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A Diagrammatic Exposition of General Equilibrium Tax and Expenditure
Incidence Analysis with One Immobile Factor

1. Introduction

In the past ten years the incidence analysis pioneered. by Arnold Harberger

in his famous article in the 1962 Journal of Political Economy has become the

standard theoretical tool of economists concerned with the incidence of taxes
in a general equilibrium setting.l But many economists may find this analysis
iargely unintelligible because of the mathematical manipulations involved.
Therefore a brief diagrammatic presentation of one version of the Harberger mod-
el is offered here in order to make this extremely useful model available to a
wider audience. 1In this paper only the case in which one factor is mobile be-
tween sectors and one factor immobile is presented. But both tax and expendi-
ture incidence are examined, In fact, it will simplify understanding of
the model to consider expenditure incidence before tax incidence.

In addition to the basically expository objective described above, this
paper has two further purposes, First, the "supply curve" relating percentage
changes in the output of the taxed good to changes in relative product prices

is developed explicitly, Use of this supply curve, in conjunction with the "de-

mand curve,'" facilitates comparison with traditional partial equilibrium incidence

analysis. Moreover, we are able to see quite clearly how the various parameters

of the model determine the supply response to changes in relative prices. By com-

parison, no discussion of the Harberger model up till now has developed an explic-

it product supply relation. Rather they have dealt primarily with responses in

1See McLure [1972b] for a more detailed description and appraisal of the

original Harberger model, its extensions, and applications.
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markets for factors.2

Second, strictly speaking, the Harberger model is appropriate for the anal-
ysis of only infinitesimally small changes in taxes, since all the equations are
written in terms of differentials. The diagrammatic exposition enables us to see
quite clearly the pitfalls that threaten one who uses the Harberger model to an-
alyze tax changes that are not small. In paerticular, the model is developed in-
itially under the assumption that the linearization of economic relationships in-
herent in the Harberger formulation in terms of differentials is acceptable. This
is done solely as a matter of expository convenience. But section 6 discusses the
propriety of linearization when discrete changes in taxes are involved. Though a
detailed discussion of the question is beyond the scope of this paper, the impor-
tance of linearization in the case under examination is examined briefly.

The diagrams presented here are used primarily to explain the structure and
workings of the model and to isolate the crucial paraneters of the analysis. No
attempt is made to present the results of the analysis in detail, except for polar
cases, since anyone interested in the results for intermediate cases would un-
doubtedly turn to the algebraic formulation. Thus this paper may help readers to
understand the algebraic version, but it is no substitute for the more detailed
mathematical treatment. Nevertheless, the link between the algebraic and dia-
grammatic expositions is made quite explicit by the textual development of the
equations plotted in each diagram.

Because this paper is intended to be primarily expository, the assumptions

underlying the analysis are spelled out in detail. But for the most part this

2Of course in the mathematical treatment of the model, all the equations
are solved simultaneously., The point is that the demand relation has never been
juxtaposed against a supply relation derived from underlying conditions in factor
markets and production functions. For a more detailed discussion of using the Har-
berger model to "go behind the supply curve" of traditiomal partial equilibrium
analysis, see McLure [1972b],
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is done as the various diagrams are developed, rather than as a group at the out-
set., Thus the reader must be patient if he suspects that some crucial assumption
is being neglected; hopefully it will come forth and be explained in due ccurse.

Nevertheless, it will be convenient to describe several general features of the
model at this point.

First, the model is one in which two factors which are inelastically supplied
in total are employed in two competitive industries under constant returns to scale
to produce two goods x and y.3 Capital is assumed to be perfectly mobile between
sectors and therefore to earn the same net rate of return in both sectors. On the
other hand, labor is assumed to be completely immobile between sectors; thus wage
rates net of tax may differ between sectors.

Second, in a model such as that employed here only changes in relative prices
(as opposed to changes in absolute prices) can be determined in the absence of an
explicit monetary equation. But this in no way limits the usefulness of the model
for incidence analysis, which is essentially a question of changes in relative fac-
tor returns (incidence on the sources side of income) and changes in relative prod-
uct prices (incidence on the uses side of income). Thus we are free to choose one
good or factor (or some.weighted average) as the numeraire by setting the policy
induced change in its price equal to zero., Though in general I prefer to use
dPy = 0 as the numeraire equation, the diagrammatic analysis is simplified by choos-
ing as our numeraire equation de = 0. Of course the outcome in terms of tax-
induced changes in real income is in no way depéndent upon the choice of numeraire

equation. Moreover, it will be convenient, but not essential, to define units of

3Throughout this paper reference is to two sectors or industries. In my
earlier work I have used the model to investigate interregional incidence and re-
lated problems by dealing with two regions rather than two industries; see McLure
[1969], [1970a], and [1971b]. This and other applications of the model are
straightforward, and hence are ignored in this paper.



-4 -

products and factors in such a way as to set all prices initially equal to unity,
Thus any specific tax is also an ad valorem tax and any change in price is also a
fractional change.4

Finally, the Harberger model is perhaps the comparative statics model par ex-
cellence in the sense that it can be solved for tax-induced changes froin a pre-
existing equilibrium, but not for either the initial or the final equilibrium sol-
ution, Thus in the diagrams of this paper all axes indicate percentage changes in
variables, with the initial equilibrium corresponding to zero rates of change of all
variables., These changes are given initially in differential terms, following the
original Harberger formulation. Extension of the model to cases of discrete changes

in variables is discussed in section 6,
2, The Basic Diagram

The basic analytical tool developed here is the four quadrant diagram presented
in Figure 1.

In quadrant (a) is plotted the "demand curve," D:

dQ,/Q, = ~E(dp_ - dPy). (1)

(Ignore curve DE for the moment; it is used in section 3,) This description of de-
mand differs from the standard demand curve in very special ways that must be made
explicit. First, the curve relates the percentage change in the demand for good x
to the percentage change in the relative prices of goods x and y, Thus it passes
through the origin of the quadrant (aj diagram, and the inverse of the absolute
value of its slope is the elasticity of demand for good x with respect to rela-

. 5
tive prices, E, Second, the elasticity of this curve takes account of only

For a more detailed discussion of these issues, see McLure [1970b)
and [1971a],

5
As drawvn the curve shows a constant demand elasticity, but it need not
do so. This constancy of slope is not so bothersome in the specification of the
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substitution effects on the demand for good x resulting from changes in rela-
tive prices, Income effects are ignored initially by using the very special
assumption that at the margin all economic groups spend their incomes in the

same way. Thus E is the income-compensated elasticity of demand for x with

respect to relative prices,

The second curve in quﬁdrant (a),MS, which corresponds to the supply curve
of traditional partial equilibrium analysis, is derived from the remaining quad-
rants. The remainder of this section is devoted to describing that derivation,
The curve in quadrant (b) is described by the following equation:

dQ, /Q, = deKx/Kx + deLx/Lx = deKx/Kx. (2)

It describes how output of good x increases if the amount of the mobile factor,
capital, combined with the immobile factor, labor, is increased. The curve Qx
relating de/Qx’ the percentage increase in output of x to de/Kx’ the percentage
increase in capital used ii producing x, has a slope of l/fK, where fK can be
interpreted alternatively as the elasticity of output with respect to this input
or as capital's initial share of national output. Of course, this line, too,
passes through the origin.

If production exhibits constant returns to scale, as is assumed in the Har-
berger model, factor proportions are uniquely related to the relative costs of
the two factors. Stated differently, the possibility of changing factor propor-
tions in production in response to changes in the relative costs of factors is

given by the elasticity of factor substitution in production. The possibilities

demand relationship or even of the L curve of quadrant (c), where a constant slope
implies a constant elasticity of factor substitution. But for the curves in quad-
rants (b) and (d) and for the curve in quadrant (c¢) the constant slope is in
general quite unrealistic. This problem, which involves the analysis of differ-
ential changes, rather than discrete changes, in the Harberger model, is discussed
further in section 6 below, For now the curves are all drawn as straight lines
with full knowledge that strictly speaking this is unacceptable for discrete tax
changes,
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of factor substitution in the two industries are given by the following two

equations:

dk_ dL_

T T e Gt T 0 o @

EEZ - EEX = -g_ (dP, * - dP. ) (4)
K, © L y * Ky Ly’’

In these equations (and in equations 5 and 6 below) starred terms refer to
changes in various factor prices inclusive of factor taxes, That is, they refer
to the changes in factor prices that affect entrepreneural decisions and costs of
products., They are to be distinguished from their unstarred relatives, which in-
dicate changes in factor prices net of factor taxes, i.e., what factor owners re-

ceive. The following relations between factor prices gross and net of factor

taxes will be used in section 4:6
dPKx* = dPK + dTKx + dTK (3a)
dPLx* = dPLx + dTLx (3b)
dPKy* = dPK + dTK (3¢)

Initially and in the next section we assume that there are no factor taxes,
so .that factor owners receive all that entrepreneurs must pay for their services.

That is, dPK* = dP_, etc. Making use of the additional assumptions that (a)

K
labor is immobile between sectors, (b) the total supply of capital is fixed, and
(c) capital is chosen as the numeraire, so that dPK = 0, we can rewrite equations

(3) and (4) as:

de
—lq = dePLx, and (3"
dK
X K
X -9y X (4"
% Y K, Py,

6These equations reflect a choice of taxes to be analyzed that is ex-
plained in section 4.
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These equations are plotted in quadrant (c) as Zx and Ey. As written, they show
the changes in the utilization of capital in industry x that would result from a
given change in the cost of labor in each of the two industries, given that the
price of capital is held constant. The slopes of these curves are o, and -o&Ky/Kx,
respectively, and both curves pass through the origin,

The fourth quadrant converts changes in labor costs in the two industries

into changes in product prices. The basic equations are:

= * + * +

dp dePL dePKx dT (5)
= * .

dp ngPL + ngPK + dT (6)

In common sense terms, these equations state that the percentage increase in the
price of a product is the weighted average of the percentage increase in the costs
of the two factors, including any factor taxes, plus any ad valorem tax levied on
the product. The weights are the initial shares of output of the good in question
accruing to the two factors,

Since capital has been chosen as the numeraire, we have the following equa-
tions if there are initially no taxes.

dPx = dePLx and (5a)

dPy = ngPLy' (6a)
These are plotted in quadrant (d) as Px and Py. As is true of all the curves in
the initial equilibrium without taxes, these curves pass through the origin.

Having derived the curves in quadrants (b) - (d) from the basic equations of
the Harberger model, all that remains is to use them to derive the "supply curve"
for x with respect to relative prices, This is a straightforward exercise in the
use of the diagrams. First, we choose an arbitrary point on the horizontal axis

in quadrant (a) as a starting point. For example, we can choose point M. Moving
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vertically to quadrant (b) we see that if output of good x is to increase by the
fraction OM, the capital stock in industry x must increase by the fraction CN,
But this reallocation of capital implies a rise in the wage rate in industry x
of OVx and a fall in the wage rate in industry y of OVy,as indicated by curves
Zx and Zy in quadrant (c).

These changes in wage rates in the two industries are transmitted to prod-
uct prices in the way described by curves Px and Py in quadrant (d). Thus the
fractional increase in the wage rate of OVx in industry x produces a fractional
rise in the price of good x of OWX. Similarly, the price of gcod y falls by the
fraction OWy in response to the wage rate in the industry falling by the fraction
OVy. Thus we have seen that the fractional increase in the output of good x of OM
implies a change in the relative prices of goods x and y of Wny. This change in
relative prices can be plotted as OW in the quadrant (a) against OM to produce A,
one point on the supply curve of good x with respect to relative product prices.
Repeating the procedures in this and the previous paragraph for other points on
the horizontal axis in quadrant (a) produces the entire supply curve.

Before considering how taxes and expenditures affect the curves and values
of the variables in the model, it will be convenient to digress briefly at this
point to examine the determinants of the shape of the supply curve., First, we
can describe the supply curve in general terms in the following way:

de/Qx = S(dPx - dPy). N
S 1s, of course, the elasticity of supply of good x with respect to relative
prices. To obtain an expression for the elasticity of supply that utilizes in-
formation about conditions in factor markets and the production function we can

repeat the reasoning of the last two paragraphs. Thus:

de/Kx = de/Qx ’ fK
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dPLx = de/Kxcx

dp, = 'deKx/Kx° K

Ly yy
dPx = dePLx
dPy = ngPLy

dPx-dPy = dePLx - ngPLy

deKx/Kxcx + gLdeKx/KxcyKy

(fL/cx + gLKx/KyGy)de/Kx

n

(£ /o, + gLKx/Kycy)de/Qfo.

From the last expression we can calculate the elasticity of supply with respect

to relative prices as:

_ fK’.cxcy . (8)

chy + g0 K /K

S
xx' Ty

The determinants of the elasticity of supply can be seen directly from e-
quation (8) to be (a) the elasticities of factor substitution in the two indus-
tries, (b) the allocation of the total capital stock between the two industries,
and (c) the initial share of labor in the two industries. Partial differentia-

tion of equation (8) reveals that ceteris paribus the supply of good x is more

elastic the easier is factor substitution in either industry, the smaller is
the fraction of the total capital stock devoted to production of good x, and
the smaller is labor's share of output in each industry. The same thing is re-
vealed by inspection of Figure 1. The steeper are curves Ex and Ey in quadrant

(c), the less is any change in the allocation of capital between the two industries

7Under the linearization assumption followed in the first four sections,
S is a constant. Nonlinearity is discussed briefly in section 6.
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reflected in relative factor prices and hence (given the numeraire equation
de = 0) in relative product prices, Thus the greater are Os oy, and Ky/Kx,

the greater is the elasticity of product supply with respect to relative prod-

uct prices, Similarly, ceteris paribus, the flatter are curve Qx in quadrant
(b) and curves Px and Py in quadrant (d), the less effect a given change in
the quantity of good x has upon relative product prices, But flatness in any
of these curves implies a low labor share in one industry.

The economics behind these results is easy to appreciate, First, if factor
substitution in industry x is easy, capital can be absorbed with relatively lit-
tle rise in the wage rate in that industry and hence little rise in the price of
good x. Similarly, if labor can easily be substituted for capital in industry y,
the outflow of capital necessary to expand production of good x will not greatly
lower the wage rate in industry y and the price of good y. Essentially the same
result occurs if relatively little of the total capital stock is used in industry
¥. In such a case the capital inflow needed to expand production of good x can
occur without greatly affecting factor proportions, relative factor returns, and
the product price in industry y.8 Finally, the greater is capital's share in in-
dustry x, the less capital flow is induced by a given fractional change in the
output of that industry. This, in turn, is reflected in a smaller change in wage
rates and product prices in the two industries, And the smaller is labor's share
in either industry, the less responsive is the price of the product of that indus-

try to a given change in the relevant wage rate,

8The numeraire assumption dPK = 0 is not equivalent to an elastic sup-

ply of capital to industry x., This elasticity, which depends upon the values of

oy and Kx/Ky’ is a matter of response to changes in relative factor returns and

is independent of the choice of numeraire.
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It may be worthwhile, to carry this reasoning further, to note the value of
the supply elasticity for extreme values of the parameters just discussed. If
substitution is impossible in either industry, supply is completely inelastic.
Given the immobility of labor, output of x cannot expand unless factor substi-
tution is possible in both industries,

If in industry x factors are perfect substitutes, the elasticity of sup-
ply depends upon the elasticity of substitution in the other industry, factor
shares in both industries, and the split of capital between the industries,

If perfect substitution characterizes production in industry y, the supply
elasticity depends on the ease of factor substitution and relative factor shares
in industry x. Finally, if virtually all of the capital stock is used in industry
X, the supply curve for that industry is quite inelastic, But 1f almcst none

of the capital stock is used in the industry, the elasticity of supply depends
crucially upon the elasticity of substitution and factor shares in the industry,
just as when cy is infinite,

Finally, to add realism to this theoretical exercise, it might be useful to
calculate the elasticity of product supply for various values of the crucial para-
meters, We can begin by calculating the elasticity if virtually none of the cap-
ital stock is being utilized in industry x, since inspection of equation (8) re-
veals that this assumption yields the largest possible value of S, given the
values of the other parameters, Table 1 gives the values of 8 in the limit as Kxﬁg
approaches zero, for the stated values of o and factor shares in industry x. One
is immediately struck with the fact that these elasticities are all quite low; only
at the extreme limits of the acceptable range of values for o, and factor shares
does the elasticity of product supply equal or exceed unity. And for the most real-

istic assumptions of values of the parameters (.6 < S =< 1.0 and .6 = fL < .8), the
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Table 1: Elasticity of Product Supply with Respect to
Relative Prices, for Various Values of o £ , and £

K’ L
-
(Limit as 1<x/1<y 0)

Value of ¢o
X

f_lg f_L £ /E .2 A .6 .8 1.0 1.2 1.5
.1 .9 .11 .02 04 .07 09 .11 .13 .17
.2 .8 .25 .05 10 .15 .20 .25 .30 .38
.3 .7 43 .09 17 .26 34 .43 .51 6l
A .6 .67 .13 27 .40 53 .67 .80  1.00
.5 .5 1.0 .20 40 .60 .80 1.00  1.20  1.50

Formula: For Kx/Ky =0, S= chx/fL

elasticity of supply falls within a range of .15 to .67. All things considered,
it seems likely that in industries characterized by the kind of immobilities as-
sumed here the elasticity of supply is probably no greater than 1/3 to 1/2. The
elasticity of supply is, of course, lower than shown in Table 1 if Kx/Ky is not
near zero. In particular, if fL =g and o, = cy, for example, the elasticity
of supply is only half as great as shown in Table 1 if Kx = Ky and it is only
1/4 as great if K = 3Ky'

In constructing the diagrams in this paper, what seem to be more or less

realistic values of these parameters are used. In particular, we use ox==cy,= o7,

fL = .6, g = .8, and K.x/Ky = 1. (Different labor shares in the two industries
are employed so that curves Px and Py in quadrant (d) do not overlap and K /K

Xy
is not assigned a value near zero so that curve Zy in quadrant (c) will not be

vertical,) This gives a value of S of .20.

9If we reverse the assumptions to make capital the immobile factor and
labor the mobile factor, as in the usual examples of the short run in price the-
ory, the elasticity of supply is greater than shown in Tab%e 1 by a factor of
(£ /£ )2. But one can expect elasticities of factor subst%tuti?n to be consid-
erdbly higher ex ante or in long run equilibrium (when capital is mobile) than

they are once the capital stock is given. .
If both factors are mobile between sectors, the elasticity of supply
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of good x with respect to relative prices can be written as follows:

+ 0 (f EE + LEE)
cy xKL K
S = Y y_ .

K L
X

X
(e - G - 1)
y y

£

For ease of computation this can be rewritten as:

Q
QigKchy + foch
S = 2

(fK - gK)

Finally, if we assume for convenience that ¢ = ay = 0, we can derive the following

Q &
tables reporting values of S/g = nggL/ + foL.
(f - 8)”

Values of S/g, if Qy = Q. :

X
fK/gK ll 12 03 04 .5
.1 w 25 7.5 3.7 2.1
.2 25 o 37 10 4.6
.3 7.5 37 « 45 11.5
4 3.7 10 45 o 49
.5 2.1 4.6 11.5 49 o
Value of S/o, if Q_ = 10Qx:

£ /g Y

K K .1 .2 .3 .4 .5
.1 o 169 54.8 27.7 16.2
.2 106 o 226 64 29.6
.3 27.8 181 o 261 67.8
4 12.7 46 234 @ 274
.5 7.2 20.6 58,8 265 «

Value of $/0 ifly = 100, :

fK/gK .1 .2 .3 .4 .5
.1 w 1609 527.3 267.7 57.8
.2 916 = 2116 604 279.6
.3 230.3 1621 @ 2421 630.3
A 102.7 406 2124 @ 2524
.5 156.8 180.6 531.3 2425 ®

For larger values ofQ /st/c rises nearly in proportion ton/Qxfor given values
of £ and g_. Y

Comparing the values in these three tables with those in the column for ox=1 in
Table 1 we see that supply is less elastic 1f one factor is immobile than if both

factors are mobile.



3. Expenditure Incidence

Thus far only the supply and demand curves and the derivation of the former
have been given; no change from the initial equilibrium position has been analyzed.
In this and the next section the analytical framework developed in the last section
is used for the comparative statics analysis of the distributional implications of
tax and expenditure policies. As noted earlier, it will be convenient to begin the
investigation with the infrequently examined, but analytically simpler, question of
the incidence of government expenditures. Then we can proceed to the more complex
question of tax incidence in section 4.10

An increase in govermment spending, financed in a neutral way, will have no
effect on relative prices and the distribution of income unless at the margin the
government spending pattern differs from the private pattern.‘11 But if the gov-
ernment spends a larger (smaller) share of its increased financial resources on
good x -than would have occurred at the margin in the private sector, the demand
curve shifts to the right (left) and relative prices and the distribution of in-
come change.12 We can trace this through the four-quadrant diagram.

The shift in the demand curve D is shown in Figure (1), DE being the shifted

10In this paper only the incidence of government purchases of final prod-
ucts is considered. The much more complicated problems of the incidence of direct
governmental employment of factors, which is considered in McLure [1972a], is rel-
atively difficult to fit into the diagrammatic analysis, though it is not impos-
sible.

11Reference to neutral financing can be interpreted to mean financing
through a general sales or income tax (which in this model are equivalent). That
such a tax is distributionally neutral is shown in the next section. For a more
complete discussion of distributionally neutral financing and expenditure patterns,
see McLure [1971a] and [1972a].

2 . . . ,

There are, of course, polar cases in which relative prices do not change
and in which changes in relative prices do not affect the distribution of income.
Qualifying remarks of this type are not repeated in the discussion that follows.

- 15 -
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curve.13 The intersection of the supply curve S and the shifted demand curve
yield a new equilibrium position A, in which output has been increased by the
fraction OM and the price of x has risen relative to that of y by OW.14

We can use some simple algebra to learn more about this outcome. First,
the expression for the supply curve in quadrant (a) is de/Qx = S(dPx - dPy),
as noted above, The shifted demand curve can be written as follows:

dQ, /Q, = -E(dP, - dB)) + dQ,/Q, (1a)
where dQG/Qx is the fractional amount by which demand shifts toward good x be-
cause of public procurement, at the initially prevailing prices. Solving these
two equations simultaneously yields the following:

dp_ - dPy = dQ./Q, (8 + E), and 9)

aq,/q, = saq/q, (s + E).2/ (92)

The more elastic is either supply or demand the less the price of x rices rela-
tive to the price of y as demand shifts toward good x. Similarly, the more price
elastic is demand, the less the quantity of good x rises as demand shifts to good
X. But the more elastic is supply the more output responds to the shift in demand.

Quadrant (a) can tell us the incidence on the side of uses of income of a

13The demand curve shifts by (mg - mp)dG/Qx, where mg and mp are the pub-

lic and private marginal propensities to consume good x and dG is the size of the
expenditure program. If mg and mp are equal, no shift occurs.

14A second curve could be added to quadrant (b) to show how any change
in capital utilization is reflected in the output of good y through the following

equation:

de/Qy = -gKdeKx/KxKy. (2a)

This equation does not, of course, figure in the final solution, except to give
the change in output of good y.

15These results can be employed to derive those given in the mathematical
treatment in McLure [1972a]. Alternatively, the results given there can be re-
duced to the form given in the text,
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shift in purchases toward product x. But to learn about incidence on the side
of sources of income it is necessary to '"go behind" the supply curve to learn
how relative factor prices are affected. This can easily be done, of course,
since the supply curve was derived from the more fundamental relationships de-
scribea in quadrants (b) - (d). 1In particular, for the policy in question we
need only note that the indicated increase in output of good x implies an in-
flow of capital of ON, which in turn raises the wage rate in x by the fraction
va’ By the same token, the wage rate in industry y falls by OVy, as capital
flows from that industry.16 Finally, though strictly speaking the question is
of no interest from the standpoint of incidence analysis, since in that context
only changes in relative product prices and relative factor prices are relevant,
we might want to solve for the changes in the prices of goods x and y, given that
dPK = 0.17 This we can do in quadrant (d); the price of good x rises by wa and

that of good y falls by a{y. Of course, wywx equals OW in quadrant (a) by con-

struction,

16The results given in equations (9) and (9a) and equations (2) - %)
can be used to solve for these capital flows and price changes., Thus:

de/Kx = SdQG/Qfo(S + E), (9b)
Py = 890/, fx (s + E), and (9¢)
de, = -SdeQG/QxKycyfx(S + E). (9d)

These results, though different in appearance, are the same as those reported in
McLure [1972a]. The same approach can be employed to solve for the changes in ab-
solute product prices, given dPK = 0,

7One reason for doing this is that we might wish to choose an alterna-
tive numeraire, say good y. To convert percentage changes in a given price under
the numeraire assumption dPy = 0 to percentage changes under an assumption of
dP_ = 0 is a simple matter, One need only subtract from each percentage price
cthge as originally calculated (including dP¢) the calculated value of dP . An
alternative and attractive approach is to formulate the diagrammatic analyzis pre-
sented here under the assumption of dP = 0. Space constraints dictate that this
alternative formulation be left as an éxercise for the interested reader.
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4, Tax Incidence

The model presented here accomodates analysis of taxes levied on nine dis-
tinct tax bases: value added, retail sales, on income (1), only one of the two
products (2), only one of the two factors in all its uses (2), and one of the two
factors in cne of the two industries (4). But in the neoclassical world of this
model we need examine explicitly the incidence of only four of the nine taxes,
The incidence results for the vest of the nine taxes follow directly by subtrac-
tion.18 Yet it will be useful for the present purpose to examine the incidence
of more than the minimum number of taxes. 1In particular, we will examine the in-
cidence of the general sales tax, the tax on product x, the tax on both uses of
the mobile factor, the tax levied on the mobile factor in one industry, and the
tax levied on the immobile factor in one industry. In each case we assume that
tax proceeds are used to finance a distributionally neutral increase in public

spending.

We can begin the analysis with the tax on the output of industry x. Sﬁch a
tax affects only two curves in the analysis, the curve Px in quadrant (d) relat-
ing the price of good x to the wage rate in x and (through that) curve S, the
supply curve of good x., It moves both these curves vertically upward by the
amount of the tax to Px* and S*, as shown in Figure 2.19 The intersection of
the shifted supply curve S* and the demand curve D shows that the tax increases
the relative price of good x by OW and that the output of the taxed good falls by
OM. Carrying the output effect to quadrant (b), we see that the tax induces a
fractional capital outflow from the taxed industry of ON. The reallocation of

capital results in a fall in the wage rate (given dPK = 0) in the taxed industry

18See McLure [1971a].

191t is a simple exercise in the manipulation of the diagrams to show
that the upward shift in curve Px in quadrant (d) to Px* shifts the supply curve
by the same amount.
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of va and a rise in the wage rate in the untaxed industry of OVy, as shown in
quadrant (c). Finally, we can use these effects and the curves in quadrant (d) ,
as before, to determine the effects on the prices of the two goods. The price
of good x rises by wa and that of good y rises by owy, the difference wywx be-
ing the change in relative product prices and equal to OW in quadrant (a).

Total payments to factors in industry x fall in nominal terms by wa'. By
construction Wx'Wy in quadrant (d) equals OW' in quadrant (a), the amount by
which the price of good x, net of tax, falls relative to the price of good y.

As in the case of our examination of expenditure incidence we can use
some simple algebra to elaborate on these results, First, the supply curve in
this case can be written as:

de/Qx = S(dPx - de - dPy), (7a)
since firms react to prices net of tax, Combining this equation with equation

(1) above, we have:

S
dPx - dPy = 515 de and (10)
- -ES
de/Qx T E4S de’ (10a)

As is well known from partial equilibrium analysis, the increase in the relative
price of the taxed good induced by excise taxation depends positively upon the
elasticity of supply and negatively upon the elasticity of demand.20 Changes

in factor rewards can be calculated directly from these results by the use of

20Musgrave notes [1959, pp. 291-2] this result. But he seems to be in-
correct when he suggests that it "applies to a strictly partial equilibrium set-
ting only." The present analysis takes explicit account of shifts of resources
between industries, though not of excess burdens,

It is worth noting at this point that the expressions in equations (10)
and (10a) are each one degree higher in E and S than are those in equations (9)
and (9a). Because of the non-uniform wedge driven between costs and prices by ex-
cise taxes that is not present when government procurement simply shifts the demand
curve, more substitution in production and consumption is involved in adjusting to
excises than to expenditure shifts., This is noted as well in McLure [1972a].
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equations (2) - (4), and those in product prices by also using equations (5) and
e).

The next tax to be examined, a general consumption or income tax, is parti-
cularly easy to analyze, Such a tax can be thought of as an ad valorem tax lev-
ied at the same rate on both goods x and y. Thus it raises both curve Px and
curve Py in quadrant (d) by the amount of the tax. But because both these curves
rise by the same amount, it has no effect on the supply curve for industry x. Thus
the tax has no effect on relative product prices, the interindustry allocation of
capital, or the relative rewards to factors. It does, however, given the numer-

aire equation dP, = 0, raise the absolute prices of both goods x and y by the a-

K
mount of the tax, Thus it is simply borme in proportion to initial shares in
national income (or consumption).

The analysis of a tax levied on capital in only industry x is more compli-
cated than those presented thus far, First, the tax shifts curve Ex in quad-
rant (c) to the right by the amount of the tax (to Zx* in Figure 3), as can be
seen from equations (3) and {3a). In addition, it raises curve Px in quadrant

(d) by fK times the amount of the tax, as shown by equations (5) and (3a) to Px*.

To determine the effect of the tax on the supply curve, we can choose an arbitrary

point N on the vertical axis of quadrant (c) in Figure 3. In the absence of
the tax, the capital outflow indicated by ON in quadrant (c¢) would result in
a fall in the wage rate in industry x of OVx and a fall in the price of good
x of wa. But the effect of the tax is to limit the fall in the wage rate in
industry x resulting from this capital outflow to OVx'. (Recall the choice of

dPK = 0 as the numeraire equation.)
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The impact of the postulated capital flow on the price of x,given the tax,
can be seen from.quadrant (d) to be wa'. Thus the supply curve is shifted up-
ward by the tax on capital used in x by the amount wax'. But this shift can
readily be seen to be exactly equal to the ad valorem rate of tax on capital
used in industry x, as follows, First, wax' can be decomposed into two parts,

L/ and zwx'. The first of these is simply equal to deT . (The distance VxVx'

Kx

equals dTKx’ as noted above, and the slope of curve Px is fL.) The other is the

distance between curves Px and P**, noted above to be deTKx' Thus the entire
distance wax' equals the ad:valorem rate of taxation of capital in industry x.
This implies, of course, that this tax raises the supply curve of x by exactly

as much an equal ad valorem excise tax on good x. This, in turn, implies rhat

the tax on capital in industry x affects all variables in the model exactly as

the excise tax does, with one exception, The exception is the wage rate in in-
dustry x.

The effect the tax has upon the wage rate in x is given in quadrant (c).

Suppose that the tax on capital in x produces the outflow of capital from the

industry of ON shown in Figure 3, In such a case the wage rate falls by OVX'.
But this result cannot be generalized. Suppose that production in industry x

is characterized by a high elasticity of substitution, relative to the elasti-
city of product demand. 1In that case it is possible for the wage rate in that
industry to rise relative to the return to capital, This case is shown in Fig-
ure 3 for the capital outflow ON'., The point is that the capital outflow re-
duces the output of good x and raises its price as well as reducing the marginal
physical product of labor. If demand is sufficiently price inelastic and factor

substitution in industry x sufficiently elastic, the former influence can outweigh the
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latter. In that case the tax on capital in x will actually raise the wage rate
in that industry, relative to the return on capital.21

The final two taxes to be considered are a tax on labor in industry x and
a tax on capital in both industries. These taxes are considered together be-
cause both are borne by the owners of the taxed factors. The tax on labor in
industry x shifts two curves: Zx in quadrant (c¢) and Px in quadrant (d). But
because both these curves shift to the left by the amount of the tax, the sup-
ply curve in quadrant (a) is unaffected. Thus the tax has no effect on rela-
tive product prices or the allocation of capital between industries. Nor does
it affect the relative returns to capital and to labor in the untaxed industry.
Its only effect is to reduce the net wage rate in the taxed industry by the a-
mount of the tax, Thus labor specific to one industry bears the full burden of
any tax levied on it. Since the wage rate gross of tax in industry x and the
wage rate in industry y are both unchanged, the absolute price of neither good
changes.22

The previous result was the standard Ricardian result that a tax on an im-
mobile factor is borne by that factor. A similar, but less widely recognized,

result occurs if a tax is imposed on all uses of the mobile factor, capital.23

21If the numeraire dPy = 0 is chosen, the sign of dPLx depends simply
upon (Sx - E); see McLure [1971a].

2From this it is easy to see why the tax on capital in x and the ex-
cise on x have the same effects, except on the wage rate, if levied at the same
ad valorem rate, The excise is equivalent to an ad valorem tax on both factors
in ¥. But the @d valorem tax on labor in x affects only the net wage rate in
that industry. 1In terms of the diagrams, the tax on capital in x shifts L, to
the right, but the one on labor in x shifts it to the left by an equal amount,
laaving the curve unchanged., The two taxes together raise curve Py by dT, the
amount of the ad valorem tax. But so does the excise on good x.

3There is no need to examine explicitly the incidence of a tax on labor
in both industries. Such a tax can be broken down conceptually into two taxes--
one on labor in industry x and one on labor in industry y. Since each of the
parts would be borne by the taxed labor, the entire tax is borne by labor.
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Such a tax shifts curves Ex and Zy ip quadrant (c) to the right by the amount of
the tax and it raises curves Px and Py by deTK and ngTK, respectively, But it
has no effect on the supply curve for good x.24 Thus relative product prices and
the inter-industry allocation of capital are unaffected. But the wage rates in the
two industries and the prices of the two goods rise by the amount of the tax.2 In
real terms this implies that owners of c¢apital bear the full burden of the univers-

al tax on capital even though capital is mobile between industries.

5. Balanced Budget Incidence

Thus far we have considered the incidence of government expenditures financed
in a distributionally neutral way (section 3) and the incidence of several taxes
used to finance distributionally neutral expenditures (section 4), Now we consider
briefly how the analysis of the last two sections can be combined to allow us to in-
vestigate the incidence of balanced budget increases in government expenditures in
the general case in which neither expenditures nor their financing is distribution-
ally neutral.

For practical purposes we need to examine only the effect of financing a non-
neutral increase in public expenditures through a tax on good x. There is no need
to examine the cases of financing through taxes on either the immobile factor or the

mobile factor in all its uses. Since those taxes are simply borne by the taxed fac-

4Recall that a tax on capital in x shifts the supply curve upward by the
ad valorem amount of the tax; the tax on capital in y offsets this shift. Another
way to see that the supply curve is unaffected is to recall that a tax on capital
in one industry has the same impact on the supply curve as an excise on that indus-
try. But we have already shown that an excise on both industries does not affect
the supply curve,

In terms of Figure 4, the solution is OV in quadrant (c) and OW in quad-
rant (d). That OW equals dTK can be shown by the same reasoning employed above in
the discussion of Figure 3.



dp

e

Figure 4:

\/

(c)

Analysis of Tax on Capital Income
-26 -

Lx?

dPLx’

dPLy

dPLy



- 27 -

tors, they can readily be combined with non-neutral expenditure patterns, And since
the tax on good x and the tax on capital in x have different results only for the
wage rate in x, there is no need to consider the case of balanced budget financing
through a tax on capital in x. Finally, we can limit ourselves to quadrant (a),
since all that is of real analytical interest occurs there. Of course to obtain the
full solution for all the variables in the model, it would be necessary to carry the
results from quadrant (a) into the remaining quadrants, as we have done in earlier
sections.2

The diagrammatic analysis is given in Figure 5, which combines aspects of quad-
rant (a) in Figuresl and 2, The demand curve shifts from D to DE because of the pub-
lic expenditure policy and the supply curve shifts from S to S* because of the tax
on good x. The new equilibrium is determined by the intersection of the two shifted
curves, DE and S*, In this particular case the price of good x would rise relative
to that of good y by OW and output of good x would rise by the fraction OM. Of
course, if the shift in aggregate demand toward good x were less than shown by curve
DE’ the price rise would be less than shown, and if the demand shift were small e-
nough, output of good x would fall, rather than rise. Such a case is shown by curve
De. Finally, if demand shifts away from good x, as it does in the case of curve De*,
the relative price of good x would rise less than if the tax financed a neutral ex-
penditure program, and it might even fall.

We can use equations (la) and (7a) to solve explicitly for the changes in relative

prices induced by balanced-budget expendit:ures.27 Alternatively (and equivalentlyj,

6Curve P, in quadrant (d) is the only curve in quadrants (b)~(d) that is
affected by the balanced-budget program financed by a tax on good x. It rises by the
amount of the tax, as demonstrated in section 4. Similarly, for each of the taxes
not explicitly considered in this section, the shifts of curves in quadrants (b)-(d)
are exactly those described in section 4. In each case the demand curve shifts as
described in section 3.

7 . .
" | The results reported in this section are consistent with those in McLure
972a].
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we can simply combine the results given in equations (9) and (9a) and equations
(10) and (10a). In either event, we reformulate the fractional shift in demand
for good x resulting from the increase in government expenditures as follows:

dQ,/Q, = (mg - mp)dG/Qx, (11)
where dG is the balanced-budget increase in spending, and mg and mp are the pub-
lic and private marginal propensities to spend on good X, (See also footnote 13 a-
bove.,) Moreover, we note that because of the assumption of a balanced budget the
following holds:

dG = Qxde . (11la)
Using these relations gives us the following solution for the balanced budget
increase in spending under consideration:

dp_ - dPy = (S + m, - mp)de/(S + E), and (12)

dQ,/Q, = -SIE -(mg - mp)th/(S + E). (12a)
Of course, if mg = mp, these results reduce to equations (10) and (10a), as they
must,

The diagrams developed in earlier sections can be employed to demonstrate
these results, Let us begin with separate demonstrations of the results for ex-
penditure and tax incidence. First, note that OM in Figure 1 equals OW*S and MF
equals OW*E. But OM + MF = OF. Thus, OF = OW*(S + E), and OW = OF/(S + E). But
becausze OW is simply dPx - dPy and OF is dQG/Qx or (mg - mp)dGﬂIx, this yields the
result reported in equation (9), Similarly, OM = S.OF/(S + E), as reported in e-
quation (9a) in slightly different terminology.

By the same reasoning we can easily derive the results of equations (10) and
(10a) from Figure 2, OB = OM + MB, which in turn equals -(E + S)OW. But OB also
equals -Sde, Thus OW = Sde/(E +8), as stated in section 4, Finally,

oM = -ESde/(E + S), as reported in equation (10a),
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Dealing with a balanced budget change is only slightly more complicated, In
Figure 6 MB = -S.OW and MF equals E*OW, Thus BF = OW-(E + C)., But by the reason-
ing of the previous three paragraphs, BF also equals (S + mg - mp)de. From this
we can see that OW = (S + mg - mp)de/(E + §), as stated in equation 12, Finally,
to solve for OM, the fractional change in the output of good x, we need only note
that B'W = OM/S and WF' = OM/E, so that B'F' = OME + S)/ES and OM = B'F'.ES/(E+S).
But we can rewrite B'F'as (mg - mp)dG/Qx'E - de. Thus OM equals S(mg-mp-E)de/(E+S),
as noted in equation (12a),

Inspection of Figure 6 reveals that the price of good x can rise by more than
the tax per unit of good x only if demand shifts toward good x enough that output
of that good rises on balance. Equation (l12a) shows that this result can occur
only if (mg - mp) exceeds E. Of course, equation (12) gives this result directly,
Finally, we can see that the price of good x can fall relative to that of good y
even if a tax on good x is employed to finance a balanced budget increase in pub-
lic spending if supply is relatively inelastic and demand shifts strongly toward
good y., In particular, dPx - dPy has the sign of S + mg - mp, which is negative

for relatively small values of & and mg and large values of mp.
6. Discrete vs, Small Changes

Strictly speaking, the Harberger model is applicable only to the analysis of
inifinitesimally small taxes and expenditures, as it is written in terms of differ-
entials, Yet the model is commonly utilized as the basis for policy decisions in-
volving tax changes that are far from small, Moreover, it has been employed in
empirical analyses of the incidence and excess burden of the corporation income

tax.28The appropriateness of the model for such uses has been the subject of in-

28See Harberger [1962] and [1966],
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creasing skepticism.29 In this section we examine briefly the problems posed by
using the Harberger analysis of differential changes to approximate the effects

of discrete tax and expenditure changes. But the problems are only exposited.

No attempt is made either to generalize the model to deal adequately with discrete
changes, or to perform a sensitivity analysis of the inaccuracy resulting from us-
ing the Harberger model to deal with discrete changes. Those more demanding tasks
are beyond the scope of this brief discussion,

In a nutshell, the problem is that to be fully consistent with the Harberger
model all the curves in Figure l-4 should be straight lines.30 But it is virtually
certain that for discrete changes in taxes or expenditures no more than two of the
curves will in fact be straight lines. 1If such is the case, the Harberger model
can be expected to yield quantitatively incorrect results,

Whether curves D and Zx should be straight lines does not concern us, If the
income-compensated elasticity of product demand with respect to relative product
prices is not constant, then D should not hars: a constant slope. And if the elastic-
ity of factor substitution is not constant, then Zx will not be a straight line. But
these are empirical questions that, while important, are not central to the discussion
of this section. Rather, the crucial questions are whether curves Qx’ Zy’ Px’ Py’ and
§ are straight lines. These questions can be answered on analytical grounds,

The slope of curve Qx in quadrant (b) is the inverse of the elasticity of out=
put of good x with respect to inputs of capital. In general, this elasticity is not
constant for increasing doses of capital applied to a constant amount of labor. Only
if the elasticity of factor substitution is unity is the output elasticity constant.

If (and only if) the elasticity of factor substitution is less than unity, as seems

29See Krauss [1972].

30Each of equations (1)-(6) describes a straight line. One problem not con-
sidered in the text is that in the discrete case the demand curve is likely to shife,
For differentially small tax policies it is reasonable to assume for analytical con-
venience that marginal propensities to consume good x are equal forall economic agents,
But for discrete changes this assumption becomes untenable even as an analytical de-
vice. In the extreme case marginal propensities are equal to average propensities,
But if average propensities are equal there is no distribution on the uses side. Rather
than make the extreme assumption that there is no effect on the uses side, let us simply
note that redistribution of discrete size is likely to shift the demand curve, but in
an undetermined way.



-32 -

likely, the output elasticity falls as more and more capital flows into industry x.
Thus curve Qx shouvld increase in slope as capital flows into industry x. (Moreover,
the increase in the slope is greater, the smaller is the elasticity of factor substi-
tution.) 1In qualitative terms, the curve relating capital inflows to changes in out-
put should look like Qx*, rather than Qx' (See Figure 7.)

Moving to quadrant (c), we see at once that curve Zy cannot have a constant slope.
Since that slope is cyKy/Kx, it falls in absolute value as capital flows into industry
x, even if we assume that cy is a constant. Of course, if Ky/Kx is initially quite
large, curve Zy is virtually vertical, and its slope is not much affected by even pro-
portionally large inflows of capital into industry x (i.e.,, by large values of de/KQ.
But if Ky/Kx is initially small, Zy will be relatively flat, and even small values of
de/Kx will flatten it further by an appreciable amount.31 In qualitative terms, we
can expect the appropriate curve to resemble Zy* in Figure 7, instead of the linear
form = .

Yy

Finally, curves Px and Py in quadrant (b) have slopes equal to the initial shares
of labor in the two industries. By the same reasoning that prevailed in quadrant (b),
we know that these slopes are constant only if the elasticity of factor substitution
is unity. But if factor substitution is less than unitary elastic, labor's share in
either industry will increase with its price, and in qualitative terms the curves will
look like Px* and Py*, rather than Px and Py, in Figure 7.

Turning now to quadrant (d) we can see that the supply curve is likely to bend
upward to the right. This can be seen from an inspection of either the other three
quadrants of Figure 7 or equation (8).

Lf both elasticities of factor substitution are less than one, an increase in

output of good x is accompanied by a fall in fK and a rise in fL’ a rise in

31For example, if Ky/Kx were initially 1/2, a capital flow of de/K = 1/2
X

would result in a value of Ky/Kx of 0 and a horizontal ¥ curve,
y
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Kx/Ky, and a fall in gL.32 Only the fall in 8, tends to swing the supply curve
S (derived from the unstarred or straight line curves in quadrants (b) - (d))
downward. All the other changes tend to swing it upward., The likelihood that
the latter influence will dominate is seen from examination of equation (8).
The denominator of the expression for the supply curve consists of chy + chxKx/Ky.
Taking first_the right hand portion of this denominator, we see that it contains
two elements, g and Kx/Ky, that move in opposite directions. If Kx/Ky is ini-
tially small, cyAfL is likely to outweigh (cxKx/Ky)AgL. But if Kx/Ky is initially
large, the change in Kx/Ky is likely to outweigh the change in gL.33 From this it
seems reasonable to conclude that in general supply becomes less elastic as we move
from the origin to the right in quadrant (a) of Figure 7, and more elastic as we
move to the left.34

The importance of this qualification can be seen by considering the expendi-
ture policy indicated by the shift of the demand curve from D to D* in Figure 7.
The linear version of the model gives the results indicated by the solid line con-
necting points corresponding to OM and OW, ON, va and ovy, and wa and owy, read-
ing around the diagram in a clockwise direction from quadrant (a). The curvilinear

model, on the other hand, gives the results indicated in the same notation, but cor-

responding to the points connected by a broken line.35 Comparing the two results

321f both these elasticities are greater than one, most of what is said
in this section is reversed. If only the elasticity of substitution in industry
y exceeds unity, supply is certain to be less elastic than in the linear version.
If the elasticity exceeds unity only in industry x, supply is likely to be more
elastic,

3%Writing the change in the denominator of equation (3) explicitly may
i i : Af bg ].
clarify thz issue cy Lt cx[gLA(Kx/Ky) + (Kx/Ky) gL]
It may be worth noting that whereas Px/P can increase without bound,
it is bounded on the bottom by Px/'Py = 0, y

35, . . , R , .
Since the primary interest here is in qualitative results, no effort
has been made to draw curve S* to correspond exactly to curves Q *, T *, £ | P %,
and Py*. Unfortunately, even fairly casual treatment of this sugjectytends to



we find that the linear model understates the change in relative product prices
and overstates the quantity adjustment induced by the expenditure policy. Sim-
ilarly, it understates the movement in relative factor rewards.36 But qﬁar{ti-‘
tative estimates of the extent to which linearization in the Harberger model
causes results to be inaccurately stated is beyond the scope of this paper,

In a similar vein, we could introduce an excise tax into the system to see
how the linearization might lead us astray. But again, doing so would lead us
further into the quantitative evaluation of errors resulting from linearization
than we should go after a paper has reached this length. Suffice it to say that
under certain circumstances the errors can be substantial and that users of the
linear version of the Harberger model should keep this caveat in mind in offering

policy advice and in making empirical estimates on the basis of the linear model.
7. Conclusion

This paper has had three goals., Most basically, it provides a diagrammatic
exposition of one of the important cases of tax and expenditure incidence that
can be analyzed using the Harberger model. The diagrammatic exposition makes
clear how the various equations in the Harberger model combine to generate a sup-
ply curve with respect to relative product prices., Explanation of the derivation
of this supply curve from the underlying curves describing production is the sec-
ond purpose of the paper. The final purpose has been to demonstrate how the use

of the Harberger model, which is written in terms of differentials, can lead one

plunge us directly into the sensitivity analysis that is beyond the scope of this
paper,

36Of course we have the familiar index number problems here., The results
reported here would be reversed if the slopes derived from the post-tax, rather
than the pre-tax, equilibrium were employed in the comparison. A similar point
is noted in Mieszkowski [1969].
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astray in the analysis of tax and expenditure changes that are not small., But

no attempt has been made either to provide a model that adequately handles dis-
crefe changes in the tax and expenditure variables or to quantify the inaccuracy
of using the Harberger model in situations where the assumption of small changes

is not met,.
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