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Group Compcsition, Collective Consumption, and
Collaborative Production

By MArRTIN C. MCGUIRE *

An enduring question in the analysis of
groups is: what determines their composi-
tion in terms of their individual con-
stituents? In a universe of diverse people,
should homogeneous groups coalesce
around like individuals. or should heteroge-
neous groups of diverse units form (Mc-
Guire. 1972, 1974)? Two salient treatments
of this problem are the one due to Charles
Tiebout (1956) and Jimes M. Buchanan
{1965) and that due to Eitan Berglas (1976).
Tiebout and Buchanan argue that scale
economiies in local public good (LPG) con-
sumption should lead o homogeneous
groups, provided individual income is unre-
lated to the group, club, or jurisdiction of
residence.! Berglas argues that precisely
when the place of work and of LPG con-
sumption coincide, mixed “Berglas-groups”
should coalesce. and he conjectures-—as-
suming that all groups produce one identi-
cal private good—that these jurisdictions
should be uniformly heterogeneous across
an entire population. Closely related work
includes: (1) again Berglas (1976) and John
D. Wilson (1987), who show that with two
tradable private goods Berglas-groups must
be nonuniform; (ii) Joseph Stiglitz (1983),
who concludes that, even without tradable
private goods, dissimilar groups can be

*Department of Economics. University of Mary-
land, College Park, MD (address effective January I,
1992: Department of Economics, University of Califor-
nia. Irvine, CA 92664). Support from The University of
Maryland. The Nationai Science Foundation. and the
Pew Trust is gratefully acknowledged. I have benefited
from discussions with Wallace Oates, Mancur Olson,
Arvind Panagariya, Robert Schwab, and Paul Wonna-
cott and especially from referees’ comments. An ear-
lier version of this paper was circulated as McGuire
(1988). The related paper of Jan K. Brueckner (1989)
came to my aitention afterward.

'Comprehensive summaries may be found in Todd
Sandler and John T. Tschirhart (1980).
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Pareto-optimal; (iii) Berglas (1984), who
concludes that multiple public goods atten-
tuate the effects of strong taste differences;
(iv) Suzanne A. Scotchmer and Myrna H.
Wooders (1987)., who identify the crucial
importance of relative numbers of consumer
types in LPG models: and (v) Wood-
ers (1978), who investigates optimal group
composition as determined by the equiva-
lence between competitive and core alloca-
tions in LPG economies.

Drawing on these studies, this paper
builds a concise diagrammatic analysis of
the group-composition problem, including
conditions under which Tiebout configura-
tions dominate Berglas-groups and condi-
tions u~der which the conjecture of uniform
heterogeneity applies. Throughout, the cru-
cial tension governing group composition
remains a conflict between the disadvantage
dissimilar people find from cooperating in
collective consumption versus the advantage
they find fromn cooperating in production.
The analysis is solely normative; questions
of equilibria are not treated (see McGuire,
1988).

I. Introductory Efficiency Analysis
A. Assumptions

To reduce the analysis to bare essentials,
assume a population of two types: 1 and 2.
Individuals of each type are identical but
different from the other. The two differ
both in tastes for collective goods and in
productive abilities in private-good supply,
with perfect correlation between work abili-
ties and LPG tastes. Private productivities
are synergistic, represented by a linear ho-
mogeneous production function, X
F(L,,L,), with 0F /dL, = F,. Each individ-
ual (types i =1,2) has one unit of L, and a
utility function. U([]; —¢,],G), with L, rep-
resenting the number of individuals of type
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i. I, is i’s gross income, G is LPG consump-
tion in the group, X is total private good
production, ¢, is ¢'s cost share for the provi-
sion of G, and Y,=/ —c¢, Is s private
consumption after payment of c,. I assume.
that to exploit their complementarity in pro-
duction, 1's and 2's must "live together™ in
the same jurisdiction and compromise their
differences as to LPG consumption. Scale
economies in LPG production are also ruled
out to yield C, a cost function for G, with
ner-person cost per unit of LPG equai to I:

(1) ¢ Ly+c,L,=C=G(L,+L,)

C/NG=1 N=L +L,.
Thus, I avoid potential integer problems
connected with jurisdiction sizing by char-
acterizing G as a publicly provided pri-
vate good.® One might alternatively spec-
ify a replicable 1J-shaped per-person
average cost [i.e., C(G,N)/N] with mini-
ma (where dC /N =C/N) at N*(G) and
C(G,N*(G))/N*(G)=G. If N* is an in-
teger factor of total population. the two
formulations are completely equivalent.

B. The Group Optimization Problem:
Dominance of Group Composition over
Discriminatory Taxation

My ultimate concern is the efficient orga-
nization of a given national population with
given numbers of 1’s and 2’s. As a prelimi-
nary exercise instrumental to analysis of that
ultimate goal, I consider the case in which
L, and L, are not given and fixed. but
instead are variables of choice. For this
problem, I assume a social welfare function
Cu,U; (with welfare weights u;) to be maxi-

“The so-called “integer problem” first analyzed by
Mark V. Pauly (1970) is concisely summarized by David
A. Starrett (1988). As pointed out by a referce, my
analysis skirts the more general case in which utility is
atfected not just by the ratio G /(L + L,), but by both
terms individually. The dominance of equal taxation
carries through to this more general case, but even
with average and marginal per-person costs equal, if
these costs per unit of G are nonconstant. then a new
source of nonconvexity could arise.
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mized over ¢,, L,, /. and G: or, equiva-
lently, setting w, = 1 and ¢, = A and requir-
ing that all 1's (and all 2's) be treated
equally, with Uy the constraint on 2's util-
ity, the problem is

(2) maxU([1,—¢].0)
+ /\{U:([I: _Cz]vG)"Uz()]

subject to equ ion (1) and a provision that
pretax private ncome exhausts private pro-
duction in eacn group: £/, L, = F(-). Again,
L, and L, are unrestricted variables of
choice in a community maximization prob-
lem regarded as an intermediate step to-
ward characterizing efficient allocations.
Necessary conditions include (a) u U, /Ly =
w,U? /L, (for optimal distribution, U/ be-
ing marginal utility of Y,), (b) LL, MRS, =
L L, (the Samuelson condition; where MRS
denotes the marginal rate of substitution),
and (c) F,=I,+¢,-G=0(i=1,2) for op-
timum choice of L.

The last condition implies that private
income is equal to the marginal product
only if costs are equally shared, in which
case each resident pays a tax, c,, equal to
the marginal cost he imposes on LPG provi-
sion (i.e., G). To sustain this equal-cost-
sharing result, the marginal congestion cost
each individual imposes on others must be
the same for all—the case of anonymous
crowding as analyzed by Scotchmer and
Wooders (1987). Since marginal costs are
identical across residents and the choice of
group membership is open, all pay the same
taxes. For a more general model, in which
marginal costs differ. ¢; would differ.

The choice of group membership also is
crucial: at the L, mix selected by the neces-
sary first-order conditions, the relative
marginal social values of numeraire private
inco:nes are brought into equality with op-
portunity costs of income distribution across
individuals (j¢,U, /U2 = L, /L,) through
the choice of (L, L,); therefore, no income
transfers are needed to achieve first-best
optimality. Thus, the L, are chosen so that
first-best lump-sum income transfers are nil,
and therefore each individual pays c,; =
marginal cost (MC)= G. (Equivalently, if

-
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Ficure 1. THE SUPERIORITY OF MARGINAL
Propbuct CHANGE OVER INCOME
REDISTRIBUTION

I; # F,, the excess or deficit must be offset
exactly by differential tax shares). For dif-
ferent weights on individual utilities in the
social welfare function,® the optimal choices
of L, and corresponding marginal utilities
U, would also vary. However, at each opti-
mum, taxes still should be equal, and in-
come should be equal to marginal product.
Therefore, moving from one optimum to
another would never invclve income trans-
fers, since these are always dominated by
changes in group composition.

Figure 1 illustrates this with the factor-
price frontier F, = &(F,). For constant-re-
turns-to-scale production, ¢ is unique with
slope equal to the associated ratio of factor

3Using the term “*social welfare function” to charac-
terize Lu,U' when the L; are to be chosen is stretch-
ing terminology somewhat. A conventional (utilitarian)
social welfare function might be written W =Eg,LTU'
with population fixed at LY. Here, maximizing W cub-
ject to EL*I = F(L*) requires #,U}! = B,U. Suppose
the L* are solutions to the first L,-choice problem;
then consistency with the second (conventiounal social
welfare function) requires B, =pu, /LT, which yields
zero transfers (i.e., [, = F, in boih formulations).
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consumers (—1/&"=p= L, /L,) where &'
=dd /dF,. For any given ratio, income re-
distribution possibilities (taken from
marginal productivity factor payments as an
initial point) are shown by the tangent line
. (At p*, for example. the entire product,
if shared equally by L7, gives each L, an
income of /**). Evidently, ¢ dominates all
distribution possibilities like ; that is,
group composition dominates income trans-
fer for welfare redistribution. The above
first-order conditions merely demonstrate
that LPG’s do not change this conclusion;
income transfer remains inferior to group
composition as an instrument of welfare
change (assuming equality among con-
sumers of the same type). Of course. if
population composition were fixed. contrary
to the above assumption, then income trans-
fers (or unequal taxation) would be intro-
duced as a potentially desirable instrument.
For analysis of the overall national problem
in which L, and L, are fixed (Section III), I
will identify cases in which income transfer
complements uniformity in individual com-
munity compositions and other cases in
which income transfer supplants it.

I1. The Consumption Set and “Efficient”
Group Compositions for a Community

A. The Opportunity Set

Figure 2 gives a graphic solution to equa-
tion (2). It extends Figure 1 by adding the
two consumer quadrants between private
and LPG consumption. After-tax consump-
tion of each type depends on its location on
the factor-productivity frontier, ¢, and on
how much G is produced and consumed.
With marginal product wages and equal
LPG costs, Y; and G are thereby deter-
mined for both types. Figure 2 constructs
such an LPG-versus-private-consumption
opportunity set for type 1 given a fixed
utility level for type 2 (curve U,'). Combina-
tions (a-b-c) and intermediate points all
consistent with Uy form the locus S} repre-
senting 1’s corresponding consumption op-
portunities. For example, consider point ¢
on U). To pay for the associated G, at a
price of $1 per unit, type 2 must earn F5.
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Portion of ¢ which
is inconsistent

FiGURE 2. DERIVATION OF THE ConsuMPTION OPPORTUNITY SET. S. FROM
THE UTiLITY CONSTRAINT U+ AND THE FACTOR-PRODUCT™ITY FRONTIER &

Tracing across to ¢ shows that type 1 will
earn Fi. If the I's pay $1 per unit of G,
then their earnings are reduced along the
45° dashed line moving to ¢ on S}. Other
combinations a and b are similarly con-
structed. If type 2 earns F3. the figure shows
two alternative points on U, labeled “a.”
two amounts of G. and two associated points
on S}. also labeled “a.” Since 1's and 2's
both pay $1 per unit of G. the budget lines
in the second and fourth quadrants are par-
allel with slope 45°. With U, constrained to
a higher level, a smaller opportunity set
could be constructed (as in Fig. 3) with a
shape similar to S}

Use of this construct requires a knowl-
edge of its properties. which 1 will now
develop. Each point on any § corresponds
to a specific group composition. Clockwise-
downward movements along S imply lower
L, /L, ratios. that is. more 2's cooperatc
with 1's in private production up to the
smallest value of L, /L. consistent with
Uy. 1 denote this limiting ratio of L, /L, as

(L, /L,)-min at p° (the value of G at this
point is G_). This minimum or limiting ratio
of L, /L, shows the lowest L. productivity
consistent with U, where the slope of Uy
= —1 and 2’s are supplied precisely the
LPG they desire at a price of unity. For
values of G on S(G) greater than G, the
implied L, /L, reverses direction. retracing
its path and increasing for further move-
ments along S. Thus, for U, constrained to
Uy, only a portion of & is admissible as
identified in Figure 2. If L, /L, is too low,
F, becomes too small for 2's to reach any
point on U, at all. A lower (higher) con-
straint on U, will extend (contract) the al-
lowable range of p on & beyond (short of)
point c.

B. Opportunity Maps

Essential to construction of a consump-
tion-opportunity curve for one type of con-
sumer is specification of a constraining in-
difference curve for the other. For each

-
——
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feasible L', in the second quadrant. another
§, curve can be constructed in the tourth.
Higher tfeasible utility tfor the 2's entails a
lesser curve for the 1's. Similarly. opportu-
nity sets for the 2's may be constructed in
the second quadrant. with cach S. curve
derived from a specified admissible indif-
terence curve for the I's. and higher levels
of L, generating lesser 8,°s. When §) = — 1.
type-2 consumers just receive the indicated
provision of G at a price of unity. receive in
private carnings the minimum consistent
with U, and theretfore are at their highest
proportion tlowest value ot L,, L) consis-
tent with that utility. These points of §) =
—1 generate a locus t(not shown) in I's
consumption quadrant of amounts ot LPG
ideallv desired by type-2 consumers. In con-
trast. the LPG ideally desired by type | is
simplv 1's income-expansion path (not
shown). Location of the cthicient outcome
with respect to these loci will show which
type receives more than its ideal LPG con-
sumption and which type receives less.

C. Nonconvexities in the S Curve

The shape of the S curve will be crucial
to show when an overall national configura-
tion of groups requires uniform heterogene-
ity for ecfficiency and when it requires
nonuniform heterogeneity. Its equation. Y,
= S(G). is obtained from Y, = F, - c(G),
where F,=&(F,). F.=Y,+cG), Y,=
VA(G), ¢(G) is per-person cost of G [ie..
¢ =C(N.G)/N], V, is the utility constraint
for type-2 individuals. and F, and Y, are as
detined already. Substituting successively
gives

(3) Y, =o[V:(G)+c(G)] - c(G)
=5(G)

(4) dY,/dG=(Vi+c)d' —c" ="

Here. ¢’ = dc(G)/dG is the marginal per-

person cost of G. and V7 is the slope of U,

Assuming from equation (1) that G is per-

fectly congestible (a publicly provided pri-

vate good) gives ¢’ =c¢ /G = 1. and (4) sim-

plifies io

() dY, /dG=(V,+1)d" -1

Vi<l & <0,
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Differentiating (4) and substituting (¢’ = 1.
¢ =0) gives

(5) d°Y,/dG = ,.o"(l'; -0} = =S
(= {~=) {=)(+)

with components uas signed. This confirms
that § is concave from below (5" < () near
§"= -1 and may have two or more points
of inflection (and §” > 0 downward along
the G-axis in the fourth quadranu). If 1™
and &” were constant. there wouid be just
two inflection points. one on either side of
Vo= —1or S = —1. Exact locations ot non-
convex regions of § will depend on the
rates of change in " and 17", making pre-
¢cise a priori specification of S impossible
(nonconstant values of &" and ' might
give many inflection points and regions of
nonconvexity).” Stll. these nonconvexities
are pointedly relevant to uniform versus
nonuniform jurisdiction structures and will
be used presently to demonstrate the logical
possibility that nonuniformity is superior.

D. Effect of Freezing Community
Composition

If community compositions were frozen
at a particular L, /L., a construction simi-
lar to Figure 2 would gencrate a different
U,-constrained opportunity set, say D. for
cach value of p. Figure 3 shows U,', ¢, and
Sy from Figure 2. With group composition
frozen at p". income-transier possibilities

*This illustrates the prevalence of nonconvexities in
LPG models (c.g.. Stiglitz, 1983 Wilson. 1987). | as-
sume that production / utility sets are convex and elimi-
nate integer considerations but still come up with non-
convexity. A referee has pointed out how $(G) can also
be derived from the following simple maximization
program; Given (. choose Y., L,.and L. to maximize

[FO )= LYs=(Ly+ L)G]/L,

subject to Us(Y.. ()= " The quanuty maximized is
the surplus penerated per type 1. S0G) is the maxi-
mized value of this surplus. Equations (4) and (5) then
follow using the envelope theorem. First-order condi-
tions require that differences between marginal prod-
uct and private consumption equal ¢ for cach type.
Thus. cach type 1s added to the community until its
surplus, the ditference between its marginal product
and consumption of resources (Y < (7). 15 zero at the
margin,
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FiGUREe 3. Ir FAcTOR ENDOWMENTS ARE FROZEN AT pP, CONSUMPTION
OpPORTUNITIES ARE RESTRICTED TO DY, IN CONTRAST TO WHEN GROUP
ComposiTioN Is ALLowep To CHANGE ALONG @

are given by w° Now consider the effect
this new constraint has on the 1's consump-
tion opportunities. For example. to sustain
point ¢ on Uy, income /5 is necessary for
type-2 individuals. and therefore. only /{ is
achievable for the 1's. F| is not permitted
in this case because movement along & has
been eliminated by freezing L, /L, at p".
Instead. n.ovement in the first quadrant is
restricted to =°. the locus of income-trans-
fer options. Consequently. from point ¢ in
the second quadrant. ¢’ can be reached in
the fourth quadrant. Curve DY, therefore.
rather than S|. shows the set of feasible
consumption points resiricted by =" and
Uy. A similar construction for U, limited to
Ul>Uy gives S| and D). Thus each D
curve (incorporating income transfers as the
only redistribution mechanism available
when group composition is frozen) is infe-
rior to the corresponding S curve. except
where the income-transfer option is not ex-
ercised. S may be regarded as an envelope

of such D curves, one for each L,/L..
Therefore. if the population is fixed. a map
of opportunity curves like DY, D! ... be-
comes relevant in addition to S9.

E. “Pareto-Efficient” Community
Compositions and LPG
Resource Allocations

When A > 0. efficiency” requires tangency
between U, and §,, and from (4) Samuel-
son’s condition obtains again:

(6) MRS, =dY, /dG
= (MRS, +MC)(- L, /L,)
~MC

“Here, by “efficiency” I mean points on the utility-
possibility frontier between representative types when
the number or proportion of such tvpes itself varies.
Since the set of agents is ordinarily fixed in definitions
of efficiency and optimality, I have used quotation
marks in the heading above.
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p > p® Region of Surplus

of Type 1

45
p<p
Region of Surplus

Ficure 4. E Locus oF “EFFICIFNT” GrRoup COMPOSITIONS: As ENDOWMENT
RaTio L, /L, CHANGES, UniForM GROUPS ARE EFFICIENT, BUT FOR p > p*
AND p < p*, BotH U, anp U, DECLINE

or. with i=1and j=2,
(7) L, MRS, + L, MRS,

Figure 4 shows E, the efficiency locus of
such tangencies, in the 1's consumption
quadrant (and symmetrically in the 2's
quadrant) for the “'regular” case in which §
is convex throughout. Every tangency of U,
and S, implies a value of p, and by continu-
ity every admissible p entails a particular
welfare distribution. £ terminates at the
tangency of U with M,. As developed in
Appendix A, this occurs when A =0, and
the Samuelson condition becomes L, MRS,
= LL,. Both cases demonstrate the consis-
tency between the diagrammatic and math-
ematical analyses.

I11. Efficiency Analysis and the Structure of
Group Composition

I have developed the foregoing tools as-
suming the membership composition of the
group to be unconstrained and assuming
income transfers to be an inferior distribu-
tion instrument. Now I can apply these tools
to the sitvation in which national popula-
tion size and composition are fixed and,
therefore, in which income transfers may be
required to achieve a socially desirable dis-
(ribution of utility. At a general level, the
extension of Figure 4 to include the case
with fixed population is straightforward. E
was constructed on the assumption that
L,/L, is a variable of choice. If instead,
L,/L, is frozen at a given value, then
following the logic of Figure 3, “con-
strained” E-curves could be constructed im-
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Fioure 3. UTiLiTy-PossiBiLITY FRONTIER
BETWEEN REPRESENTATIVE TYPE:
CORRESPONDING TO FIGURE 4

plving in turn a constiained utility-possi-
bility curve wholly inside curve pp of Figure
5 (except at a point of tangency). It could
happen that the endowment of factor con-
sumers p" just happens to match the opti-
mal value of p for the weifare distribution
picked out by the social welfarc tunction of
equation (2). However. if the given L, /L,
is not the same as would be optimally cho-
sen. then income transfers (or unequal taxa-
tion") aleng a line =" tangent to & at p"
(and along a corresponding D" curve) are
indicated.

Al a more specific level. the constructs
developed above will also be useful for (i)
discerning when homogeneous Tiebout
groups dominate hetcrogencous Berglas
groups. (ii) appraisal of the conjecture that
Berglas-groups should be uniformly hetero-
geneous. and (iii) more specific identifica-
tion of efficient group configurations.

A. Tiebout versus Berglas

Consider first comparisons between pure
uniform Berglas and Tiebout groups: the
diagrams indicate which is supcrior. Figure
6 shows o frontiers B, and B. with low and

“Although transfers and tax-price discrimination
usually ditfer. for public good provision they are known
1o be cquivalent (McGuiie and Henry 1. Aaron. 1969).
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high clasticity of substitution (o). respec-
tivelv. and. at point b. the Berglas configu-
ration and utility distribution (assuming
convexity of §. uniform heterogeneity. and
zero income transfers to be optimal). The
endowed proportion is p". the slope of B,
or B, at b. Now consider a noninteractive
technology (infinite ¢) with productivity of
L, and L, fixed at MP; and MP!. As shown.
point t can make 1's and 2's just as well off
in Tiebout configurations as they are at b in
Berglas clubs. The lower productivity of each
at t is just offset by the benefits of organiz-
ing for LPG consumption in homogeneous
groups. Moreover. anv other noncoopera-
tive technology along line T (also with slope
p") is potentially equivalent to t since from
any point on T, t can be rcached via income
transfer. It follows that c¢verv noncoopera-
tive technology above T dominates b. More-
over it can be eflicient to mix a noncoopera-
tive or Tiebout configuration (shown as a
point below T) with Berelas groups along &
(not at point b). since this exploits the supe-
riority of population composition for alter-
ing the utility distribution. However. if t is
betow line T. 1t could never be cflicient to
form Berglas clubs together with homoge-
neous Tiebout groups for doth types.

Next. consider forming segregated Tie-
hout clubs with the same 8 technology.
Could these ever be superior? Figure 6 pro-
vides the answer. It depends on the shape
of B. If the factor-price frontier is tightly
curved as in the the case of B, (indicating
high o). then little is lost by forming Tiebout
groups. and combination b. dominates t
and therefore b. But if  is low as with B,
then segregation implies productivities at b,
inferior to t and therefore to b. In the
diagram. both type | and tvpe 2 gain or lose
in a switch from Tiebout to Berglas groups.
However, if B, or B. werc not symmetric
about b, the change could harm one factor
and aid the other: but in this case porential
Pareto superiority can be determined by
examination of the income-transfer possibil-
ities along a line with slope - L,/L,
through b, or b,. Consumer preferences
also obviously play a crucial role in compar-
ison of Tiebout versus Bereglas clubs. Greater
taste differences between consumer types
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FiGURE 6. CoMpPARISONS BETWEEN BERGLAS AND TiEBOUT GRCUPS

and lower elasticities of substitution be-
tween public and private good consumption
favor Tiebout configurations.’

B. Uniformity of Berglas Jurisdictions
with S Convex

Next | ask whether within this model it
could be efficient to organize a fixed na-
tional (L, /L,) endowment into dissimilar
groups. If so, it could not be due to integer
problems, for I have allowed no scale
economies in public or private production.
The issue of uniform versus nonuniform

"Berglas (1984), however. shows how multiple public
goods cause taste differences actually to favor Berglas-
groups.

heterogeneity depends entirely on convexity
of consumption-opportunity S sets.

With S convex. diversity of groups is un-
ambiguously inferior; it is never optimal to
form diverse groups and then equalize utili-
ties within types by transfers. For instance,
suppose p” in Figure 7 is a fixed national
endowment. Rather than organize the en-
tire population at that ratio, groups of two
compositions might be formed with p! > p°
and pz < pY, cach sized just to absorb the
endowed (L,, L,). Then. to equalize utility
among the U's and 2’s, transfers are made
along D' (7') and D* (7-) until U, is the
same in both groups. a result shown as U,
which is necessarily Parcto-inferior to p°
and U). With S convex. no combination of
p' and p° can surpass p". This result contin-
ues to hold (where S is convex) even if
income transfers are required by the social
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FIGURE 7. THE SUPERIORITY OF UNIFORMLY MIXED GROUPS WHEN S Is
Convex: ENDOWMENT RaTiO p aLLows U)' aND UY' AT P WHEN ALL
Grours Usk p; NONUNIFORM GROUPS As AT p'=p* ALLow ONLY U - U,
WHicH Is INFERIOR

welfare function. For example. with popula-
tion fixed at p” in Figure 7. income trans-
fers to increase the utility of type 1 require
southeast movement along a line tangent to
& at p" (not shown) and along D" (a corre-
sponding curve tangent to Sy at p). Again.
no combination such as p' > p" and p- < p"
can surpass p".

C. Efficient Groups: Consumption
Opportunities Not Convex

If S is not convex (as in Fig. 8), then
organizing some groups with composition p'
and others with p- achieves a distribution
(U*,U,) that dominates uniform organiza-
tion at p" (for all p- <p”<p') and the
associated inferior welfare distribution
(U, UY) at n." Appendix B produces a nu-

“Similar closely related results are obtained by
Stiglitz (1983 p. n4 and figs. 2b. 11). Wilson (1987). and

merical example to demonstrate more con-
cretely the logical possibility that nonuni-
form groups may be superior. Moreover,
this potential for nonuniform groups to
Pareto-dominate uniform groups may inter-
act with utility distribution and income
transfer in a particularly sensitive fashion.’
This is illustrated in Figure 9.

Assume that the endowed national popu-
lation ratio is p", that the social welfare

Berglas (1976) when two tradable private goods are
postulated. Stiglitz's result derives from diminishing
marginal product of land. whereas the present mode!
follows solely from substitution elasticities and taste
differences. Berglas and Wilson show that the envelope
@ frontier for two goods must have a kink (as in Fiz. 8),
thereby generating dissimilar groups. Figure 8 is a
specific case to show that uniform groups mav be
inferior to a mix of diverse groups: the general case
would be a serpentine-shaped S, curve tangent to one
LUy curve at several points.

"This conclusion 1s also demonstrated in Scotchmer
and Wooders (1987).
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FiGURE 8. EXAMPLE OF A NONCONVEX CONSUMPTION OPPORTUNITY SET, SV,
9
AND NONUNIFORM GROUPS p! AND p* SuPERIOR To UNiFORM GRoUPs AT p’

function picks UY as the constraint, and
that maximizing U ‘without inccme t'ans-
fers and with equal cost shares allows U t

be reached. All communities are ndentlcal.
Now suppose the central government de-
cides to transfer lump-sum income from
type-2 to type-1 individuals. This redistribu-
tion policy can be represented as a transla-
tion of the factor productivity curve from &
to é."° The new & shows productivity cum

01f the efficient group configuration is uniform,
transfers are all intracommunity, but if the efficient
configuration is nonuniform (as in Fig. 8), transfers
both within and across jurisdictions are n:cessary to
equalize utilities of similar consumers. This conclusion
is representative of the interdependencies that hold
among variables at an optimum: in particular. whether
at efficient solutions (i) population composition is 0,:ti-
mal, (ii) taxes within communtties are equal, (iii) trans-
fers across individuals and across communities are
nonzero, and (iv) L, /L, ratios diverge across groups
(or all are uniform). The relevant overall maximization

problem can be written as follows. Let j=a,b index
community types, and let L, denote population endow-
ments. Choose L/, I/, c,’, and G’ to maximize

WU = c1),G* )+ U311 -~ ¢1),G*]
+0(UP - UP)+8(Us - UD)
03[ FA(y+ FOy = LI = L13 = L31P = L315]
#04( Ly~ LY=L+ 0<(Ly - L3 - LY)

+ 86 Lic} + Licd = (L{ + LY)G")

+04[ LY} + L8ch - (LY + L%)G®].

First-order conditions are interpreted as follows. First
suppose that §, = 0, = 0: that 1s, the population con-
straints vanish either because the L, are choice vari-
ables or because the given L, are opumal In this case,
(a) taxes must be equal for all within each group, and
{b) zero intergroup and intertype transfers are optimal,
but (c) communities may nevertheless diverge because
of nonconvexities in S(+). Next let 8, # 65 # 0, meaning
that population L,-L, is given at nonoptimal values.
Then, at an optimum it follows that (a) 0,/05=
- L, /L,. and therefore #, and 0 must have opposite
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FiGure 9. EFFecTs OF LuMp-SuM INcOME TRANSFERS ON EFFiCIENT GROUP
STRUcTURE WHEN THE OPPORTUNITY SET 1s NONCONVEX: BEFORE LUMP-SUM
TRANSFERS. UNIFORM JURISDICTIONS (L, /L, = p") Give U anp US;
PropER CHOICE OF TAX. 1. AND SubsiDY, 5. Gives U anp U > U} For
NonuNiForM Grours

transfers. Every point on & is lowered by t,
the amount of the tax on type-2 individuals,
and moved to the right by s. the amount of
the subsidy to 1's. Thus. the ratio ¢ /s must
equal the ovzrall population ratio L, /L..
This construction also produces a new
after-transfer opportunity map for type-1
individuals. Figure 9 shows one of these
new S curves: in particular. the one corre-
sponding to Uy. Note that the new S curve
makes a nonuniform jurisdiction structure
both feasible and superior to ‘he original

signs: (b) taxes of L, and L. in each group cannot be
equal (i.e.. transfers across types are mandatory); (c) if
intergroup transters are allowed but chosen to be zero
(with each community therefore self-supporting), then
L, /L, is the same in all groups: and (d) if intergroup
transfers are positive. then L, /L. differs among
groups. which can only be the case if S(G) is non-
convex.

uniform structure (i.e., U > U). Obviously
this example is only one possibility; the op-
posite phenomenon could be easily con-
structed.

D. Nonconuexity, the Efficiency Locus,
and the Utility-Possibility Frontier

S curves may be nonconvex over a range
of utility distributions. This has important
implications for the interdependence among
social welfare optima, income distribution,
and community organization. To capture the
fundamentals of that interdependence Fig-
ure 10 shows noncorvexity over an entire
range of factor consumer ratios.!! Several §

| . .

'A much sharper-cornered & curve is required to
generate the § set shown. The curve is drawn tc show
sets a. B. y. and 4 more distinctly.
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Ficure 10. UtiLity DisTriBUTION BETWEEN L AND L, ORGANIZED IN
UniForM MIXeD GRoups As ENDOWMENT L / L, CHANGES AND
OprPORTUNITY SETS ARE NONCONVEX.

For SOME Factor ENDOWMENTS (IN a), UNIFORM GROUP ORGANIZATION
Is EFFICIENT: FOR SOME (1IN 8), UNIFORM GROUPS ARE ALWAYS INEFFICIENT;
For OTHER ENDOWMENTS (IN 3 AND v), DIVERSITY OF GROUPS Is SUPERIOR
ONLY IF IncoME CaN BE TRANSFERRED

curves are shown as S¥ corresponding to
Uk, with U} <U{... generating S},5;....
The efficiency locus E is then constructed
in Figure 10 assuming that 1's have homoth-
etic utility. Each point on E designates a
partirular  community composition, LPG
provision, and utility distribution. F now
consists of several subsets of tangencies be-
tween the S¥ and U, maps; first. e. consist-
ing of two branches connecied by the indif-
ference curve U[*; second, B, consisting of
two branches connected through a ““trough’;
third, y, consisting of allocations in the non-
convex trough where U, > U or U, > U,
and fourth. the set . consisting of alloca-
tions with U, < U}* and U, < UZ. These sub-
sets have corresponding segments on ¢ and
the utility trontier. When § sets are convex
throughout. E collapses to a single curve as
in Figure 4, and the kinks in Figure 10
disappear. Very much more complex pat-
terns than these could casily be constructed

from less regular preference maps for 1’s or
2’s.

E. Implications of Nonconuexity for
Community Organization

Although Figure 10 necessarily pictures
only a specific case, it is indicative neverthe-
less of the more general implications of
nonconvexities. These implications fall into
two categories: those for a single community
able to choose its composition and those for
the nation as a whole with a fixed L,~L,
endowment. For the first problem, a con-
straining utility level for one type is fixed,
and free movenent along ¢ is permitted.
For the second problem, an endowed point
on ¢ is given so that average factor propor-
tions cannot be changed. Still. the endow-
ment may be divided intc different mixes on
either side of the average, and the total may
be absorbed by appropriate numbers.
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L1/ L2 increases
in this direction

FicURre 1. UTiLiTy-PossiaiLiTy FRONTIER
WHEN ConsUMPTION-OPPORTUNITY SETS. §. ARE
NONCONVEX

For the single-community case the dia-
grams show the following. (a) Absent non-
convexities. every welfare distribution im-
plies one community-composition ratio. and
within the range of **admissible™ or *viable”
factor-consumer ratios vice versa. However,
as discussed below. some ratios may be in-
admissible. (b) With population a variable
of choice and nonconvexities (i“ig. 10), some
subsets such as B-y~38 (p} >p > p3) will
be forbidden: these are dominated by groups
in se: « (p < p3 or p; < p). For every p in
B-vy-05. one or more values in a can
increase both U, and U, (see Fig. 11).
(¢c) Diverse group compositions may yield
the same welfarc distribution. This occurs
at (Ur.UX) in Figure 11 [ie.. at (p}, p3)in
Fig. 10].

For the provlem of how to organize a
given national endowment. the results may
be summarized as follows. (a) For endowed
ratios in the set «. uniform jurisdictions are
efficient. with all groups having the same
L, /L. as the nation as a whole. Absent
nonconvexities. everv first-best feasible wel-
fare distribution is achieved by lump-sum
transters within these identical communi-
ties. (h) Assuming nonconvexities (i.c.. seg-
ments such as B-v-4 along E). national
endowment ratios within set & (between p!
and p}) always require nonuniform groups
at p; and p3 which increase both utilities to
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Uy and UY. If transfers are required to
optimize social welfare, the uoecific mix-
tures may be influenced by the amount and
direction of the transfer. but uniform com-
munities within & are inferior whether
transfers are aliowed or not. (¢) If the over-
all endowed population is in set 8 or vy
(p3<p<p}orpl<p<p))then. absent in-
come transfers. uniform community struc-
ture cannot be bettered. However. if income
can be lump-sum redistributed (as in Fig. 9),
then a mix of diverse grocups Pareto-super-
ior to uniform organization in y or 8 will be
aJailable. This is most readily seen for an
endowed p in v, for then a nonuniform mix
of groups is readily found which keeps one
type at its uniform-mix utility level and in-
creases utility of the other type in both
xinds «f groups. The welfare of the two
types who gain can then obviously be equal-
ized by lump-sum transfers between them
(and therefore between kinds of groups).
(d) Endowed ratios over certain ranges such
as p<p® and p>p* in Figure 4 are of
special note and are discussed in Appen-
dix A.

V. Conclusions

This paper has examined club configura-
tions when groups serve as sites both for
private production and LPG consumption.
Special attention has been given to effi-
ciency of uniform versus diverse heteroge-
neous groups. A diagrammatic technique
has been introduced with the following re-
sults. (a) Absent nonconvexities. when group
composition is open to choice. changing that
composition is never inferior as an instru-
ment of distribution to lump-sum income
transfers. (b) Efficiemt organization of Ber-
glas clubs is achieved by creating uniformly
heterogeneous groups only under specified
conditions of convexity. and even with con-
vexity, some endowments may simply con-
tain a surplus of entire consumer types (Ap-
pendix A). For some configurations of taste
and productivity (themselves individually
convex). aiverse mixes of heterogeneous
clubs can be optimal due to nonconvexities
that result from the interplay of the compo-
nents. When diverse mixes are efficient. it
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mmeans that all consumers of one type con-
sume more of the LPG than they demand
and all of the other tvpe consume less than
ideally desired (at unit price). In groups
with high LPG provision. the ratio of the
first type to the second is lower than in
groups with low amounts of LPG provision.
This difference in tactor proportions is just
adequate to vield the right wage difference
to compensate each individual for belonging
to the (from his perspective) less desirable
group. (¢) Comparisons ot Tiebout and Ber-
glas club configurations cin be resolved by
reference to differences in taste tor public
versus private goods among consumers, and
differences in private tactor productivities.
Knowledge of substitution eclasticities in
production and consumption is also re-
quired to compare mixed interior and segre-
gated corner solutions. (d) None ot these
conclusions depends on economies of scale
or integer problems of any sort, whether in
private or LPG production.

APPENDIX A

The Social Constraint cn LPG Supply and
“Surplus™ Factor Endowments

This appendix examines further the no-
tion of “‘efficient” community compositions,
when community membership is a variable
of choice or when a separate group can be
carved out of a larger set by excluding some
people. The topic bears further analysis be-
cause the expression maximized in equation
(2) contains an implicit constraint in addi-
tion to those stated in the text. and this
additional constraint can lead to the possi-
bility of an “absolute surplus™ of some con-
sumers. From equation (2). each type’s util-
ity is limited by the utility of the other type
and by the technology (& curve). In addi-
tion. however. each type’s utility is also lim-
ited by the necessity to provide equal LPG
1o all in the group. This means that the
maximum LPG feasible and consistent with
(2) is limited to the carnings of the less
productive type. For cxample. in Figure 2
point G™* shows the maximum G consis-
tent with p”=(L, /L,)"; at that ratio, 1's
could not obtain greater LPG unless 2's
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spent more than their total earnings on G.
or unless 1's allocated more than ¢ =G of
carnings to LPG costs or both. The absolute
maximum of LPG supply cannot exceed the
maximum of the smaller marginal productiv-
ity (which occurs at a factor ratio where
these productivities are equal: Fy=F,=
G™), More generally, as L, /L, declines,
and consequently as F, increases and £,
declines. the maximum G (absent cross sub-
sidy between 1's and 2's) will decline along
with F,. Connecting these maximum LPG
points identifies the social limit on LPG
supply (M, in Fig. 4. i =1.2). Equations of
these frontiers in parametric form are [, —
c,=Y,=Flp)— Flp) and G = F(p) for M,
(G=1,2 j=2.1) For each pomt on Ml
(M,), there is a corresponding point on the
G-axis for type 2 (type 1), where all 2's (1’s)
earnings are allocated to G. The M frontier
thereby places an ouier limit on the con-
sumption-opportunity curves S'. The abso-
lute maximum utility for either consumer
occurs at the tangency in Figure 4 between
U and M, (shown also in Fig. 5 at the
extremes ot the utility-possibility frontier).
This tangency corresponds to a special case
in the original formulation of equation (2),
specifically, when only one type's utility is
valued in cquation (2). For example, let
A =0:; then. 2's utility has value only as
enhancing the utility of the 1's. From equa-
tion (1), however. scciety still must provide
the LPG to all. Now necessary conditions
include F, = [, +¢,—G=0and F,-G =0,
showing "all 2 s sroduct is spent on the LPG
exactly as abcve: the Samuelson condition
-hanges to L, MRS, =1XL..

The primary implication of this analysis is
that there can be ““too many" factor con-
sumers of a particular type. This occurs
when the endowment is beyond the cutoff
points on & at which the complementary
factor consumer's utility reaches an abso-
lute maximum. Returning to Figure 4, one
sees some factor proportions for which the
more numerous consumer type is in what
might be termed “absolute surplus”; the
relative number of persons of a particular
type can become so great that their produc-
tivity is less than their contribution to LPG
congestion. Thus. at compesition p* in Fig-
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ure 4. 1I's factor earnings are so low and
group demands for LPG so high that effi-
cient provision of G requircs the 1's to
spend their entire incomes on G. which
places the 1's at point a. giving the best
possible outcome for type-2 individuals (i.e.,
U'," tangent to frontier M,). From this point,
the 2's could transfer income to 1's: 2’s
would lose and 1's would gain. though not
as much as if the population mix were
changed to fewer 1's. However. any p higher
than p* will lower utility of both 1's and 2’s.
In this region of corner solutions. if 2's now
transfer income to I's. both 2's and 1's muy
gain, and both will necessarily gain if (for
small amounts) all the transfer is allocated
to LPG provision Similarly, for p < p¢, rhere
are “"too many” type-2 individuals: for at p*
ul 2's earnings are absorbed by LPG costs.
Thus, if the nation must include all con-
sumers when endcwed proportions are p!
in Figure 4, rhen both I's and 2's have lower
utility (U,", U,') than the included 1's and 2’s
would have if (excluding some 2’s alto-
gether) they organized at p*. The “efficient”
region of the utility frontier bctween in-
cluded types therefore terminates at the
welfare extremes U™ -U" with factor con-
sumer ratios at a and c (for further develop-
ment. sce McGuire [1986)).

APPENDIX B

Example in which Nonuniform
Groups Are Superior

This appendix gives an example of the
general case illustrated by Figures 8 and 9
in which the existence of two different tyyes
of communities (with different mixes of L,
and L, and with difterent efficient supplles
of [.PG) is Pareto- -superior to uniform con.-
munities. all with the same L,- L, mix. and
efficient LPG supply.

Assumptions:

(1) Population: total L,=195 and total
L. =600.

(i) Utility functions: Ur=Y>+05G and
U )/aol u Y(H%}G(H(H'

(i11) Private good productlon. two ﬁxed-
proportion “Leontief” technologies.
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“a” and “b.” with , =min{(99/8)L,,
(99/64)L,]. \h—m!n[3L, 6L.]. The
two can be mixed in any linear com-
bination giving marginal products of
MPL, = 2375 and MPL, = 1.25.
Therefore. the combined production
function becomes

X=u, 4+

=min[3L,,2.375L, +1. 25L,.(99/64)L,].

Constraints:

(i) Consumer 2's ut.lity/indiffe.2nce
curve: U, =Y, +0.5G = 1.

(ii) Factor- productlvny curve: the produc-
tion function gives a ¢ curve kinked at
pomt (MPL,=2.375. MPL, = 1.25), as
at p” in Flgures 8 and 9. Its equations
are 2F, + F, =6 (upper-left segment)
and F, +8F =12.375 (lower-right seg-
ment).

(iii) Consumer 1's opportunity set: U,=1
and & determine the S curve. kinked
(as in Figs. 8 and 9) at point (Y, =1.875,
G = 0.5). Equations of S are Yw-SG—
4.375 (the upper-right segment) and
0.8Y + G = 2 (the lower-left segment).

Composition of Alternative Uniform and Di-
verse Communities:

Two nonuniform One uniform

jurisdictions jurisdiction

a b Mixed a & b

L 67 1 128 2 1195 2
—_— - —_——= = - —_—< —

Li: 536 8 64 1 600 1

Solution Showing That Nonuniform Groups
Give Higher Utility

Ly’s consumption and utility (U, = ¥ 3903 G-4037),

Y 2.6088 1.4905 1.8750
G: 0.3532 0.8072 0.5000
U 1.1637 = 1.1636 > 1.0199

Ly’s consumption and utility (Us = ¥ +0.5G):

Y. 0.8234 0.5974 0.7500
G: 0.3532 0.8072 .5000
Us: 1.000 1.000 1.000.

Conclusion.-~Qrganizing communities all
with the same L, /L, ratio (195/600) and


http:min[3L,.6L
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an efficient amount of LPG can be interior
to creating type-a communities with L, /L,
=1/8 and type-b communities with L, /L,
=2/1 (in proportions 67:64) with an cth-
cient amount of LPG in cach. Note that
these solution values ot Y,, Y,. and G are
located on the proper segment of ¢ and S.
that MRS, equals the slope of the appropri-
ate segment of S. and that the ¥ MRS = MC
condition obtains in cach group For the
one uniform jurisdiction. the MRS, at the
kink in § is calculated as 2.5388. and the
Y MRS = MC condition obtains there too.

Example of a Bergson / Samuelson Social
Welfare Function that Selects this Pareto-
Optimal Configuration.— The weighted sum
of utilities of representative types in com-
muri.v a.

W =0.4675U([F? - c* + T?].G*)

+0.5325U32 ([ F2 - ¢* + T2],G¥)

when maximized subject to the constraints
U2:-UP (with Lagrangian multiplier L =
0.2440), U3 = U7 (with L =0.0568). and LT
= () (with L =1(.8874/1.000) can be solved
for T'=0 (i=a.b; j=1.2) for the above
values of Y and G and for U,=1 and
U, = 1.164, as above.
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