33(-38.31° = 0.77 - j2.22
= 2.35(-70.87° A

(for the branch containing 2 1)

12 + Is = 4.26(-31.41° + 4.27(88.56°= 3.74 + j2.05

= 4.26/28.73° A

(for the branch containing 2 3)

and

13 - 14 = 3.55(-68.28° - 4.4(12.6° = -2.98 - j4.26 A

(for the branch containing 2 2)

If we change the direction of the last current (it flows in the direction of
14) we'll get:

14 - h = 2.98 + j4.26 = 5.2(55.03° A

Now we can check:

2.35/-70.87° + 5.2/55.03° = 3.75 + j2.04

= 4.268[28.55° A,

equal to the current flowing in 2 3,

Could we have checked using another method?

Page back to example 5.2 on page 132. Is this the same problem? Did you
get the same results? Yes, you're right! It is the same problem and you
got similar results (taking into account the small rounding errors).

This proves that no matter what method you use if you work correctly
you'll always get the right answer, and that there are different ways of
solving the same problem.
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5.2.3 Thevenin's theorem
Thevenin's theorem states:

'Any linear active network with output terminals A and B can be
replaced by a single voltage Vth in series with a single impedance Zth.'

This means that the current in the load is the same if the network (besides
load) is replaced with a source voltage with an equivalent series impedance.

,139

I---A

linear
active
circuit

I---B

Fig. 5.11

~---t---B

Where:

Vth = Thevenin equivalent voltage (the open circuit voltage at the
terminals from which the load has been removed)

Zth = Thevenin equivalent impedance (impedance between A and B after
all sources are removed and each has been replaced by its internal
resistance)

You may be asking, 'What's the use of this theorem?' Let's assume we
have a testing stand of different given elements and the only element we
change according to the test procedure is the load that we are testing.
It's only logical that, in this case, we wish to determine current, voltage or
power in only one element of the circuit - the load - without obtaining
other currents and voltages in the rest of the network. In this specific
case, Thevenin's theorem becomes a powerful tool.

You'll also find the theorem useful for converting circuits containing
transistors into equivalent circuits for analysis and design. For example,
when you study amplifiers, you'll realise that the output resistance is very
important (R th).

Here are the steps for 'thevenising' a circuit:

• Calculate the open circuit voltage at the network terminals, A and B.
• Redraw the circuit with each voltage source replaced by its internal

resistance or by a short circuit, and each current source replaced by
an open circuit in parallel with its internal resistance.
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• Calculate the equivalent impedance 2 th of this network as seen from
the output terminals.

EXAMPLE 5.5
Determine the Thevenin equivalent circuit between terminals A and B:

30 A 20
L-\-2V--VV\j\,----;:-;---0/\I'v-----,

2.50
0.5 0

'B

Fig. 5.12

Solution

First redraw the circuit, grouping all the known elements.

I A

I:v 30
20 e-,

llRL

0.5 0
Y

2.5 0 ,
,
B

Fig. 5.13

It follows that:
V \2 \2

1= R,q = 3 + 2 + 2.5 + 0.5 = 8 = 1.5 A

And then

Vth = VAB = 1.5(2 + 2.5) = 1.5 x 4.5 = 6.75 V

To determine Rth (the equivalent resistance in our case) the circuit is:

V = 0 (short-circuited)

R - (0.5 + 3)(2 + 2.5) _ 3.5 x 4.5 _ I 97 r"\
th- 8 - 8 - .••
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A

~O.5 [1

L-_" L- B

Fig. 5.14

So, the Thevenin equivalent for the simple circuit is:

B
- - ~

,------------------, A',': l'---v"N'v~----~------".RTh=1.97 [1

: [ ~ "W

L _ _ _ _ _ _ _ _ _ _ _ _

Fig. 5.15

EXAMPLE 5.6
Now work out the Thevenin equivalent for this circuit:

I}
Xc~7 [1

A

R=7[1

v 98VIV

X[=7 [1

B

Fig. 5.16

Solution

Remember always to consider the phase when you calculate reactive
impedances. For capacitive reactance it is -jXc and for inductive
reactance it is +jXL. If you don't remember, refer back to Unit 2.
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First choose a reference. In this example, assume V = 98&:, V is the
reference.

The current I flowing in the circuit is:

1= VW = 98LQ" = 98Jl = l4L<r A
Z,q -]7 + 7 + ]7 7 0'

Did you notice that you obtained the current in phase with the
voltage, since the equivalent impedance of the circuit is Z = 7 Q?

r.---' Keeping in mind that this is a RLC circuit, what do you have
here? Does this have anything to do with resonance?

Now:

Vth will be the voltage across the R + jXL impedance

R + jXL = 7 + j7 = 9.9/45' Q

So:

Vth = I x Z = l4L<r x 9.9/45' = 138.6/45' = 98 + j98 V

But we still have to calculate Zth.

If we redraw the circuit with the voltage supply short-circuited, it looks
like this:

R=70

Fig. 5.17

And

Z = -]7(7 + ]7) = -]7(7 + ]7) - _ '7 + 7 = 99/-45° Q
th 7-]7+]7 7 - J .
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So, the Thevenin equivalent circuit is:
r - - - - - - - - - - - - - - - - - 1

I

I

I

I

I

I

I

I

I

I
L _ _ J

Fig. 5.18

Let's take this problem a step further ...

EXAMPLE 5.7

,--_~I------vvv\r----------,A

"~10
~

"~ 10
~

'------------------<B

Using the information from the previous example, determine the current
flowing through two resistors of 1Q connected in series across the terminals
A and B:

Fig. 5.19

Solution

1 - v" _ 138.6~
-Z,,+I+I-7 ]7+1+1

= 12.16(82.87" A

138.6(450
_ 138.6(4SO

9]7 - 11.4(-37.8r

Can you calculate the power dissipated by one of the resistors? And by
both resistors? Yes!

p = PR = 12.162 x I = 147.87 W

2P = 295.74 W

What is the voltage drop across one of the resistors? And across both?

V = 12.16(82.870 x IL!t' = 12.16(82.87° V

V = 12.16(82.87° x 2L!t' = 24.32(82.87° V



144 Basic Circuit Analysis

Check if you worked correctly using another method.

-)70 70 10

"v 98LQ"V

pO 10

Fig. 5.20

Z = (7 +;7) x 2 = 9.9/45' x 2 = 19.8/45' = 1 74/7 13' Q
eqll 7 + 2 + ;7 9 + ;7 11.4/37.87' . .

Zeq = -;7 + 1.73 + jO.22 = 1.73 - j6.78 = 7/-75.68' Q

_ . 98LO' _ / '
1- 7L-75.68' - 14 75.68 A

The current flowing through the resistors is:

I - 14/7568° 7 + 17 - 14/7568' 9.9/45'
res-. X 9 +;7-. x 11.4/37.87'

= 12.16/82.81' A

This shows we worked correctly.

5.2.4 Norton's theorem
Norton's theorem states that:

'Any linear active network with output terminals A and B can be
replaced by a single current source IN in parallel with a single
impedance ZN.'

In other words:
'The current in the load is the same if the network (besides load) was
replaced with a constant current source (IN) in parallel with an
impedance ZN.'

linear
active
network

,--------,--+-- A

"---------'--f--B

Fig. 5.21
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Where:

ZN = Norton equivalent impedance, seen 'looking back' into the circuit
after the load has been disconnected and all the sources have been
replaced by their internal resistances.

IN = Norton equivalent current, that would flow in a short-circuit at
the terminals AB in the original circuit.

This theorem is sometimes called the short-circuit theorem (since we
calculate short-circuit current between A and B).

It can be proven that Thevenin resistance and Norton resistance are
identical, and that:

Here are the steps for 'nortonising' a circuit:

• Calculate the short-circuit current IN at the network terminals.
• Redraw the circuit with all the sources replaced as explained in the

theorem.
• Calculate the impedance ZN of this network as seen from the output

terminals.

EXAMPLE 5.8
Determine the Norton equivalent circuit between terminals A and B:

3{] A 2{]

12V

2.5 {]

0.5 {]

B

Fig. 5.22
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Solution

The circuit can be redrawn:

30

+12V

<

>0.50
<

>
5;20

>
5;2.50

A

I.--shorl
circuit

L---------L--------<lB

Fig. 5.23

and the short-circuit current calculated:

12
IN = 3 + 0.5 = 3.43 A

To determine RN , we must set the voltage source to zero:
. A A A

30

~ 0.5 0

Fig. 5.24

R = (3 + 0.5)(2 + 2.5) = 3.5 x 4.5 = 1 97 Q
N 3 + 0.5 + 2 + 2.5 8 .

Then the Norton equivalent circuit is:

,-----,---A

'------~--B

Fig. 5.25
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If you look back at Example 5 you'll see that RN = Rth, as stated when
we introduced the theorem. But this time, RN is in parallel with the
current source, not in series.

Let's calculate IN RN = 3.43 x 1.97 = 6.75 V

If you look at the Thevenin voltage in Example 5 you'll see that this is
the value for Vth! What does this tell you? You can use the following
alternative formulas to find the Norton equivalent of a circuit if you have
already worked out the Thevenin equivalent:

RN = Rth

I-..!::m
N- R

th

Now draw the circuit, paying attention to how you connect the elements!

If you have a circuit that contains no (independent) sources the Thevenin
and Norton equivalents are identical and comprise only output resistance
(RN = Rth)

The output resistance of a circuit can be worked out by finding Vth and
IN, the open-circuit voltage and short-circuit current respectively.

R -R -R -..!::m-~th - N - output - IN - I
sc

This is a very important observation. Keep it in mind, because you'll
come across it again.

EXAMPLE 5.9
Determine the Norton equivalent circuit for the following circuit, between
terminals A and B.

-j70
A

70
rv

V=98&,V
j70

B

Fig. 5.26
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Solution c----e::::J----,---""A
-j70

V= 98LQ"V

70

I j70

V short
circuit

~----------'----oB

Fig. 5.27

_ V _ 98LQ.'
IN - -;7 - 7~ = 14/90° A

Now redraw the circuit:

-j70
,----e::::J-------,----A

70

po

~----------'----B

Fig. 5.28

z = -;7(7 +]7) = 7 - ;7 = 9.9(-45° Q
N 7-;7+;7

The Norton equivalent circuit is:

Fig. 5.29

• Activity 5.4
Compare the results from Example 9 with those worked out for the
Thevenin equivalent in Example 6.

Describe the equivalence of the two circuits.
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Now let's determine again the current flowing in and the voltage drop
across two resistors of I Q connected in series between the terminals of
this circuit:

A A
-j70

70 10

"v I IN~ 14L90°A ZN=7 -j70 I

98&'V +j70
10

B B
Fig. 5.30

(7 - ]7)2 ° 9.9/-45'
VAB = IN X 9 ]7 = 14L2Q x 2 11.4/ 37.87' = 24.3(82.87°V

If you look at Example 7 you'll see that the same voltage drop occurs
across the resistors. This shows that we worked correctly through both
methods.

And

lAB = i1f = 24.3/~2.87° = 12.15(82.87°A

- again, a value that we expected.

®=@ Summary
There are (almost) always alternative methods for studying the circuits, be
it AC or DC, simple or complex. In this unit we studied four methods of
analysis.

The most common way of solving network problems is using Kirchhoff's
laws:

Kirchhoff's current law: The algebraic sum of the currents in any node of
a circuit is zero.

Kirchhoff's voltage law: The algebraic sum of the voltages around any
loop (mesh) in a circuit is zero.

2:i= 0
node

2:v= 0
loop

;149
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The superposition theorem states:

In a linear network containing more than one source of energy, the
current in each branch can be calculated as the algebraic sum of the
currents that would be produced by each source acting alone in the
circuit.

We often use this to analyse circuits with two or more active elements.
The results can be checked using another method.

Thevenin's theorem is:

Any linear active network with output terminals A and B can be replaced
by a single voltage V'h in series with a single impedance Z'h.

ZTh

A

(ev

~ B

Fig. 5.31

Nortons theorem states:

Any linear active network with output terminals A and B can be replaced
by a current source IN in parallel with a single impedance ZN.

,-----~___,~+- A

'----'--f-B

Fig. 5.32

The relation between Thevenin and Norton equivalent circuits is:

=ZN

=INZN

-~
- Zth
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Both methods can save you lots of time and energy, if they are used
appropriately and correctly.

Remember that all these theories can be used to analyse DC and AC
networks, and that it is always better to attempt to solve the problems
using at least two methods and comparing the results.

• Self-evaluation
I. a. Look at the circuit in fig. 5.33 and use Kirchhoffs laws to find

the currents in each branch.

Fig. 5.33

b. Now attempt to solve the problem using the superposition
theorem and check if you get the same result.

2. a. Study the following circuit.

Fig. 5.34

b. Calculate the current flowing through 2 2 using the superposition
theorem.
Check the result by applying Kirchhoffs laws.
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3. Work out Thevenin's equivalent circuit for fig. 5.35, between the
terminals A and B:

50 (2+j3) 0
,------[=]------.---[=f----,------- A

rv
E=55.8/-17.4°V

j 5 0 60

'---------l-------'------B

Fig. 5.35

4. For the circuit in Question 3, determine Norton's equivalent circuit
between terminals A and B, without using the previous result. Then
check the results.

Answers

Activity 5.1 (page 125)

Starting at a node in a circuit we form a loop traversing through elements
and returning to the starting node, never encountering any other node
more than once.

Activity 5.2 (page 132)

R = 0.833 Q

Activity 5.3 (page 136)

(j8) Q ---> is a pure inductive reactance.
(8 - j6) Q ---> is a series combination of resistance and capacitance.
12 Q ---> is a resistance.

We have all the possible elements in the circuit (R, L, C)

Activity 5.4 (page 148)

ZN = Z'h, since we mentioned the same circuit and
IN ZN = 14(90° x 9.9(-45° = 138.6(45° = V'h V from Example 6

So, the equivalence between Norton and Thevenin circuits holds for AC
circuits. It can be expressed as:

Z'h = ZN
V'h = INZN

or
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I - Em
N - Z'h

* Fundamentals of Electrical Engineering, 2nd edition, by LS Bobrow, published by Oxford
University Press in 1996.

~ Self-evaluation (page 151)

1. a. I) = 16.25/-83.47° A
12 = 16.14LII3.2° A
h = 4.69/-163.85° A

(With the directions of flow marked in the figure)

b. The results should be the same (if you assume the same
directions for the currents).

2. a. lz, = 8.46/23.T A, (with direction from £2 to Z2).

b. Same

3. Vth = 19.86~V

Zth = 3.6/23.06° Q

4. IN = 5.52/-23.06° A
ZN = 3.6/23.06° Q
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Networks Theory (Part II)

i-OUTCOMES ! --l

After studying this unit, you should be able to:

• analyse different circuits using the Loop-Current Theory

• solve problems applying the Node-Voltages Analysis

• perform star-delta and delta-star transformations to simplify
circuits when necessary

• apply the Maximum Power Transfer Theorem to networks

• generally solve any DC or AC circuit problem using an
appropriate method and be able to check your solution by
applying at least one other theory.

With the knowledge you accumulate from units 5 and 6, you should be
able to solve almost any DC or AC circuit problem.

155
PREVlOUS PAGE BLANK
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<§. Y Introduction
In this unit we will introduce you to further techniques in analysing
network using Kirchoffs laws.

'V v y

E
L----Ilr----~

I

Fig. 6.1

Can you work out the current flowing in each of the five resistors? You
should be able to do this using the knowledge you gained in Unit 5. But
is there another method that can simplify the calculations?

Do you remember star-delta and delta-star transformations from
Electrical Engineering I? Let's try to solve the problem with a delta-star
transformation:

R1 R4

RA

R3

Rs

Rc

R2
E

Rs

Fig. 6.2

We replaced the 'delta' configuration of R3, R4, Rs with an equivalent
'star' configuration of RA , RB and Re.

So, we now have R 1 in series with RA , Rz in series with Re; the two
branches in parallel, etc.

In this unit, we are going to look at alternative methods of circuit analysis
that will help us to work much faster and easier.
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Other methods used in circuit analysis
Loop-current analysis

157

If circuits contain multiple sources that are not connected in series
(voltage) or in patallel (current), we need to use special techniques in
our analysis.

One of these techniques is 'loop' or 'mesh' analysis, which is a variation
of Kirchhoffs laws (KVL and KCL).

This technique requires that we write KVL around two or more loops and
then solve the system of equations for the desired unknowns.

In this case, the unknowns are the loop currents. Once we know what
these are, we can work out the current flowing in any component and the
voltage across it.

For loop analysis, all the sources in the circuit are voltage sources. So, if
we have current sources we must transform them to equivalent voltage
sources before we go any further.

Then we need to select the closed loops in the circuit for which we will
write KVL.

After that, we can choose a reference direction that we think is positive
for that loop, be it clockwise or anti-clockwise.

For each loop we need to designate a current that flows around it: h, h
... etc. These will be our unknowns in equations.

Some books use J), J2 •.• etc. for these currents, to differentiate
them from normal currents flowing in the branches of the circuit,

,1-_..... which they mark I), 12 ... etc.

We will need to write an equation for each loop to reach a solution.

Then, superimposing the currents we can calculate the currents flowing in
each element (branch) of the circuit and the corresponding voltage drops
if required (or powers), depending on the problem.
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EXAMPLE 6.1
Study the following circuit:

R2= 120

Fig. 6.3

Use loop-current analysis to find the current flowing in R 3•

Solution

First choose the directions of loop currents that will be analysed:

In this example, we'll make the clockwise direction positive. So, we'll use
the following loops:

(1) E) -> R) -> R3 -> E1 and

(2) R3 -> R2 -> E2 -> R3

Now put the directions in the figure:

L-__--' -" E2

R}
R3

CD CD
E} I} 12

Fig. 6.4

Currents through the resistors RJ, R2, R3:

Through R) flows I)
Through R2 flows 12
Through R3 flows I) - 12
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The next step is to write the two equations for the two loops:

Loop (1)

£1 = R I II + R3 II - R3 12 (because in R3 flows II - h)

Loop (2)

-£2 = R2 I 2 + R3 12 - R3 II

If we refer to the known data, we get:

24 = 8 II + 40 II - 40 h (1)

-16 = 12 12 + 40 h - 40 II (2) (multiply the equation by -1)

=}

24 = 48 II - 40 h (multiply the equation by 5)

16 = 40 II - 52 12 (multiply the equation by 6)

120 = 240 II - 200 h
96 = 240 II - 31212

Subtract equation (2) from equation (1):
24

24 = 0 + 11212 =} 12 = 112 = 0.214 A

Replacing 12 in the first equation =}

120 = 240 II - 200 x 0.214 = 240 II - 42.8

=} 162.8 = 240 II =}

162.8
II = 240 = 0.678 A

In: R I flows II = 0.678 A
R2 flows h = 0.214 A
R3 flows II - 12 = 0.678 - 0.214 = 0.464 A

The direction is shown in fig. 6.5:

0.678 A 0.214 A

0.464 A

Fig. 6.5
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If you page back to Example 3 in Unit 5, you'll see that we've just solved
the same problem using loop (mesh) analysis instead of superposition. As
expected, we get exactly the same results for the currents flowing in the
resistors (only now we are working more accurately).

EXAMPLE 6.2
Calculate the current flowing through 2 3 in the following circuit using the
loop-current analysis:

A

B

Fig. 6.6

Solution

Again, we had to choose two loops and the positive directions for
the loops. This time, we tried loops (1) E I -4 2 3 -4 2 1 -4 E I and
(2) EI -4 E2 -4 2 2 -4 2, -4 E,. The positive direction is clockwise
for both II and h

Now write the two equations:

E I = 2 3 II + 2 1 (II + 12)

E I - E2 = 2 2 12 + 2 1 (II + 12)

=} E I = (Z, + 2 3) II + 2 1 12 (multiply the equation by -1)

E I - E2 = (22 + 2 1) 12 + 2 1 II

=} . -EI = -(21 + 2 3) II - 2 1 lz
- E2 + E, = 2 1 II + (21 + 2 2) 12

Add the two equations and you get:

E 2 I + 2 I I 2/, - E,
- 2 = - 3 I 2 2 =} 2 = 2,
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Now substitute this value in the first equation:

E I = (21 + 2¥1 + 2 1 23I'z~E2 =}

2 ( 22E I + Y, E2 = 2 j + 2 3 + ~)II =}

E1 +~E2I 22

1=2 +2 +~
3 1 22

In the example, this is the only current flowing through 2 3, so this is the
value the problem asks for.

Did you notice that we no longer have to calculate 12 ?

Substituting the known values we have:

_ 60LQ:'+;;;;x90L1Q" _ 60LO'+60~
II - 8-j6+j8+18 j6v' - 8+j2+/!+!1

12 3 3

= 60LO' + 60LllQ: = 60@ = 427/2858°
12 + P 14.06(31.42' . .

3

= 3.75 + ;2.04 A

So, the current flowing in 2 3 is 4.27/28.58° and has the direction of II
(from node A to node B).

Let's check if we have worked correctly. Page back to Example 4 in
Unit 5 and you'll find that we analysed exactly the same circuit using
the superposition theorem and that the current flowing through 2 3

was 4.26/28.73° A.

Ignoring the small errors you can see that we obtained the same current,
so we don't need to continue with the calculation.

We have solved literally up to the end (to the final result) and have
worked correctly.

6.2.2 Node-voltage analysis
Node-voltage analysis or nodal analysis is another method of analysing
multisource circuits.
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This method requires that we solve a system of equations, so we could use
matrices and determinants. The equations are obtained when KCL is
applied for different nodes of the circuit.

First we must choose a 'reference' node, to which all the other nodes'
voltages can be compared, measured or calculated. This node is better
known as the 'ground' or 'common' node for the network.

The next step is to convert all voltage sources to their equivalent current
sources.

Now number all the nodes (except the ground node) 1,2, ... and,
assuming the reference node has a O(V) potential, designate all the
corresponding voltages Vb V2, •••

Our task is to find the values of Vb V2 , ... and, since we have 'n'
equations with 'n' unknowns, the equations system should give us an
unique solution.

To apply KCL we must assume the directions of our currents - in other
words, which currents enter the node and which leave the node.

Here are the steps involved in using this method:

1 Assume a direction for the current flowing in each branch of the
circuit (from the higher to the lower voltage).

2 Write on each arrow the value of the currents, expressed as a
function of the node voltages
In fig. 6.7 we assumed VI > V2, so the current flows from node 1
to node 2

lj -V2
1=10

Vi 0 V2

1° VV\I' °2100

Fig. 6.7

3 Write KCL for each node and solve the resulting system, working
out Vb V2, . .. Vn •

I
EXAMPLE 6.3
Use node-voltages analysis to work out the current flowing in the following
circuit and the value of VI.
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Ej=24 V

Fig. 6.8

Solution

First convert the two voltage sources to current sources:

24
11 =""8 = 3 A

and
16

12 = 12 = 1.333 A

The circuit is now:

t 3A 40[J

Fig. 6.9

12[J t 1.33 A

Now we need to choose a reference. Since the problem asks us to
determine the node voltage VI for the upper node of the circuit, it's
obvious that we should choose the ground (reference) as the lower node.
This is marked on the circuit in fig. 6.9.

Assuming that Vi > 0, the currents in the three resistances will have the
direction 1.
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Mark these on the circuit:

3A t 40 [] 112 []
13 1;

Fig. 6.10

t 1.33 A

According to Ohm's law, the current in each resistor will be:

I _V, A' I - V, A' I -.KJ. A1-8 ,2-12 ,3-40

Now write KCL for node I

3A 1

13

Fig. 6.11

1.33 A

Did you notice that the hypothetical currents from the two sources enter
the nodes, whereas all the others go out of the node?

3 + I 333 - V, + V, + V,. - 8 40 12
=} 4.333 = V1(k + 10 + /2) = 0.233 VI

4.333
=} VI = 0.233 = 18.597 V

And the currents will be:

II = 18t? = 2.325 A

12 = 18i~? = 1.550 A

13 = 18;/t = 0.465 A



Unit 6 - Networks Theory (Part II) 165

Adding algebraically the currents for the 8 n resistor:

[real 1 = 3 - 2.325 = 0.675 A

Remember that ["al is the true current flowing in R j •

Do the same for the 12 n resistor:

[real 2 = 1.333 - 1.550 = -0.217 A

This means that this current is flowing from node 1 to £2 , and not vice
versa as we assumed.

Compare these results with those obtained in example 1 of this unit and
you'll see that they are the same. We analysed the same circuit! This
shows that we worked correctly.

EXAMPLE 6.4
Calculate the current flowing through 2 3 in the following circuit using nodal
analysis:

Z2 = 120

Fig. 6.12

Solution

First transform the two voltage sources to equivalent current sources:

[ -!l.J. - 60/0° _ 60!ft - 7 5/-90° A
j - 2, - j8 - 8(90° - .

[ -!l.J. _ 90/30° - 90(30° - 7 5/30° A
2 - 2, - 12 - 12L!r - .
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Then the circuit becomes:

CDV

j80 Zr(8-j6) 0 120

G _
Fig. 6.13

Choose a reference node (ground) and assume that node 1 is at a higher
potential than ground (V > 0). Then the three currents will have the
direction from node 1 towards the ground (from up to down).

CD V

Fig. 6.14

The current in each impedance will be:

V V
13 = ZI = 8/90° A

V V V
14 = Z, = 8-j6 = 10/-36.87° A

V V
Is = Z2 = 12~ A



Unit 6 - Networks Theory (Part II) 167

Now we can write KCL for node 1:

1

Fig. 6.15

7.5(-90° + 7.5130° = V(8/~0° + 10/-16.87" + 12k) =}

6.5 -j3.75 = V(0.125(-90° + 0.1(36.87° + 0.083LQ'J =}

7.5L-30° = V(0.163 - jO.065) = V x 0.175(-21.74° =}

V - 7.5L=JQ° - 42857L 826° V- 0.175L-21.74" - . -.

And the current in 2 3 will be:

I = L = 42.857/-8.26° = 4 2857·(28 61 ° A
4 2 3 10/-36.870 . -'

= 3.76 + j2.05 A

If we compare this result with the one obtained using a different method ­
loop-current analysis in example 2 of this unit - we can see that we worked
correctly. Both nodal analysis and loop current analysis are useful when
studying multisource circuits.

6.2.3 Delta-star and star-delta transformations
Let's analyse the following circuit:

I a

E

d
Fig. 6.16
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In fig. 6.16, b, c and d form a triangle called 'delta'. This delta can be
converted to star (or wye) configuration with the resistances connected
to a common point with the ends b, c and d as shown in fig. 6.17 below.

There is a way to transform the configuration between the points b, c
and d in the circuit (where R3, R4 and Rs are connected in a triangle ­
the so-called 'delta' connection) into a new configuration containing three
resistances joined in a common point and with the other ends connected
to b, c and d (where these new resistances are connected in a 'star' or
'wye' configuration).

I a

E
(RsJ

b - - - - J\tv\Ic - - - - c
, R 6 R 7, ;, ;, ;, ;

(R3)\
R

8
/ (R4)

, ;, ;, ;

d

Fig. 6.17

where R6, R7, Rs are the new resistors connected in a common point S
(the star point) and between the star point and our initial nodes b, c, d.

You may be asking: 'Why do we do this?'

Look again at the circuit. Can you find the current I without using
simultaneous equations?

R j is in series with R6; R2 is in series with R7 . These two branches are in
parallel and everything is then in series with Rs.
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The circuit can be re-drawn:

'vVv 'vvv

R
A A fA

R 2 R 7
'vvv 'vvv

I IE
I

Fig. 6.18

The equivalent resistance of the circuit is:

R _(R,+R6 )(R,+R')+R
eq - R, +R, + R, +R, 8

Then we can calculate the current flowing in the circuit as:

I=L
R,q

without writing the system of equations that would be necessary if we
tried to solve the problem using, for example, Kirchhoffs laws.

So what are the transformation formulas we can use to calculate the three
replacement resistors R 6, R7 and R 8?

Based on the fact that the resistance between two terminals must be the
same before and after the change, we can deduct the formulas for the
replacement resistors,

Consider these equivalent circuits:

A

c 0----'\f\(\/L-----o B
R BC

Fig. 6.19

c

A

(S)
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The relations between the to and Y resistors can be written as:

R - RABR AG

A - RAB + RAC + R BC

R - RAHRoc
B - RAB+RAC+RBC

R - RACRoc
C - RAB + RAe + RBC

These are the equations for delta-star transformation.

This is how we calculate the equivalence if we know the delta-connected
resistors and want to transform the delta to a star.

Take note of the symmetry of these equations - it helps when you have
to remember them in a hurry. More than that, the denominators are all
the same. So, for each numerator we have the product of the 'adjacent'
resistors (i.e. RAB and RAC for RA) divided by the sum of the three.

Let's now assume that this time we know the star-connected resistors and
we want to find the equivalent delta-connection.

With this set of equations, it can be mathematically deduced that:

R - RARB+ RBRc + RcRA
AB - Rc

R - RARB+ RBRc + RcRA
BC - R

A

R - RARB+ RB& + &RA
AC - R

B

These are the equations for star-delta transformation.

In some books, these equations are written:
RR

R AB = RA + RB + T
RR

R BC = RB + R c + r
RR

RAC = RA + Rc +~

They are exactly the same as the first set of equations we looked at
earlier. Again the formulas are symmetrical, only this time the numerators
are the same.

You may prefer to use the first set of equations, because once you have
calculated RARB + RBRc + RcRA, you can use it in all three.
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The star-delta and delta-star sets of transformation can be generalised for
AC circuits. Then the formulas for the impedances become:

For delta-star transformation:
Z - ZABZAC

A - ZAB+ZAC+ZBC

ZB = ZABZqc
ZAB + ZAC + ZBC

Zc = ZACZRC
ZAB + ZAC +ZBC

where ZAB, ZBC and ZCA are the impedances connected in delta and ZA,

ZB and Zc are the equivalent star impedances.

And for star-delta transformation:

Z - Z,ZB+ZBZC+ZCZA
AB - Zc

Z - ZAZB + ZHZC + ZCZA
BC - ZA

Z - ZAZB + ZBZC + ZCZA
AC - ZB

A specific case of stars and deltas is when all the three impedances are
equal. These are called 'balanced' stars (or deltas) and the relations
between the elements become:

Zstar = Zdelta / 3 or, respectively

Zdelta = 3 x Zstar

These transformations are very useful when studying special
configurations of circuits, bridges etc. Later you'll see how important they
are in three-phase circuits and electrical machines.

f::m:t\i1IVV Activity 6.1
Three impedances each of 10/60° Q are connected in star. What
will their values be if they are transformed into an equivalent delta
configuration?

Hhh'l-lllIV Activity 6.2
1W;,-,II~1 Three impedances each of 5/30° Q are connected in delta. What

will their value be if they are transformed into an equivalent star
configuration?
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EXAMPLE 6.5
A network of six resistances is connected like this:

A

c 60

Fig. 6.20

B

Calculate the equivalent resistance of the circuit between points A and B.

Solution

Transform the star-connection to a delta connection:

For the new connection:

R _2x3+3x4+4x2_26_65n
AS - 4 - 4 - . "

26
Rsc = 2= 13 n

26
RCA = 3" = 8.67 n

Now we have two deltas in parallel. So the equivalent resistances will be:

ReqAS = ~:~ ~~ = 2.83 n

ReqSC = g~~ = 4.11 n

R 8.67 x 7 3 87 n
eqAC = 8.67+7 =. "

And the total resistance between A and B is :

Rtotal = (ReqSC + ReqCA)// ReqAS

= (4.11 + 3.87) x 2.83 = 7.98 x 2.83"" 2 I n
4.11 + 3.87 + 2.83 10.81 _ .

•
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EXAMPLE 6.6
Let's assume we have a star-connected load that consists of the following
three impedances:

ZA = 20LQ:'. n
ZB = 20/-30° n
Zc = 20/30° n

Work out the equivalent delta-connected impedance.

Solution:

n though the modulus of the three impedances are
a balanced star. As you can see, the phase angles

resistive load ZA, a resistive-capacitive combina­
tion ZB, and a resistive-inductive combination Ze).

II~
Don't think, eve
equal, that this is

LY;V'" differ (there is a
/

So, we'll have to calculate the three delta impedances (ZAB, ZBC' ZCA)
individually as they are unequal:

A

C Cf'----"'vV'v"----C() B
Zsc

Fig. 6.21

Then:

I; = 20LQ:'. x 20/-30° + 20/-30° x 20/30° + 20/30° x 20LQ:'.
= 400/-30° + 400LQ:'. + 400/30°
= I 092.82 + jO
= I 092.82LQ:'. n2
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Then:

Z -l'- = 1092.82LQ:' = 5464(-30° n
AB - Zc 20/30° .

Z - l'- = 1092.82W = 5464 /0°0 n
BC - ZA 20LQ:' . c:!.-

Z - l'- - 1092.82LO° = 54 64(30° n
CA - ZB - 20L-30° .

Notes
I The three values are unequal. They have the same modulus, but

different angles.
2 Now you can see why using this set of formulas, especially when we

work with impedances (i.e. complex numbers) saves time. The only
risk is that, if you make a mistake when you calculate 2;, all the
values will be wrong.

EXAMPLE 6.7
Assume we have a delta-connected load that consists of the following three
impedances:

ZAB = 27.3~ n
ZBC = 27.3(-30° n
ZAC = 27.3(-30° n

Work out the equivalent star-connected impedances.

A
Solution

CCY----PyiVV"---'D B
Zoe

Fig. 6.22

ZAB + ZBC + ZAC

= 27.3~ + 27.3(-30° + 27.3(30°
= 74.58 + jO
= 74.58~ n
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2 - ZA'Z,C _ 27.3Lo° x 27.3L-30° _ 10(-300 to
B - ~ - 74.58~ - "

Z - ZCAZ.C _ 27.3L30° x 27.3( _30° _ 101000 to
C - ~ - 74.58~ - 1'!- "

Did you expect this result? If you look at the previous example you'll see
that the delta values were all double in modulus, but had the same angles.
We expected the star impedances to be half those in the other example
(although they are in a different sequence).

6.2.4 Maximum power transfer theorem
The theorem states that 'maximum output power is obtained from a
network when the load impedance is the complex conjugate of the
impedance of the network as seen from the terminals of the load'.

In DC (since we deal only with resistors Z = R = Z*) the theorem can
be expressed:

'Maximum output power is obtained from a network when the load
resistance is equal to the output resistance of the network as seen
from the load terminals.'

In AC we may have different situations depending of the types of loads
available:

• if there is a variable (pure) resistive load (no reactance!), maximum
power transfer takes place when:

R - 12 I - IR2 + x"load - network - V network network

• if there is a variable resistance and a fixed reactance, maximum power
transfer takes place when:

R10ad = VR:eMQrk + (XnelWQrk + X/oad ) 2

• if only the reactance of the load varies, maximum power transfer takes
place when:

X/oad = - Xnetwork
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• when there is both variable resistance and reactance of load, maximum
power transfer takes place when:

Z/oad = Z*network

Remember, * is the symbol for complex conjugate.

EXAMPLE 6.8
Let's consider the following situation:

Fig. 6.23

r------,

'12v :
60

L .J

~R

B

The square block contains the Thevenin equivalent of a network. Between
terminals A and B we can connect a resistive load R.

a. What will the value of R be when there is maximum power transfer
between network and load?

b. Calculate the power for different loads:

R] = 2 fl
R2 = 4 fl
R3 = 6 fl
R4 =8fl
Rs = 10 fl

and discuss the results.

Solutions

a.

b.

R = 6 fl, equal to the resistance of the network, as seen from the
output terminals A and B.

12
-+ R] = 2 fl =? Req ] = 8 fl =? IT! = 8" = 1.5 A

and the power in the resistor p] = 2 X 1.52 = 4.5 W
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12
---> R2 = 4 n =} Req2 = 10 n =} In = TO = 1.2 A

and the power in the resistor P2 = 4 X 1.22 = 5.76 W

~ 12
---> R3 = 6 " =} Req3 = 12 n =} In = 12 = I A

and the power in the resistor P3 = 6 X 12 = 6 W

12
---> R4 = 8 n =} Req4 = 14 n =} IT4 = 14 = 0.86 A

and the power in the resistor P4 = 8 X 0.862 = 5.92 W

12
---> Rs = 10 n =} ReqS = 16 n =} Irs = 16 = 0.75 A

and the power in the resistor Ps = 10 X 0.752 = 5.625 W

If we look at the power values we can see that the maximum power
transfer is obtained for R = Rnetwork = 6 n.

This is generally proven by calculating
dP"d
dR/oad

and working out the value of R/oad from the equation:
dP,,,d = 0
dRfoad

Mathematical proof:
In this example, make Eg and Rg the equivalent Thevenin voltage and
resistance for the active (generating) network, and RL the load.

Then:

h = RL x If = RL X ( E{ )'
RL+Rg

dPL _ E{(Rg +RL)2 - 2RLE{(Rg + RL) = 0
dRL - (RL+ R

g
)' -

E/(Rg + R L )2 - 2RL E/(Rg + RL ) == 0

for maximum power transfer.

=}

Rg + RL = 2RL =} Rg = RL
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EXAMPLE 6.9
Having a Thevenin equivalent circuit of a network:

A

ZTh= (2.5+j6.25) 0

Fig. 6.24

how would you realise a load that, connected to the circuit, should absorb
maximum power?

Solution

From the maximum power transfer theorem, we know that we must look
for an impedance

Zload = Z*network =}

Z/oad = 2.5 - j6.25 n
We can realise this load by connecting in series a resistor of 2.5 n with a
capacitor.

1 1 1 1
Xc = wc = 2n:fc =? C = 2n:fXc = 2n: x 50 x 6.25 = 0.000509 F

I So, what we are looking for is a capacitor C "" 500 /IF

So, the load would be:

Fig. 6.25

R=2.50
o--'WV'-------i f---o

C= 500,UF

Remember this is only one possible solution for this problem, but it is the
simplest one!
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• Activity 6.3
Show how you can use different combmations of R, Land C to
obtain the same load as in example 9.

Can you work out another combination for this load? Focus on the
elements you would use and how you would connect them, not necessarily
in calculated values!

@~@ Summary
• In this unit we studied two methods that can be used to analyse

multisource circuits: loop (current) analysis and nodal (voltage)
analysis.

• These are special applications of Kirchhoff's laws and, for both, you
must solve a system of 'n' equations with 'n' unknowns.

• In loop analysis the unknowns are the loop currents. In nodal analysis
the unknowns are the nodes voltages.

• In loop (mesh) analysis the circuits have only voltage sources. In nodal
analysis the circuit must have only current sources.

• To determine the equations for loop analysis, you must write KVL for
the loops you choose. To determine the equations for nodal analysis,
you must write KCL for the nodes.

• Both methods need an assumed reference. For loop analysis choose a
reference direction. For nodal analysis choose a reference node (point
of zero potential).

• To transform a star to a delta use:

Z - Z,ZB+Z.ZC+ZCZA
AB - Zc etc.

And for a balanced star:

Z~ = 3Zy

To transform a delta to a star use:

And for a balanced delta:

Z - z,y-T
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Remember that in the first case the numerator is common
(~ = ZAZB + ZBZC + ZCZA) and in the second case the denominator
is common (~ = ZAB + ZBC + ZCA). This observation can save time
when you are solving problems.

• Transformations are normally used when studying bridges, three-phase
circuits, etc.

• The maximum power transfer theorem states that maximum power
transfer takes place when:

R/oad = Rnetwork (The"n!n) for DC circuits

and

Z/oad = Z*network (Theven!n) for AC circuits

• When maximum power transfer is desired, 'match' the load and the
source. If this is not required, avoid these values.

11III Self-evaluation
I Find the total impedance of the following circuit and the total

current flowing through it, iT, where:

ZI =j4 n
Z2 = -j4 n
Z3 = 8 n
Z4 =jll n
Z5 = -j2 n iT

,-----'~---o

Fig. 6.26

2 Convert the following star system into an equivalent delta:

ZA = 100/-25° n
ZB = 175/-75° n
Zc= 215~ n

Where ZA, ZB and Zc are the three star impedance's.
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3 Study the following circuit:

A
~------~ - - ,

'V 20~V

z~ (6+j8) 0

'-----------0 - - J

B
Fig. 6.27

Assume the following two loads:

I) ZL = (6 + j8) n
2) ZL = (6 - j8) n
In which situation will the power be transmitted to the load greater?

4 Use loop analysis to work out the current in the capacitor in the
following circuit:

100

+
'V 12&"V

-j40

j80

+
'V6~V

Fig. 6.28

Check the result using another method (for example, Kirchhoff's
laws or superposition theorem).

Also work out the current flowing through the inductor in the
circuit.
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I

5 Use nodal analysis to find the current flowing in each element of the
following circuit:

1 pO

t 5Lll"A 40

Fig. 6.29

2

-j50 t lLll"A

Check Kirchhoff's current law at each node.

Hint: Choose the ground as in the figure (it's the only node to which
four elements are connected), then you are left with two nodes
(I and 2).

Answers

Activity 6.1 (page 171)

Zstar = 10/60° n
Zdelta = 3 X Zstar (equal impedances)

= 3 x 10/60°
= 30/60° n

Activity 6.2 (page 171)

Zdelta = 5/30° n
Z - Zdelta

star - 3
_ 5(30°
- 3
= 1.67/30° n

Activity 6.3 (page 179)

Yes, a resistance (of 5 n) in parallel with another resistance (of 5 n),
and the two resistors in series with a capacitance (in this case the same
value C = 509 p,F) etc. (Theoretically there are infinite solutions to
the problem.)
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Self-evaluation (page 180)

I Zeq = 10.2(-78.69° l!
iT = 1.96(78.69° A

2 ZAB = 315.88(-67.3° l!
ZBC = 679.14(-42.3° n
ZCA = 388.08(7.68° l!

3 Obviously in the second case (see maximum power transfer theorem),
so we don't need to calculate anything!

If we do calculate: PI = 6 Wand P2 = 16.7 W; so P2 > PI.

4 Ic = 1.5(90° A = jl.5 A (flowing from left to right in the circuit)

h = 1.5(-90° A (flowing from the upper part of the circuit towards
the lower part)

5 IR = 2(-53.13° A (flowing up to down)
h = 4.12(-22.83° A (flowing from left to right)
I c = 3.22(29.74° A (flowing from top to bottom)

You can check for each node that I; currents entering the node == I;

currents leaving the node.

For example, in node I:

2(-53.13° + 4.12(22.83° = 5 - jO = 5/!!'..A
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(7=D Introduction
In the previous unit, when dealing with alternating currents and voltages,
we assumed they have a sinusoidal waveform or shape. Such a waveform
is ideal and much sought after by alternator designers and manufacturers.

However, it is nearly impossible to realise such a waveform in practice.
All the alternating waveforms deviate, to a greater or lesser degree, from
the ideal sinusoidal shape. These waveforms are referred to as non­
sinusoidal, distorted or complex waveforms.

@ Complex waveforms
Complex waveforms are produced by the superposition of sinusoidal
waves of different frequencies. On analysis, a complex wave essentially
consists of:

• a fundamental wave - it has the lowest frequency, say '/'
• a number of other sinusoidal waves whose frequencies are an integer

multiple of the fundamental or basic frequency, like 2j, 3f and 4j, etc.

The fundamental wave and its higher multiples form a harmonic series.

As shown in fig. 7.1, the fundamental wave is called the first harmonic.
The second harmonic has a frequency twice that of the fundamental, the
third harmonic has a frequency three times that of the fundamental, and
so on.

Waves with frequencies of 2j, 4f and 6f etc. are called even harmonics.
Those with frequencies of 3j, Sf and 7f etc. are called odd harmonics.
Expressing these frequencies in angular form, we can say that successive
odd harmonics have frequencies of 3 w, 5 wand 7 w etc., and that even
harmonics have frequencies of 2 w, 4 wand 6 w etc.
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fundamental
or 1st harmonic

2nd harmonic

3rd harmonic

4th harmonic
~-+--f--'l--+--\--+---'c-,

Fig. 7.1

Let's find out graphically the shape of a complex wave when we combine
the fundamental with one of its harmonics.

we only look at scenarios where the fundamental
in phase with each other and have equal'~ In this example

• JI and harmonic are
y,;u' .. amplitudes.
'/'

Fig. 7.2(a)
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Fig. 7.2(b) indicates the fundamental and 4th harmonic, and fig. 7.2(c)
consists of the fundamental and 3rd harmonic. Obviously, in all these
cases, there is no phase difference between the fundamental and the
harmonic.

~fundamental

,~ I\~ 4th hannonic

~ complex wave
Fig.7.2(b)

fundamental

~ 3rd hannonic

complex wave

Fig. 7.2(c)

A careful examination of figs. 7.2(a), (b) and (c) leads us to the following
conclusions:

I With odd harmonics, the positive and negative halves of the complex
waves are symmetrical, irrespective of the phase difference between
the fundamental and the harmonic.

2 a. When even harmonics are present and their phase difference
with the fundamental is 0 or 7r, the first and fourth quarters of
the complex wave are of the same phase but inverted. The same
holds true for the second and third quarters.

b. When even harmonics are present and their phase difference
with the fundamental is ~ or 3;, there is no symmetry.

3 The displacement of the complex wave (whether it comprises odd or
even harmonics) is zero at wi = 0 only when the phase difference
between the fundamental and the harmonics is 0 or 7r.

These conclusions are a great help when it comes to analysing a complex
waveform into its harmonic constituents. Looking at the complex wave
enables us to rule out the presence of certain harmonics. For example, if
the positive and negative half cycles of a complex wave are symmetrical
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(i.e. the wave is symmetrical about wt = 0), then we don't need to look
for even harmonics. In some cases, we may be able to anticipate the types
of harmonics to be expected from their mode of production. For example,
in symmetricall designed alternators, we should expect odd harmonics
only.

• Activity 7.1
. Determine the fundamental and harmonic frequencies of the

following complex wave:

e = 60 sin 25l2t + 20 cos 7536t

C7~~ General equation of a complex wave
Think about a complex wave that is built up of the fundamental and
a few harmonics, each having its own peak value and phase angle.
The fundamental may be represented:

el = Elm sin (wt + ..pI)

the 2nd harmonic:

e2 = Ezm sin (2wt + ..pz)

and the 3rd harmonic:

e3 = E3m sin (3wt + ..p3)

The equation for the instantaneous value of the complex wave is given by:

e = el + ez + ... en
e = Elm sin (wt + ..pI) + E2m sin (2wt + ..p2) + ... + Enm sin (nwt + ..pn)

where Elm, E2m and Enm denote the maximum values (or the amplitude)
of the fundamental, 2nd harmonic and nth harmonic, etc., and ..pI> ..p2 and
..pn represent the phase differences of the complex wave.

The number of terms in the series depends on the shape of the complex
wave. In relatively simple waves, the number of terms in the series would
be less; in others more.

Similarly, the instantaneous value of the complex current is given by:

i = 11m sin(wt + 4>1) + 12m sin(2wt + 4>2) + ... + Inm sin(nwt + 4>n)
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Obviously (1jJ1 - 411) is the phase difference between the harmonic voltage
and current for the fundamental, ('l/J2 - 412) for the 2nd harmonic and
('l/Jn - 41n) for the nth harmonic.

o RMS value of a complex wave
Let the equation of a given complex current wave be:

i = 11m sin(wt + 411) + hm sin(2wt + 412) + ... + Inm sin(nwt + 41n)

Its rms. value is given by:

1= vaverage values ofi' overwholecycie

It can be mathematically proven that:

Average value of i2 = 1'2' + Ii- + ... + 1'2 '

... r.m.s. value of I = vaverage value of l'

= /!Jm!. + I'm' + I,m'V 2 2 ... 2

This equation can also be written:

1= (~)2+ (~)2+ (I,m)2v'2 v'2 ... v'2

which can be written as:

I=Vlt2+h2+ ... In2

where It = ~ is the rms value of fundamental,

12 = ~ is the rms value of the 2nd harmonic, and

In = ~ is the rms value of the nth harmonic.

cf:§) Harmonics in single-phase circuits
If an alternating voltage, containing various harmonics, is applied LO
a single-phase circuit containing linear circuit elements, the current
produced also contains harmonics. Each harmonic voltage will produce
its own current, independent of others. By the principle of superposition,
the combined current can be identified.
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We will now look at some of the well known elements like pure
resistance, pure inductance and pure capacitance and their various
combinations. In each case, we will assume that the applied complex
voltage is represented by:

e = Elm sin wt + Ezm sin 2wt + ... + Enm sin nwt

7.5.1 Pure resistance
Let the circuit have a resistance of R that is independent of frequency.
The instantaneous current i1 due to fundamental voltage, is:

i - E1msinwt
1 - R

Similarly, iz = E'm s1: 2wt '" for 2nd harmonic

and in = Enm s1: nwt '" for nth harmoic

Total current i = il + iz + ... + in

= E1msinwt + E2m sin2wt + + E,msinnwt
R R '" R

=11m sin wt + l zm sin 2wt + ... + Inm sin nwt

This shows that the waveform of the current is similar to that of the
applied voltage. In other words, the two waves are identical in form.

7.5.2 Pure inductance
Let the inductance of the circuit be L (henry) whose reactance varies
directly with the frequency of the applied voltage.

Its reactance would be:

• for the fundamental Xl = wL
• for the 2nd harmonic Xz = 2wL
• for the nth harmonic Xn = nwL

However, for every harmonic term, the current will lag behind the voltage
by 90°.

... Current due to fundamental
. 1JJm.. ( IT)

11 = wL sm wt - '2

Current due to 2nd harmonic

iz = ~1 sin(2wt - ~)
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Current due to 3'd harmonic

._E3"·(3t 1r)
13 - 3wL sm w - 2

Current due to nth harmonic

in = ;;'L sin(nwt - ~)

:. Total current i = i l + iz + ... + in

E 1r E 1r) E.( 1r)= Z}f sin(wt - 2) + 2~L sin(2wt - "2 + ... +~ sm nwt - "2

You can see from this equation that the current waveform differs from
that of the applied voltage.

7.5.3 Pure capacitance
Let the capacitance of the circuit be C (farads) whose reactance varies
indirectly with the frequency of the applied voltage. Its reactance is:

Xl = }c- for fundamental

X2 = 22c - for 2
nd harmonic

X 3 = 32c - for 3'd harmonic

Xn = -!.-c - for nth harmonic
nw

i l = ~ sin(wt + ~)
wC

= wCElm sin(wt + ~)

and i2 =~ sin(2wt + ~)
2wC

= 2wCE2m sin(2wt + ~)

in =~ sin(nwt + ~)
"We

= nwCEnm sin(nwt + ~)

For every harmonic term the current will lead the voltage by 90°.

Now i = i l + ~ + .. , in

=wCElm sin(wt + ~) + 2wCE2m sin(2wt + ~) + ... + nwCEnm sin(nwt + ~)
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This equation shows that the current and voltage waveforms are
dissimilar and that the percentage harmonic content of the current is
larger than that of the applied voltage wave. This means that the current
wave is more distorted that the voltage wave.

EXAMPLE 7.1
Determine the rms value of the current represented by:

i = 10 sin</> + sin(3</> + 20°) + 0.5 sin(5</> + 120°)

Solution

Remember that:
I _ j"J;'+"'--"lj'+;--;;-lj
rms-V' 2

_ .)102 + l' + 0.52

- 2

= 7.115 A

EXAMPLE 7.2
Determine the rms value of the voltage represented by:

v = 50 sin wt + 5 sin(3wt + 15°) + 2 sine5wt + 120°)

Solution

Remember that:

V _.)VJ + Vj + V;
rms - 2

_i 502 + 52 + 22

- 2

= 35.56 V

EXAMPLE 7.3
An emf is given by

e = 100 sin wt + 30 sin(3wt + 20°) + 10 sine5wt + 10°) V

Knowing that the fundamental frequency is 60 Hz work out:

1. the rms value of the current for a series circuit consisting of a resistor
of 5 Q and an inductance of 16.65 mHo
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2. the current expression for the circuit.

Solution

I. XL! = 27rjL = 27r X 60 X 0.01665
= 6.28 0

X L3 = 3(27rfL) = 3 X 6.28
= 18.840

XL5 = 5(27rfL) = 5 X 6.28
= 31.40

2 1 = 5 + j6.28 0 = 8.03(51.47° 0
2 3 = 5 + j18.84 0 = 19.5/75.14" 0
2 5 = 5 + j31.4 0 = 31.8(80.85° 0

_ E, _ 100LO'
II - Z, - 8.03~

= 12.45(-51.47' A

_ !il. _ 30La'
h - z, - 19.5(75.14'

= 1.54(-75.14° A

I _!il. _ lOLa'
5 - Z, - 31.8(80.95'

= 0.314(-80.95° A

. I =. (12.45' + 1.54' + 0.314'
.. rms V 2

= 8.87 A

2. i = 12.45 sin(wt - 51.47') + 1.54 sin(3wt + 20' - 75.14') +
0.314 sin(5wt + 10° - 80.95')
:. i = 12.45 sin(wt - 51.47)' + 1.54 sin(3wt - 55.14°) +
0.314 sin(5wt - 70.95')

1

EXAMPLE 7.4
The emffrom Example 7.3 is applied to a circuit consisting of a 5 0
resistor in series with a capacitor C= 423 Ji-F. Work out the rms value
of the current.
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Solution

x - 1
cl - 21f X 60 x 423 x lO 6

= 6.27 Q

1 1
Xc3 = 3(21f X 60 x 423 x lO 6) = 3Xcl

= 2.09 Q
1

XeS = SXcl

= 1.254 Q

and the impedances
2 1 = 5 - j6.27 = 8.02/-51.4° Q
2 3 = 5 - j2.09 = 5.42/-22.68° Q
2 s = 5 - j1.254 = 5.15/-14.08° Q

. _ lOOW
.. /1 - 8.02/-51.4°

= 12.47/51.4° A

/ 30W
3 = 5.42L-22.680

= 5.54/22.68°A

I - 1012:
s - 5.15L-14.080

= 1.94/14.08°A

. I - J12.47' + 5.542 + 1.942

" rms - 2

= 9.75 A

• Activity 7.2
The voltage given below IS apphed to a 15 Q resIstor.
e = 27.01 cos(4001f1 - 45°) + 19.1 cos (8001f1 - 90°) +
9 cos(1 2001f1 - 135°)

Calculate the rms value of the voltage and current in the
15 Q resistor.
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<7=§l Power supplied by a complex wave
Let the complex voltage represented by the equation

e = Elm sin wt + EZm sin 2wt + ... Enm sin nwt

be applied to a circuit.

Let the equation of the resulting current waveform be:

i = 11m sin(wt + 4>1) + I Zm sin(2wt + 4>Z) + ... + I nm sin(nwt + 4>n)

The instantaneous value of the power in the circuit is p = ei W.

To obtain the value of this product, we will have to multiply every term
of the voltage wave, in turn, by every term in the current wave. The
average power supplied during a cycle is equal to the sum of the average
values over one cycle of each individual product term.

However, the average value of all product terms involving harmonics of
different frequencies will be zero over one cycle. We only need to consider
the products of current and voltage harmonics of the same frequency.

Let's look ata general term of this nature Enm sin nwt x I nm sin(nwt - 4>n)
- and find its average value over one cycle of the fundamental.

I 2.
Average value of power = 2"fo Enmlnm sin nwt sin(nwt - 4>n)d(wt)

= E'2;,m f:' sin nB sin(nB - 4>n)dB

= E,mI"m ["CDS<p, - cDs(2ne - <p,) dB
2" Jo 2

_ Enmlnmcos¢n
- 2

= !bm. x I,m X cos4>,fi,fi n

= Enln cos4>n

where En and In are the rms values of the voltage and current respectively.
So, the total average power of a complex wave is the sum of the average
powers of each harmonic component acting independently.

... total power = E l l l COS4>1 + Ezlz cos4>z + '" + Enln cos4>n

The overall power factor is given by:

PF = total watts _ J£.
total voltamperes VA

_ EIII CDS<PI + E2I,cDs<p, + ...
- ExI
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where E = rms value of the complex voltage wave, and 1= rms value of
the complex current wave.

EXAMPLE 7.5
A single-phase voltage source 'e' is given by:

e = 141 sinwt + 42.3 sin 3wt + 28.8 sin 5wt

The corresponding current in the load circuit is given by:

i = 16.5 sin(wt - 54S) + 8.43 sin(3wt - 38°) + 4.65 sin(5wt - 34.3°)

Find the power supplied by the source.

Solution

Power at fundamental = EIII cos '!>I = ~ x ~ COS<PI

= E1,!/'m COS<PI

= 141 ~ 16.5 cos54S

= 675.50 W

Power at 3rd harmonic = E',{'m COS<P3

= 42.3 ~ 8.43 cos380

= 140.49 W

Power at 5th harmonic = E',:}m cos<ps

= 28.8 ~ 4.65 cos34.30

= 55.31 W

:. Total power supplied = 675.50 + 140.49 + 55.31
= 871.30 W
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EXAMPLE 7.6
A complex voltage given by:

e = 60sinwt + 24sin(3wt + ~) + 12sin(5wt + ~)

is applied across a circuit and the resulting current is given by:

i = 0.6sin(wt - i~) + 0.12sin(3wt - ~~) + 0.lsin(5wt - 1;)

Calculate:
a. the total power supplied
b. the rms value of current and voltage
c. the overall power factor

Solution

Power at fundamental = E1Il cos cP = E1":}mcos cPl

_ 60 x 0.6 x cos360- 2

= 14.56 W

Power at 3rd harmonic - E3mI3m cos45°- 2

= 24 \0.12 x 0.707

= 1.02 W

Power at 5th harmonic = Es,:}m cos75°

= 12 ~ 0.1 x 0.2588

= 0.16 W

a. Total power = 14.56 + 1.02 + 0.16
= 15.74 W

b. RMS current:
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= .j0.62 + 0.122 + 0.1'
222

= 0.438 A

RMS voltage:

E = . /60' + 24' + 12'
V 2 2 2

= 46.475 V

Overall PF = watts
volt amperes

15.74
= 46.475 x 0.438

= 0.773

EXAMPLE 7.7
An emf is represented by:

e = 200 sin314t + 40 sin(942t + 1) + 20 sin(1570t + 2;)

The emf is applied to a series circuit consisting of a resistor of 10 0
in series with an inductance of 0.02 H.

Determine the total power and the power factor when the frequency
is 50 Hz.

Solution

XLI = 27</ X 0.02 = 6.28 0
XL3 = 3(27</ X 0.02) = 18.840
XL5 = 5(27<f X 0.02) = 31.41 0

ZI = 10 +1'6.28 = 11.8/32° 0
Z3 = 10 + 1'18.84 = 21.3/62°0
Z5 = 10 + 1'31.4 = 32.9/72°0

_ E1 _ 200/0°
II - 2

1
- 11.8& 16.94/-32°; COSc/>1 = 0.85
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I " - !b - 40/0" 1 88/-6"200
'" 0 47

3 - Z3 - 21.3/62" .~; cos '1'2 = .

_ E, _ 20/0"
Is - Z, - 32.9m" 0.6~; COScP3 = 0.31

E =" /200' + 40' + 20'
,msY2 22

= 44.9 V

I,ms = J16·r + 1.~8' + o~' = 12.05 A

PI = E',,:}m cos cP = 200 x
2

16.94 x 0.85 =

=440W

P
3

= 40 x
2

1.88 x 0.47

= 17.6 W

Ps = 20 ~ 0.6 x 0.31

= 1.86 W

PTOTAL = PI + P3 + Ps
= 1440 + 17.6 + 1.86
= 1459.46 W

Power factor = it
459.46

44.9 x 12.05

= 0.83

EXAMPLE 7.8
A 6.30 JhF capacitor is connected in parallel with a resistance of 500 Q, and
the combination is connected in series with a 500 Q resistor. The whole
circuit is connected across an AC voltage given by e = 300 sinwt + 100
sin(3wt + ~). (See fig. 7.3.)

If w = 314 rad/s find:

1. power dissipated in the circuit; and
2. an expression for the voltage across the series resistor.



Solution

For fundamental:

6.35}lF
I

500~
vvv

500~

Fig. 7.3
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I 10'
Xc! = wC = 314 x 6.36

= 50012

The impedance of the whole series-parallel circuit is given by:

Z = 500 + 500 x (-j500)
1 500 - j500

= 750 - j250

= 7911-1S.5" 12

For third harmonic:

I 500
Xc3 = 3wC = T = 167 Q

Z = 500 + 500 x (- j167)
3 500 - jl67

= 550 - j150

= 5701-15.3° 12

... i = ~~~ sin(wt + ISS) + ~~~ sin(3wt + 45.3°)

= 0.379 sin(wt + ISS) + 0.175 sin(3wt + 45.3°) A

1. Power dissipated = E1"{lrn cos cPl + E'''{3rn cos cP3

= 300 X
2

0.379 x coslSS + 100 X
2

0.175 x cosI5.3°

= 62.35 W
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2. The volt drop across the series resistor is:
ER = iR

= 500[0.379 sin (wt + l8S) + 0.175 sin(3wt + 45.3°)]
= 189.5 sin(wt + l8S) + 87.5 sin(3wt + 45.3°)

o Summary
1. Complex waveforms are superimposed waveforms of different

frequencies.

2. Waveforms with frequencies 2j, 4f and 6f etc. are called even
harmonics.

3. Waveforms with frequencies 3j, 5f and 7f etc. are called odd
harmonics.

I (lk)' (k)' (1..&)'rms= J2 + J2 + ... J2

V (.!::w)' (.!::w)' (.rm.)'rms= J2 + J2 + ... J2

5. In a pure resistive circuit, the current wave and voltage wave are
similar (in phase).

6. In a pure inductive circuit, the current wave is behind (lags) the
voltage wave by 90°.

7. In a pure capacitive circuit, the current wave is ahead of (leads) the
voltage wave by 90°.

8. The overall power factor of a complex circuit is given by:
PF - total watts _ ...!£..

- total voltamperes - VA

_ EJ, cos¢, + E,I, cos¢, + ...
- Ex I

where E and I are the rms values of voltage (emf) and current
respectively.

• Self-evaluation

1. A voltage given by V = 200 sin 3l4t + 50 sin(943t + 45°) is applied
to a circuit consisting of a resistance of 20 fl, an inductance of
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20 mH and a capacitance of 56.3 /LF, all connected in series.
Calculate the rms values of the applied voltage and current, and find
the total power absorbed by the circuit.

2. The current in a series circuit consisting of a 159 p,F capacitor, a
resistance of 10 Q and an inductance of 0.025 H is given by:

i = V2(8 sin wt + 2 sin 3wt) amperes.

Calculate the power input and the power factor if w = lOOK radian/sec.

3. A series circuit of a 60 Q resistor, a 2 H inductor and a 3 /LF capacitor
is connected across a non-sinusoidal source. The emf of the source is
e = 20 sin(377t) + 10 sin(754t). Find:
a. the sinusoidal expression for the current.
b. the sinusoidal expression for the voltage across each component.
c. the effective value of the source voltage and currel).t.
d. the power dissipated in the circuit.

4. The parallel circuit shown in fig. 7.4 is connected to a source of
e = 40 sin(377t) + 20 sin 754t V

Fig. 7.4

<
=~'"u > R=500 L=2H

Find:
a. the sinusoidal expression for the current in each branch.
b. the effective value of the source voltage and current.
c. the power dissipated in the circuit.

Answers

Activity 7.1 (page 189)

Fundamental = 400 Hz
Third harmonic = 1200 Hz
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Activity 7.2 (page 195)

V= 24.2 V
1= 1.62 A

Self-evaluation (page 203)

1. 146 V; 3.16 A; 200 W

2. 680 W; 0.63

3. a. i = 0.14 sin (377t + 65.26°) + 0.0094 sin (754t - 86.78°) A

b. VR = 8.4 sin (377t + 65.26°) + 0.564 sin (754t - 86.78°) V
VL = 105.56 sin (377t + 155.26°) + 14.18 sin (754t + 3.22°) V
Vc = 123.8 sin (377t - 24.74°) + 4.16 sin (754t - 176.78°) V

c. Eeff = 15.8 V
I eff = 0.099 A

d. 0.588 W

4 a. iR = 0.8 sin (377t) + 0.4 sin (754t) A
iL = 0.053 sin (377t - 90°) + 0.013 sin (754t - 90°) A
ic = 0.Q45 sin (377t + 90°) + 0.045 sin (754t + 90°) A

b. Eeff = 31.62 V
I eff = 0.63 A

c. 20W



Introduction to three-phase
systems

After studying this unit, you should be able to:

• understand the concept of three-phase systems

• explain how three-phase voltages are generated

• represent three-phase voltages and currents using phasor
diagrams

• determine the phase sequence rotation of phasors

• explain a balanced system

• understand star anq delta three-phase connections and their
applicable relationships between line and phase parameters
(for balanced star or delta)

• convert star connections to equivalent delta connections
and vice-versa;

• calculate power in three-phase balanced systems (for star
and delta connections), as a function of various phase or line
voltages and currents

• understand how power in three-phase circuits can be
measured using the three- or two-wattmeter method

205
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c§]) Introduction
In all the previous units, we have only considered single-phase systems.
In this unit we will deal with three-phase systems. Three-phase systems
are generally more economical than other systems.

From an electrical machines viewpoint, three-phase machines use copper
and iron more efficiently.

Three-phase generators are also more balanced in behaviour than their
single-phase counterparts - for example, in constant total power.
Single-phase generators vibrate badly and are very noisy, especially in
large machines, due to the pulsating power.

Three-phase transformers are more economical than three single-phase
transformers (which would do exactly the same job), but using special
types of three-phase transformers can even increase the number of phases
- up to 6 phases - supplying rectifiers. This is possible without any
significant extra costs.

Poly-phase systems are much more economical, especially for transmission
lines and sometimes for distribution. After all, it is much cheaper to build
one three-phase overhead line than to build three single-phase lines. Think
how much material you save by using one tower instead of three!

Some loads have a more convenient behaviour in three-phase systems ­
for example in starting motors!

With these things in mind, it is important for us to elaborate on three­
phase systems and compare them to the single-phase circuits we studied
up to now.

Why don't we use other poly-phase systems? The answer to this is that
the costs for additional phases are not compensated for by the slight
increase in operating efficiency.

A three-phase network has three or four wires entering or leaving it.
These networks are more complicated than single-phase networks, but
most of the three-phase systems are approximately balanced and the
analysis can be simplified.

A balanced three-phase system is a system in which three
voltages equal in magnitude and having the same frequency
but differing by 120° in phase angle are generated. These
balanced voltages are applied to equal impedances and
balanced currents result.
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Three-phase circuits offer several advantages over single-phase circuits.
These include:

• more balance in power generation;
• less losses in transmitting power; and
• easier feeding of certain types of loads

For any balanced system, it is enough to analyse just one of the three
phases, no matter how complicated the transmission networks or the
generating facilities.

So, when we start studying the theory of three-phase circuits, we always
look at balanced systems first.

In more advanced courses you will find out more about the three-phase
system (unbalanced systems, power factor correction, etc.) and you will
have to remember and use all of the basic concepts in this unit. You will
also be able to use this knowledge in other courses like Electrical
Machines, Transmission, Transport and Distribution.

Let's start!

o
8.2.1

Three-phase generation
Generation principles

Fig. 8.1



208 Basic Circuit Analysis

Remember that electromagnetic induction
occurs when there is relative motion between
a conductor and a magnetic field. In a three­

phase generator, the conductors are
statIonary and the magnetic field is rotated.

As you can see in fig. 8.1, the conductors are placed in slots in the inner
surface of the armature.

The active part of the conductors, where the voltage is generated, is the
part lying in the armature slots. Fig. 8.1 is a schematic cross-section
through the centre of a machine where the axis of the machine is
perpendicular to the paper. The lines in the diagram only indicate the
end connections of the conductors.

For the machine to be cost effective, we try to use all the slots available
in the machine. So, how can we arrange the conductors to achieve this?

The first step would be to place a coil with its two active sides in opposite
slots, for example in x-x'. The moment the machine starts operating, that
is when the magnetic field structure starts turning within the armature, a
relative motion appears between the magnetic field and conductors. This
generates a voltage in the coil, similar to the single-phase principle of
generation.

Since we have more slots available, lets add two more coils in series - one
on each side of our initial x-x' coil. The terminals of this coil are brought
out of the machine at a and a'.

A coil formed by a conductor is also known as a winding when it is
wound around a core.

Let's place another winding, also of three coils connected in series,
shifted 1200 compared to the first one. Its terminals will be band b'.
This second coil is not connected to a-a'.

The remaining slots will be filled with the third winding, which, according
to our diagram, is shifted another 120° clockwise compared to the b-b'
winding and 240° compared to the initial a-a' winding. The terminals for
the third winding are marked c-c'.

At this point all the slots in the machine are filled.
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Since the three windings a-a', b-b', and c-c' are not yet connected in any
way, we can study them as three separate single-phase generators. These
three windings are the so-called 'three-phase' windings of the machine.

we have simplified the example and that when you
Machines, the theory of the three-phase generator
ore detail. In fact, you'll find that the three-phase

wmdmgs are mterconnected. However, for our purposes, the above
description is adequate.

I'~ Remember that

II iJ study Electrical
IY;'#'" is explained in m
u

Let's assume the clockwise direction is the normal direction of the rotation
of the rotor (the magnetic field structure) in the machine. In this example,
the direction is a-b-c. The three voltages will reach their corresponding
maximum values in the order Vaa', Vbb', and Vee', as in
fig. 8.2:

Vaa' Vbb' Vee'

,
,

moment P ~a'+, Jbb' -, J{c'-

Fig. 8.2

A three-phase voltage is essentially three single-phase voltages, each
separated from the next by 120° of phase angle.

A machine designer must always try to obtain undistorted sinusoidal
voltages and identical waveforms for the three phases.

The corresponding phasor diagram for the three voltages is:

T{c'

v,;b'
Fig. 8.3
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You can see that Vaa' (assumed as reference) is represented by lit. Vbb' is
shifted 120 clockwise from Vaa' and Vee' is shifted 2400 clockwise from
Vail·

The concept of 'reference' phasor, as explained in unit 2, section 2.2, will
also be used for three-phase systems (see example I in unit 2).

We can write these as:

The sum of the three voltages is zero for a
balanced system:

V aa' + Vbb, + Vee' = V lit + V I -1200

+ V (1200 = 0

8.2.2 Phase sequence rotation
Let's redraw fig. 8.1 on a piece of paper and re-Iabel the windings c-c'
instead of b-b', and b-b' instead of c-c'. Alternatively, assume the rotor
rotates in the opposite direction.

It is easy to observe that the order in which the voltages will reach their
corresponding maximums will now be Vaa', Vee', and Vbb'. If we assume Vaa'

is our reference, the phasor diagram looks like this:

1{,b'

~a'
>----~

J{c'
Fig. 8.4
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and the corresponding waveforms for the voltages:

~7
Fig. 8.5

Then we can write:

Vaa' = vLSt
Vee' = V (-120°
Vbb' = V(+120°

In the first case, Vaa' leads Vbb' by 120°, and Vbb' leads Vee' by 120°. This is
the a-b-c phase sequence called 'positive phase sequence'.

In the second case, the a-c-b phase sequence is called the 'negative phase
sequeuce'.

It should be obvious that any negative phase sequence can be converted
into a positive phase sequence simply by re-labelling the terminals. So we
normally consider only positive phase sequences in our studies.

<§~@
8.3.1

Three-phase connections
General features

If we consider that a three-phase generator supplies a load, then the
equivalent circuit in which power is carried from the generator to the load
can be drawn as follows:

Fig. 8.6
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Phase R, (A)
Phase Y, (B)
Phase B, (C)

The three phases are usually marked R,Y,B (red, yellow, blue) or a,b,c
(A,B,C) in current textbooks.

If we use a single wire for the return path for all three phases, we'll get:

Fig. 8.7

What current does the common return wire carry?

If we look at a balanced system (balanced voltages, as normally given by
any three-phase generator, and equal loads), the three currents are also
balanced:

Fig. 8.8

Since the return wire will carry the sum of the three currents (fa + h + Ie)
and their sum is zero, there will be no current flowing in the return wire.
But this only happens in ideal conditions. If the system is slightly
unbalanced, the sum of the currents is no longer zero, but it will be a
small value, In:
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Ia
--->-

h b
--->-

Ie
--->-

In
<'C-

Fig. 8.9

n

c

Since In is very small, or ideally non-existent, the fourth wire can be left
out completely for balanced loads:

~ -{Ja

b
n

c:=:::::=-----------'oc
Fig. 8.10

This is a typical 'star' or 'wye' connection, where the loads are connected
between one of the three lines a, b, or c and a neutral point n.

The star point is the point in which the 3(4) conductors come together.
If the system is balanced, it is also called a 'neutral' point.

Looking back at fig 8.9 and fig. 8.1 0, you can see that we have two
possible star connections - one with four wires and the other with three
wires. Remember, for a balanced load we know that the current flowing
through the fourth wire will always be zero, and that's the reason why
there are only three wires in fig. 8.1 O.

Another way of connecting the load in a three-wire system is as follows:
I a
~ a

c
Fig. 8.11
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Here the loads are connected between lines in a 'delta' or 'triangle'
configuration.

For safety reasons, it is desirable to have a connection from the electrical
system to the ground/earth. In a star system, the logical point to connect
to ground/earth is the star point.

The star connection (3- or 4-wire) and the delta connection are the most
popular for three-phase systems. There are other possible connections in
three-phase systems, but for the time being we will only study these two.
For our purposes, it is adequate to understand the delta and the star
connections, and their relationships between voltages and currents, to
tackle any of the following possible connections.

Possible combinations for star and delta connections

If the supply side connection is: The load side connection can be:
star delta (i.e. fig. 8.11)
star star (i.e. fig. 8.9, fig. 8.10)
delta star
delta delta

8.3.2 Three-phase star connection

~ Circuit diagrams and properties

This three-phase network is called Y (or star) connection, the symbol
suggested by the form of the circuit diagram.

This connection is a particular case of the general case of the 'n' terminal
star.

A 'n' terminal star has 'n' elements connected in a common point called
the star point.

1 2

s
n

• • •

3

•
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R

y

B

r' +L]t eR
'1

i y
~

,-J tt ey it =iR+iy+i B
L 2

'l N :::

iB
~

,-J

+feB
L 3

'1

s

Fig. 8.12

If the system is balanced, the star point is also the neutral point of the
system.

Assuming iR as reference:

iR = 1M sin e
iy = 1M sin (e - 120°)
is = 1M sin (e + 120°)
and
it = iR + i y + is =

= 1M [sin e+ sinCe - .120°) + sinCe + 120°)] = 0

1200

Fig. 8.13

In the phasor diagram for balanced systems given in fig. 8.13 you can see
that if you add the three phasors, you always get zero.

So, a 4-wire star-connected system, as in fig. 8.14, is equivalent to fig. 8.9
although it has a different appearance.
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~----------,--o R
R

N

B
'-----,----+---+--{)

y

B

line conductors

L- ---"-__-'--_-"-__--{) N neutral conductor

Fig. 8.14

Since this is a balanced load, we know that there is no current flowing in
the neutral wire and that it can be discarded. The star-connected system
now looks like this:

R

Fig. 8.15

L

L I lph = iUne

N

L

~ Relationships between line and phase voltages and cnrrents in a star­
connected system

It is very important to be able to explain the following two terms when
using three-phase systems:

• line --> between R, Y, B (between two lines)
• phase --> between Rand N; Y and N; Band N (between line and

neutral)

We normally assume that the emf in each phase is positive when acting
from the neutral point outwards. If this is true, the erne generated in the
three phases can be represented as E NR, E Ny and ENS.

If we now assume EYNR positive, the value of the emf from Y to R is the
phasor difference of ENR and ENy.
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1200

-ENy=EYN
4'-----
, , ,,,

Fig. 8.16

ErR
(YNR)

The angle between ENR and -ENy is 1800
- 1200 = 600 and the angle

between EYR and ENR is thirty degrees =?

E YR = 2ENR cos 300 = 2 x V; X ENR = V3ENR

This means that the line voltage is V3 x phase voltage. (The same can be
proved for all three phases and lines.)

The line currents are equal to the phase currents. You can see this in the
circuit diagram in fig. 8.15. The current flowing in the R line is the same
as the current flowing in the load between that line and the star point.

For a balanced star system:

• line voltage = V3 phase voltage

• line current = phase current

Remember, for a balanced load the star connection can always be
studied as a three-wire connection as there will be no current flow­

y;,__-' ing through the neutral and this conductor can be discarded.
Sometimes it is better to have the neutral in place, because then
you can analyse only one phase of the circuit (between line and
neutral). However, when you study unbalanced loads, you'll see
that a current flows through the neutral and there will be a poten­
tial difference between the star and neutral points.
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8.3.3 Three-phase delta connection

~ Circuit diagrams and properties

This three-phase network is called ~ (delta) or mesh connection. Again
the symbol is suggested by the form of the circuit diagram.

This connection is a particular case of the general case of the on' terminal
mesh.

A four-terminal delta connection will look like this:

CD 1

5

4
6

2

3

A On' terminal mesh has n(n:; I) elements.

The case of three terminals is a special situation. We will have three
elements for star and three elements for delta. This is a very important
observation, because it allows us to operate star-delta and delta-star
transformations.

(a)

:JteR +L (b) R

teR
R/

etot= eR +ey+es

;Jtey }L Y tey
y/

:Xtes }L B

B/
teB

3-phase windings resultant emf
with 6line in a connected
conductors winding

Fig. 8.17
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R

y

Yj 3 line conductors

Fig. 8.18

The total emf between B[ and R is:

et = eR + ey + en =
= Em[sin e+ sinCe - 120°) + sinCe + 120°)] = 0

As you can see, the algebraic sum of the emfs around the closed circuit is
zero and there is no circulating current set up when we connect Bland R,
So, we can connect the coils as in Figure 8.18.

~ Relationships between line and phase voltages and currents in a delta­
connected system

£2 £3

I B /;\
__~,,~ 2--,--,~ B/

Y

Fig. 8.19

1200
, , ,

300 ,

1200 \60°/ \, , ,
"'-----­
-1

3

An equivalent representation for the delta is:

IR-,..

Fig. 8.20
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Let 110 12, and h be the rms values of the phase currents having positive
directions as in fig. 8.19. You will see that:

I R = h - h
IR = 2 X II X cos 30° = 2 x ,;; X II = J3 II

~ line current = J3 phase current

Look now at the circuit diagram in fig. 8.19 and you'll notice that line
voltage = phase voltage. (The voltage between Rand Y is the same as the
voltage across Ld

For a delta connection:

• line voltage = phase voltage

• line current = J3 phase current

Remember:

• In a three-phase star connection the loads are connected between the
lines (R, Y, and B) and the neutral (N), and the point where the three
loads join at the neutral is called the star point.

• In a three-phase delta connection the loads are connected between two
lines (between Rand Y, Yand B, and Band R).

EXAMPLE 8.1
In a balanced star-connected load, assume that the line voltages are
balanced and that they are 100 V (rms) and each of the phase impedances
2 1, 2 2, and 2 3 is equal to 2 = 8 + j6 Q. Determine the currents flowing in
the loads. Determine the current flowing through the neutral wire (consider
normal phase sequence R YB).

Remember, to solve a problem, always start by sketching the circuit using
the given information.

_ VI _ 100_
Vph - v'3 - v'3 - 57.7 V
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Z~8+j60

Z~8+j6[J
is

Z= 8+j60

V,=100V
IN iR

- - - <.- - - i y

B 0---''---/

yo---------------'

Fig. 8.21

Now its time to assume a reference.

Assuming VRN as reference, we find:

VRN = 57.7 fiX Y
VYN = 57.7 (-120° V
VBN = 57.7 (+120° Y

~llN

57.7/+1200 y

57.71JY'.V

57.7/-120 "V
VYN

Fig. 8.22

Then ZL = 8 + j6 = 10 (36.87° n; the same for R, Y, B.

We can now calculate the three currents:

IR(N) = VZN = I~~ 5.77 (-36.8r = 4.616 - j3.462 A

/YIN) = ViN = 5io~0 = 5.77 (-156.87° = -5.306 - j2.267 A

I - VBN - 57.7LI20° 5.77 ( 83.130 = 0.690 - ]'5.729 A
B(N) - Z - 10(36.87° -

(phase current = line current in star)
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IN = IR + I y + IB = 4.616 + 0.690 - 5.306 - j(3.462 + 2.267 - 5.729)
= 0 - jO = O!

eXIlectmg this result? (In
cunrent novving through the

If you encounter such problems, always assume a reference. Choose
one of the phasors as reference (VRNin the example). Depending on

,/-"":'..;;;.J how you choose this reference, all the angles of voltages and currents
must be calculated. In the example, we assumed the phase voltage
for R as reference (angle 0°), since it is convenient for solving the
problem. Once you choose your reference, you must stick to it in
your calculations. If we assume any other reference, the angles of all
the phasors will change accordingly. For example, if we choose VRy

as reference, VRN = 57.7 !_30°, VYN = 57.5 /150°, etc.).

EXAMPLE 8.2
A 380 V, 3-phase supply is connected to a delta-connected load. The phase
rotation sequence is A-B-C and the load consists of three equal impedances
Z = 38 ! - 30° Q. Assuming TAB as reference, determine the values of the
phase currents and the values of the line currents.

Solution
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380 V ZeA

Ie
B

C Zse
Is

Fig. 8.24

If we have a 380 V supply, we normally assume this is the line
voltage. For this delta connection we'll use Vph = VI

VAB = 380LO° V
VBC = 380L - 120 V
VCA = 380Ll20° V

- Ew. _ 380/0° I~()O'O A
IAB-ZAo-38/-300 IO~

I =~ - 380/-120° 10 /-90° A
BC ZOC - 38/ - 30°

I = ~ - 380/120° = 10 /150° A
CA ZCA - 38/- 30°

Being a balanced load, the sum of the currents is zero.

Now let's calculate the line currents:

I A = lAB - I CA = 10/30° - 10/150° = 17.32 + jO = 17.32~A

I B = I Bc - lAB = 10/-90° - 10/30° = -8.66 - jl5 = 17.32/-120° A

Ic = ICA - hc = 10/150° - 10/-90° = -8.66 + jl5 = 17.32/120° A

What do you notice?

I A + I B + I c = O!

In this example, I A is in phase with V AB, IB is in phase with VBC, and Ie is
in phase with VCA '
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If we look at the relationship between phase and line currents, we can see
that:

I ..!L
ph = V3

(10 = 1~2)

as proved for the balanced delta. We can also see that the phase currents
are shifted by + 30° compared to the line currents.

The phasor diagram for the problem is:

JAB
--------~

+150"

-90'

Fig. 8.25

o
8.4.1

Three-phase power
Three-phase power for a star connection

The power calculated in a single-phase representation of a three-phase
system is the power produced, transmitted or consumed in one phase.

If the system is balanced, the total power for the whole system - not only
for one phase - is then three times as much as the power for one phase.

Consider a star-connected load. For one phase the power will be:

Pph = Vphlph cos¢

where cos¢ is the load power factor (cosine of the phase angle between a
sinusoidal voltage across the load and the current through that load).
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The total power will be:

Ptot = P j + Pz + P3

(if the system is balanced, P j = Pz = P3 = P)

and

Ptot = 3P

Ptot = 3VphIph cos¢

Can you remember the relationship between phase and line voltages and
currents for a star load?

VVph = Aand Iph = It. where Vph, Iph are phase voltage and current, and

VI> I, are line voltage and current.

If we substitute these in the expression of total power, we get:

Plot = 3j;h cos¢ = )3V,I, cos¢

We have just proved that, for a star connected balanced load, we can
calculate the total power as:

Plot = 3VphIph cos¢

or

Plot = )3Vl, cos¢

If you are unsure which expressionhas 3 as the multiplying factor
and which has )3, remember that the power you're calculating is
one and the sam.e. If you keep in mind that the line parameters (in

V;'-=-':":::.J this case voltage) are )3 times larger than the phase parameters, it
is only logical that you have to multiply by 3 where phase voltage
and current are known, and by )3 if you worked with line values.

Do you remember from single-phase systems that in AC there is not only
active (real) power, but also reactive power.

For single-phase AC circuits we calculated:

s= VIVA
P = VI cos¢ W, and
Q = VI sin¢ VAr

If you have forgotten, page back to Unit 3 and refresh your memory.
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For three-phase systems:

S = 3Vphlph = V3Vlh
P = 3Vphlph cos¢ = V3Vii cos¢, and
Q = 3Vphlph sin¢ = V3Vii sin¢

Elf Activity 8.1
Did you notice that we used the same ¢ (angle) all the time?
Are we allowed to do this? Explain your answer in ± 50 words.

8.4.2 Three-phase power for a delta connection
The formulae for a star connection also apply to a balanced load
connected in delta. For one phase of the delta:

Pph = Vphlph cos¢

where cos¢ is once again the load power factor, and

Plot = 3Vphlph cos¢

Keeping in mind that, in this case, Vph = V[, but Iph = .1;,;, we can write:
I v3

Ptot = 3VI-:tJ cos¢ = V3VII I cos¢

Often, the line currents and the line-to-line voltages of a three-phase
system are known because these quantities can be measured in any three­
wire system. So, we can directly apply the formula. To measure the phase
voltage of a star connected load, you need access to the star point to
connect the wattmeter voltage coils.

A great advantage of a three-phase system is the uniformity of total
power.

Remember, for a single-phase system, the power is pulsating, but the total
power for a balanced three-phase load is constant. This is a very
important observation and one of its immediate consequences is that
three-phase motors present constant torque.

.. Activity 8.2
Try to prove the statement: 'the total power for a balanced three­
phase load is constant in the case of a resistive load'.
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Hint: Use trigonometry to prove that the sum of 3 cosine terms is zero.
The variation with time disappears leaving instantaneous total power
constant.

8.4.3 Measuring three-phase power

~ Three-wattmeter method

When we use wattmeters to measure power in a three-phase system, the
obvious method is to use three wattmeters, connecting each meter to
measure the power consumed in one phase.

The simplest example is that of a 4-wire, star-connected load. For each
wattmeter, we have [ph in the current coil and Vph across the voltage
(potential) coil. The current coil for wattmeter I is connected in phase
(line) I, and the voltage coil is connected between line I and neutral.
So, wattmeter I measures the power in phase one, as shown in fig. 8.26:

o---------''-{w)-----,
I

o-------''-{w)---+-----/
Z

N

wJ--+--;>-------'
3

Fig. 8.26

where WI measures power for phase I
W2 measures power for phase 2
W3 measures power for phase 3
P tot = PI + Pz + P3

Since we are only dealing with balanced systems, this means that the
powers for the three phases are equal. Instead of using three wattmeters,
we can use one and multiply its reading by three:

Ptot = 3Pwattmeter
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Fig. 8.27

Unfortunately, a delta load or a 3-wire star load doesn't have an available
neutral. In fact, in most three-phase networks, the loads normally have
only three terminals, like the induction motors. So, we have to find other
methods to measure power using different wattmeter connections.

Using three wattmeters:

P = P j + Pz + P3

------'-iWl-----­
j

----'-iWl------+---­
z

L--6-------l(P)
common connection
for the 3 voltage coils

Fig. 8.28

3-phase
load
(with 3
terminals
only!)

This is a general case, whether the three-phase load is balanced or
unbalanced, and the current and voltage can be complex waves. The only
observation that must be made is that, in a 3-wire system, the following
must be true: ia + ib + ic = O.

~ Two-wattmeter method

As you can see in fig. 8.28, point P can have any potential. We can
choose P so that it has the potential of one of the lines - for example, the
potential of line b - which makes Wz inoperative. There is no voltage
across its voltage coil and it will always indicate zero, so it can be
omitted.

We are left with the following connection:

PlOt = P j + P3
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a o----.JL{W\-----I
1

b o----{)------I

c o----,-iW)-----I
3

Fig. 8.29

3 tenninals
3-phase load

This method is called the two-wattmeter method, and is the standard
connection for measuring power in a 3-wire system.

It is a very popular method, as it applies to star and delta, to balanced
and unbalanced systems, and for any waveform - even non-linear
impedances! The only restriction is that the sum of the three currents
ia + ib + ic = O!

Let's see if we can prove that two wattmeters measure the total power for
balanced loads.

We assume the phase angle for the load is ¢>. Currents lag the
correspondent phase voltages by ¢> and is the same for all three phases as
it is a balanced system.

.,. ,

'Jbll __ - T;;b
• •• •• •

I 300 I

f,;n

Fig. 8.30

Current through the coil of WI:

I a = h

Voltage through the coil of WI:

Vab = VL
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Current through the coil of W3:

I c = h
Voltage through the coil of W3:

Vcb = VL

Reading on WI: PI = IaVab cos(30° + ¢)
Reading on W3: P3 = IcVcb cos(30° - ¢)

'* PI = hVL cos(30° + ¢)
P3 = hVL cos(30° - ¢)
PI + P3 = hVL [cos(30° + ¢) + cos(30° - ¢)] =

= VdL X 2 x cos 30
0+ 1'! 30

0
- l' x cos 300 + 1'"2 300 + l' =

= VLh x 2 x cos 30° x cos1' = VdL X 2 x 1 x cos¢ =

= V3VLh cos¢

This is the same value as the total power for the balanced load indicated
at the beginning of this section.

We can also prove that:

P3 - PI = hVL sin¢, and then

tan¢ = sin1' = V3(P3 - PI)!
cos1' Po + PI

By using this formula we can calculate ¢ and work out cos ¢, which is the
power factor of the load.

Sometimes you will find that one of the two wattmeters in the
two-wattmeter connection indicates a negative power. Some watt­

j./;'--_..J meters allow readings of negative power. If you come across a ne-
gative reading, you will need to reverse the connection either for
the current coil or for the voltage coil. (Don't reverse both or the
reading will be negative!)

Obviously, negative power has no physical support. What does this mean?

Let's look at our balanced three-phase load. The negative reading
indicates that the power factor of the load is less than !. (The phase angle
between load current and voltage is greater than 60° and the current in
the current coil of one of the wattmeters is greater than 90° out of phase
with the voltage across its voltage coil.)
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• Activity 8.3
Can you calculate the reactive power (Q) for a three-phase
balanced system using the values measured by the two wattmeters
in the two-wattmeter method?

Hint: Remember that P3 - P j = hVL sinc/>!

Can you work out how to connect only one wattmeter in the same system
and compute the reactive power?

Let's have a look at another method to measure total active power in a
balanced delta system if the circuit allows it:

a

b -------------,J'-------., I '-------\ c

c----------------~

Fig. 8.31

This figure is a more detailed sketch of the wattmeter to enable us to see
the connections of the two coils properly. The voltage coil is connected
between a and b, and the current coil is connected in series in the a-b
branch of the delta connection.

EXAMPLE 8.3
A delta-connected balanced three-phase load is supplied from a three-phase,
380 V supply. The line current is 20 A and the power absorbed by the load
is 10kW. Calculate:

a. the impedance in each branch
b. the line current, power factor and absorbed power if the same load

is star-connected.
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Solution

a. Delta:

Vphase = Vline = 380 V

I - 1,;", - 20 - 11 55 A andphase - v'3 - v'3 -. ,

121 = .!j",j10 = 32.9 n,
ph

_ 10 000
P = 3VphIph cosrjJ =} cosrjJ - 3 X 380 X 11.55 = 0.76, and

rjJ = cos-1 0.76 = ±40.53°

2 = 32.9 1+40.53° n

b. Since the load is the same, the PF of the load is the same:
0.76 (cosrjJ = 0.76)

Star:

V - VI - 380 - 219 39 V
ph - v'3 - v'3 - .

I =.!:"1!!!. - 219.39 = 6 67 A
ph Zph - 32.9 .

Iph = II for star =} II = 6.67 A, and, since the PF is the same =}

P = Y3VIII cosrjJ = Y3 x 380 x 6.67 x 0.76 = 3336 W

The power is one-third of the power absorbed in the delta connec­
tion (the small error appeared due to the decimal rounding).

EXAMPLE 8.4
The input power to a 1 200 V, 50 Hz, 3-phase motor, having at full load an
efficiency of90%, is measured by two wattmeters. The readings of the two
wattmeters are 300 kW and 100 kW. Determine:

a. input power
b. power factor
c. line current
d. output power
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I Solution

I•141\\ Since it is not mentioned, we'll assume that I 200 V is the line
II~ voltage for this motor.
I~

a. Input power: Ptot = PI + P 2 = 300 + 100 = 400 kW

b. Power factor:

tan¢ = .,fjP, - PI = .,fj x 100 - 300 = - 0.866
PI + P, 400

¢ = - 40.893°

cos¢ = 0.756

Since motors are inductive types of loads, we obtained a negative angle
(current lagging the voltage) as expected.

c. Line current:

P = .,fjVtIt cos¢ =?

It = P = 400·10' = 254.564 A
v'3V, cos¢ J3 x 1200 x 0.756

d. Output power:

Poutput = P;nput X '17 = 400 x 0.9 = 360 kW

@~~ Summary
• Three-phase systems are more economical than single-phase systems.

Since most of them are relatively balanced, their analysis is not much
more complicated than that for single-phase circuits.

• Three-phase generators produce a three-phase voltage, which is
composed of three single-phase AC voltages, each separated by 120°.

• The positive (clockwise) phase sequence is the a-b-c phase sequence.
The negative sequence (a-c-b) is not normally used in our studies at
this stage.
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• The most popular three-phase connections are the star (Y) and the delta
connections. For a halanced system, we can prove that the 3- or 4-wire
stars are equivalent. The following relationships can be proved:

• for a balanced star connection:
Iphase = [line

V - Vline
phase - v'3

• for a balanced delta connection:
Vphase = Vline

I -~phase - v'3

• For equivalent balanced star and delta:
Z -~star - 3

• For both balanced star and delta connections we proved that:

Ptotal = 3Vphlph cost/>, or

P total = Y3Vtll cost/>
where cost/> = the power factor of the load.

Similarly:

Stotal = 3Vphlph = Y3Vtll, and

Qtotal = 3Vphlph sint/> = Y3Vtll sint/>

• For a three-phase balanced system, the power in the system is constant.
• The method normally used to measure power in a three-phase system is

the two-wattmeter method.

If we make the following notations:

WI - the reading on one of the wattmeters, and
W2 - the reading on the other wattmeter

we can calculate:

tant/> = Y3~: ~ ~: =? t/> =? cost/> (the PF of the load)

Qtotal = Y3(WI - W 2)

WI = W2 for power factor = I (resistive); t/> = O.
WI = max for t/> = 30°
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Wz = 0 for if; = 60°
Wz < 0 for if; > 60°

• Remember, for the purpose of this course, we focused on the study of
three-phase balanced system only. (Three voltages equal in amplitude
and having the same frequency, but shifted by 120° in phase angle,
applied to equal impedances with resulting balanced currents.)

• Self-evaluation

1. In the balanced star-connected load of the following figure, assume
that the phase voltages are 240 V (rms) and each of the impedances
are Z = 25 + j40 [!. Calculate the currents flowing through each of
the impedances and draw the phasor diagram for the currents. What
do you notice? (Assume VRN as reference and a normal phase
sequence rotation.)

~h=240V z__t _
z

-------""z

Fig. 8.32

2. A three-phase balanced delta-connected load is fed from a star that
has a phase voltage of 240 V. Assuming a normal phase rotation
sequence, and knowing that the impedances in each branch of the
delta are equal to 40 + ;25 Q, calculate the line and the phase
currents.

3. Three similar coils, each having a resistance of 20 Q and an
inductance of 0.05 H are connected:

a. in star
b. in delta

to a three-phase, 50 Hz supply with 400 V between the lines.
Calculate the total power absorbed and the line current in each case.
Draw the phasor diagrams of the voltages across the loads and of
the currents flowing through the load in each case.
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4. A 500 V, 3-phase motor has an output power of 37.8 kW and
operates at a power factor of 0.85. The efficiency of the motor is
90%. Determine the reading on each of the two wattmeters used to
measure the input power.

5. Let's consider a large three-phase induction motor. The two ends of
each phase of the stator windings are brought out to a starter that,
when moved to the starting position, connects the windings in a star.
After the motor has accelerated, the starter is quickly moved to the
running position, changing the connections to a delta.

a. Find out the ratio between the starting voltage and the rated
voltage (per phase).

b. Knowing that the output torque of the motor is directly
proportional to the square of the applied voltage, calculate the
ratio between the starting torque and the torque that would be
obtained if the motor is switched directly across the supply (with
the stator windings connected in delta).

c. What would the ratio be of the phase currents in this case (star
connection/ delta connection)?

d. What would the ratio of the line currents be?

Answers

Activity 8.1 (page 226)

Yes. If the load is balanced, the power factor for all three phases will be
the same. The PF refers to the load and has nothing to do with the angle
between VI and It.

Activity 8.2 (page 226)

{

Vo = Vm coswt
io = 1m coswt

. V I 2 V I COS 2wt + I I V I ( 2w 1)Pa = Vala = m m cos wt = m m 2 = '2 m m cos t +

{

Vb = Vm COS(wt -120°)
i
b

= 1
m

COS(wt - 120°)

- V I 2( t _ 120°) - V I cos(2wt - 240') + IPb - m m cos W - m m 2

= !Vmlm [cos(2wt - 240°) + 1]

{

V, = Vm cos(wt +120°)
i, = 1m cos(wt + 120°)

Pc = Vmlm cos2(wt + 120°) = !Vmlm[CoS(2wt + 240°) + 1]
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Pa +Pb +Pc = !Vmlm[coS 2wt + 1+ cos(2wt - 240°) + 1+ cos(2wt + 240°) + 1] =

= !Vn,Im[3 + cos 2wt + cos(2wt - 240°) + cos(2wt + 240°)]

cos(2wt - 240°) + cos(2wt + 240°) =

= 2 cos 2wt - 2400 + 2wt + 240° cos 2wt - 240° - 2wt - 240°
2 2

4 ( 480°)= 2 cos ~t cos - 2 = 2 x cos2wt x cos(-2400) =

= 2 x cos 2wt x cos(l200) = 2 x cos 2wt x (-~) = - cos 2wt

cos 2wt - cos 2wt = 0

=} P = 3Vy'"
Do you notice anything?

For one phase:

{

V =V2V
rms 2 m

i =V2I
rms 2 In

- V2V x V2I - 2 V I _ Vmlm
Pa, -"""2 m """2 m - 2 x 2 m m - 2

If you don't remember this, revise Unit 2.

We can say that the instantaneous total power is constant and equal to
three times the average phase power.

The proof can be extended to include any load (PF of- I) by inserting a
phase angle q, in each expression for the instantaneous current. The result
will be: P = 3VI cosq, - again a constant, three times the average phase
power. (Here cosq, is the power factor of the load.)

However, remember that this proof is valid only for sinusoidal voltages
and currents.

Activity 8.3 (page 231)

Multiply P3 - P j by v'3 and then you'll get exactly v'3hVL sinq" which
is the reactive power (Q) for the three-phase system.
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R

3-phase load

Fig. 8.33

The reading must also be multiplied by V3.

Self-evaluation (page 235)

1. 5.09/- 58° A; 5.09/- 178° A; 5.09/62° A

+620

- -> 1:R(reference)

"--.AJt-58°

Fig. 8.34

If you look at the phasor diagram, you notice that h + ly+ lB = 0:

2. If we take TAB as assumed reference:

lAB = 8.81/- 32° A
lBC = 8.81/- 152° A
lCA = 8.81/88° A
lA = 15.26/- 62° A
h = 15.26/-182° A = 15.26/178° A
lc = 15.26/58° A

3. a. 4948 W; 9.08 A
1j;y (V line)

300

---J~r-T---'3'---;> 1), (V phase)
8.130

1200 IR

Vy
Fig. 8.35
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b. 14850 W; 27.25 A (:::; 3 times the star values!)

.*---.---~fj;y (V line)

38.130

Fig. 8.36

4. 13.5 kW; 28.5 kW

5 a. 1 .
y'3'

b. I.
3' c. 1 .

v'3'
d. 1

3

Appendix I

~ Transformations

The following transformations will help you change the star connection to
an equivalent delta connection or vice-versa. Remember these when you
are working with star or delta systems:

Fig. 8.37



240 Basic Circuit Analysis

Ie C
C·~~>-"-----=-L--, /·'----\B

B~_~I"-B----------.J

Fig. 8.38

Star to delta transformation:

Z - ZAZB + ZBZc + ZCZA - Z + Z + ZAZB
AB - Zc - A B Zc

Z - ZAZ. + ZBZc + ZCZA - Z + Z + ZBZC
BC - ZA - B C ZA

Z - Z,Z. + ZBZc + ZcZ, - Z + Z + ZAZc
CA - ZB - A C ZB

Delta to star transformation:
Z - ZABZCA

A - ZAB + ZBC + ZCA

Z - ZARZBC

B - ZAB + ZBC + ZCA

Z - ZCAZBC
C - ZAB + ZBC + ZCA

For the special case of a balanced system, make the following notations:

Zy - impedance for the star connection (the same on all three phases)
Zt;. - impedance for the delta connection (again the same for the three
phases)

It can be proved that:

Zy = ~ and respectively, Zt;. = 3Zy


