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,s establishes the validity of (22). 

.3. A trivial modification of the above argument covers the Gini coefficient, 
which 1"=(-2/K+ I_..., -2jK+1. K/K+ 1). The value of the objective 

ction in the dual linear program (A6) cannot exceed F 
K 

(2/X+ I)d Choose1 .
1. 2 

-d , i=1._ K, and xK, =dK+, =O. This choice is feasible and indeed 
'es the dua! problem so that when 

1'= (-2/K+ 2/K + 1, K/K + 1), 

H(/) = Y (2/K + l)d, = (2/K + 1) 
K 
F_v V, 

I 

ablisbing (28). 
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EFFICIENT TAXATION IN A STYLIZED MODEL
 
OF INTERTEMPORAL GENERAL EQUILIBRIUM-


By CHRISTOPHE CHAMLEY' 

INTRODUCTION 

A numnber of recent works have analyzed the efficiency and the incidence ofsecond-best tax systems in models of general equilibrium. These models attemptto be realistic through a high level of disaggrcgation for the intratemporal al!oca­
tion of resources. 2 Their extension to a dynamic framework raises difficult 
issues about the s!ructure of intertemporal preferences, and the bequest motive. 
As a first step, it is possible to extend the intra!emporal model to an intertemporal
framework by considering utility functions which are separately additive between 
periods. 3 

The purpose of this study is to reexamine the problem of efficient taxation in
such a dynamic framcwork. The analysis is conducted in L stylized model, and 
addresses three i.;ues. 

The first issue is to consider the dynamic problem where the tax rates are opti­
mized at each instant, and to investigate whether its solution converges to a steady
state which can be compared to the solution of a tandard problem formulated in 
stat ic f n se ond the n bte m u la t e d essa e o m e a t o argim 


a static framework. The second issue is the measurement of the marginal excess
 
burde-n of the tax distortions. The method presented here can easily be extended
 
to arbitrary tax -'ructures. Fo; commodity taxes, it is different than the 
one 
presented in a previous study, Chamley [1981], where the tax rates are constant
 
over time.
oeTheiethird issue concerns the determination of thr public debt in the long run.This debt is an important fiscal instrument because the government budget 
constraint should apply over the entire horizon and not at each instant. As for 
any individual, transitory differences between public revenues and expenditures
imply borrowing or savings. Barrc, [i979] has recently shown the interesting
r_*sult thai the _ag-run level of the public debt may be ii.eterminate, i.e., that it 
depends on its value at the beginning of the policy horizon. An essential aspect 
of Barro's analysis is that the excess burden of taxation in eech period is an ad ioc 
quadratic function of the tax revenues raised at the same time. Although the 

e Manuscript received August, 1983; revised May, 1984. 
Discussions with Paul Champsaur, Ngo Van Long, Pierre Pestieau, Laurence Kotlikoff 

were very helpful. Financial support from th.; Sloan Foundation and C. 0. R. E. is gratefully
acknowledged. This is a revised version of CFDP 554. 

For a summary of the literature, see Fullerton and Gordon [19811.
An axiomatic foundation of these functions is given by Koopmans [1972] (see also the other 

references cited there). 
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mulation may be justified by administrative costs, it is not consistent with the 

-.dard approach to the excess burden which considers the distortions in the 
vidual optimizing behavior. For example, individual decisions at any instant 

,,end not only on the contemporary set of tax rates but also on the entire future 
-ram of the fiscal policy. 
hesc issues are analyzed here in a model which is simplified as much as possible. 

by a single family which lives forever. 4 

- private sector is represented 
.)wing an argument of Barro [1972], this family is representative of finitely 

:d individuals with an operative bequest motive. This assumption introduces 
important difference between this study and previous work on intertemporal 

•.tion in a life-cycle framework with no bequest (see Pestieau F1974]; Atkinson 
Sandmo [1980]). The assumption on an infinite horizon is also useful in 

Iressing the problems described previously. 
,n the next section, the static problem of efficient commodity taxation is reformu-

.f.d in a way which is slightly different from the standard method. This presen-
, on is more convenient for the computation of the excess burden of taxation, 
d for the comparison with the dynamic approach. To simplify the exposition, 

analysis of the dynamic problem uses the wage tax as an example of fiscal 

trument (together with the public debt). The extension to other commodity 
,.es would be straightforward. The case of"a tax on the income of capital, 

.wever, is somewhat different, and is treated in another paper Chamley [1984]. 
The main part of the paper is the presentation of the dynamic problem of 
:ond best in section; 3.1 to 3.3, which can be read independently of section 2. 

are endogenous to factorimportant aspect of this study is that factor prices 
puts. This implies that the incidence of the wage tax is partially shifted to 

ipital (the tax reduces the labor supply and, therefore, the rate of return of 
.pital). Since the capital income tax is time inconsistent, the wage tax has the 

.me property. This effect explains the difference between the steady state in the 
ynamic framework and the stationary state characterized in section 2. They 

:e compared in section 3.4. The computation of the efficiency cost is illustrated 
y an example. 
A novel aspect of this paper is a proof of the local stability of the steady state 
the dynamic problem of second best (when the marginal efficiency cost of 

xation is not too large). With this proof, one can also suggest a method for a 
umerical solution. A qualitative summary is presented in the conclusion. 

2. mE STATIC PROBLEM OF SECOND BEST 

In this section, the standard optimal tax problem with one representative indi-

;idual is presented in a way which is slightly different from the usual method of 

-xposition; this will provide a useful point of reference for the dynamic problem 

,* Brock and Turnovsky [19811 analyze tax incidence in the model of a single infinitely lived 
- ,:dividual,and adress mainly issues about cap~ital income taxation. 

EFFICIENT TAXATION 

in the next section. Assume that there are N consumption goods. The utility 

function of the representative individuai s of the form u(x, I, g), where x represents 
the vector of consumption, I the labor supply, and g the level of government 
expenditures. It is strictly concave. 

Without loss of generality, the resource constraint is equal to 

+ 
SX, + g = Wi + 7r,

=1 

where w is the (fixed) gross wage rate, and t represents a term of "pure profit," 
which accrues to the individual income. This term is exogenous. It is intro­
duced inainly for the sake of exposition, and will facilitate later "thought experi­
ments" and comparisons with the dynamic case. The fiscal instruments are linear 
ad valorem taxes of commodities i= 1... M (M<N), and on labor. The 
components of vector of net consumer prices are denoted by qi (qg= 1 for M< 
i<N),and 0 represents the net wage rate. 5 

The standard method for the problem of second-best taxation is to use the 
indirect utility function as the objective function of the central planner. This 
function embodies the optimizing behavior of the private sector, i.e. its first-order 
conditions and the private budget constraint. These two types of constraints are 
distinguished here: when the consumer faces the net prices q, (i= I.... N), , 
the lump-sum income , and the government expenditures g, he chooses a 
consumption vector x, and a labor supply I which satisfy the marginal conditions 

au =~x2°q,, i 1... N, 
(1) iN 

au 
-al- - a7, 

and the budget constraint 

(2) 
N
IVqlx = i1 + it. 
-i 

The variable a is the marginal utility of income. Its value in the optimal 
consumer's program depends on q, (i= ,..., N), , t and g. Although this 
variable is not a fiscal instrument of the government, it is an endogenous variable 
in the mathematical soluion of the second-best problem. By inversion of the 
system of first-order conditions (1), the vector x and the level of Ican be expressed 

as functions of the vector q, and of o, a, g: 

x = x(q, r, a, g)
(3) 

I = l(q, P, a, g). 

It Isassumed that not all Itie goods are taxable, in order to avoid a minor technical difficulty 
when pure profits exist. See Munk 11980]. 
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,y substitution in 	the function u(x, 1, g), one obtains what will be called the One can deduce here a very simple rule for the optimal level of government 

•,t-indirect 	utility function: expenditures. Differentiating the Lagrangean L with respect to g, the first-order 
condition isv(q, j, a, g) = u(x(q, Fv, a, g), l(q, P, a, ), g) 

c.e that the indirect utility function is obtained by elimination of a in Equation (8) 8v 

through the private budget constraint Equation (2). Since this constraint is "g 

­

embodied in the semi-indirect form given in Equation (4), it has to be taken 
 The marginal utility of g in the semi-indirect utility function v at the optimum 
account separately in the mathematical formulation of the problem. This should be equal to the sum of the social values of the resources used, and of the 

istraint is equivalent to the resource constraint when the government budget marginal eficiency cost of distortionary taxation which are necessary to finance 
istraint is satisfied. The second-best optimization problem is then formulated the government expenditures. The term av/g is in general different from the 
follows: marginal utility of goverthment expenditures in the direct utility function, unless 
Iroblem (Po). Maximize v(q, i, a, g), this function is additively separable between the vector (x, 1) and g. 6 

The main purpose of the formulation (Po) is to provide an easy comparison
.Abject to between the static and the dynamic results. The following lemma will be usefulng 	 to highlight the diffrences and the similarities. 

ai.. u LEMMA. The solution to the problem (Po) satisfies the first-order conditions 
-r+ (w- )l + (q -l)x, - g =0, aL 9L OL OL 9L 0 8L

i+(w- , ~- =J)I+~(,l 	 -----­ 0 ( i= ... , M), 0, where the Lagrangean 
1iw= OA -1 = 

nere x and I are functions of (q, i, a, g) in Equation (3). In the government L is defined in (7).
' dget constraint in Equation (6), the term Trepresents a fixed lump-sum tax. The same method applies for the solution of a second-best problem where the 

is usually equal to zero, but is introduced here for the sake of exposition (as set of fiscal instruments is restricted to one tax in a one-good economy (with
ire profits are included in Equation (5)). variable labor supply and exogenous government expenditures). In this case,
One should emphasize at this point the difference between the mathematical there is no degree of freedom in the policy determination (in the static framework). 

.lution of the problem of second-best (Po), and the implementation of the However, the method is still useful for the determination of the marginal efficiency
:.ution through the fiscal instruments. The variables q (I < i <M), , a and g cost of taxation. This assumption will be made in the following section to 
e endogenous in the programming problem (Po). To implement the optimal simplify the notation. 

olution, the planner needs to announce only the values of the fiscal instruments 
(1 <i <M), and Q. The private individual will then choose values for x, I and 
which are identical to those found in the solution of (Po), because his optimizing 3. DYNAMIC OPTIMIZATION 

ehavior is already taken into account in the functions of the system (3) (for the 3.1. The framework. In this section, the static second-best problem is 
.rt-order conditions), and in the relations (5) and (6) (for the budget constraint). extended to the intertemporal framework. To simplify the exposition, and 

The Lagrangean associated to the problem P) is equal to: without loss of generality, it is assumed that there is a single good produced with 
L(q, i, a, g, As, I, r) = v(q, 0, a, g) capital and labor. This good can be consumed or saved to augment the stock of 

N capital. It will be the num~raire. The private sector is represented by a family+ (r+wl- Xx 1 -g) 	 with an infinite life, growing at the rate n, with a utility function given by: 

+ 	u(r+(w-i0)l+ Ei (q1- l)x, - g). 
Ile io A different form of the formula (8)is given by Atkinson and Stem f19741, who discuss exten-The interpretation of the multipliers is straightforward: the shadow price of the sively the problem of the optimal supply of public goods with second-best taxation. Represent 

esources is equal to A. Assume that the lump-sum tax increases by dr, keeping g the robl) of t in s). of pulic g )d -t - at Represent 
.onstant. Distortionary taxes are thus reduced by an equal amount. According the vector (x, 1) by z in (4). Since v(z,- g) ) : ?.z +uU sn 
o(7), the level of the ikidividual's welfare increases by pdT. Therefore the shadow matricidl notation, the first term of the right hand side is equal to, a - ," si
 
-ice p represents the marginal efficiency cost of distortionary taxation (in utility nil whe, u is additively separable in g (OWulig=O), but it is otherwise generically different
 

.erms). from zeto. 
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U = e-(P-'),,(c,, 1, g,)dt, 

-rep, c, and I,represent the pure rate of itme preence, the consumption level 

of p is greater than 
.-e level of output y. net of capital depreiation, is given by a neoclassical 
duction function f(k, I) which has the usual properties. For simplicity, 
- function is homogenous of degree one.' The factor inputs are not perfect 
)stitutes, unless specified explicitly. 
Inan intertemporal framework, there is a priori no reason to assume that the 
.ernment budget is balanced at each instant. Differences between receipts and 
,,nditures are met by issuing or redeeming bonds. Since there is no uncertainty, 
e government bonds are perfectly substitutable with capital and have the same 

c of return. The level of the debt will be represented by b (it is negative when 
government owns capital). For notational reasons, we also introduce the 
C1of public assets h = - b. The level of private assets a, is therefore equal to 

he n, for convergence of U. 

-b, or k - .bor k-h. 

-he tax instruments are the rates of the linear tax on labor, at different instants.. 
.s equivalent to consider the net wage rate O,as the instrument. Also, in order 
concentrate on efficient taxation, the stream of government expenditures is 

astant over time.' Therefore, one can omit g from the utility function u. 
e government chooses the most efficient fiscal program to finance its expendi-

s under the constraints imposed by the optimizing behavior of the representa-
family. 
his family behaves competitively and is endowed with perfect foresight; it 

uimizes the intertemporal utility U given in (9), under its budget constraint, 
zintertemporal program is the solution of an optimal control problem, and the 

au =au 
:s of consumption and labor satisfy the relations =a, = -a, where 

the shadow price of the private accumulation of assets. 9 By inversion of 
se relations, c and I can be expressed as functions of 0 and a: 

c= c(V, a) 


I = I(0, a). 

ese expressions correspond to the expressions in (3) for the static case. 
"he variable a defines the marginal utility of wealth at each instant. Its vari-
on is given by the relation:10 

This assumption simplifies the realts in the steady state,.ona
 

In a complete optimization, the value of g, is determined by a cost-benefit rule as in (8). 

The time subscript will be omitted when there isno ambiguity. 


*This relation is equivalent to aa=(p-n)a--a, where .r is the Hamiltonian of the repr­

tative family and is equal to: 
r=u(c,) fa((r-n)a+ f--c). 
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d = a(p-r), 

where r is the rate of return. The private sector chooses the initial value ao such 

that its budget constraint is satisfied. (This constraint is equivalent here to the 

transversality condition.) The value of ao depends on the entire set of future net 
prices and on the initial private wealth. As in the static case, the variable is an 
whi n nowriable in the mathematical formulation of the secondasst problem
which can now be written as follows: 

-m
 
Problem (P). Maximize 1fv-,e't a)dt subject to the constraints 

(
 
k J(k, I) - nk - c - g, 

(12) h = (r-n)h + (w-ip)! - g, 

(13) c= (p-r)a,
 

where c and Iare functions of 0and a (in (10)), and the gross factor prices r and w,

- and7areare equaleq toaf and -f respectively; they depend oonk ;k,,4 

rd. 
The initial levels of the capital stock ko and of the public assets ho are exogenous. 

Indeed, if the government could manipulate ho, lump-sum transfers of wealth 
between the private sector and the government sector would be possible (the private 
wealth ao is equal to ko- ho). This is ruled out by the second-best assumption. 

The formulation of the problem (P) is similar to that of the atemporal problem 
(Po) and calls for the same remarks. Note that there is the constraint (13) on the 
evolution of a, but there is no constraint on the initial value ao (as there is no 
constraint on the variable a in the static case.) The equation of the private wealth 
accumulation d= k-h is omitted because it is redundant in view of (11) and(12).
Since the dynamic path will converge to a steady state, the budget constraints of 
the economy and of the government will be satisfied, and the budget constraint
 
of the private sector is redundant.
 

For the implementation of the second-best policy, the government first solves

for the optimal values of 0, a, k, h in the mathematical problem (P). After this 
solution is computed, the govcrnment announces only the values of the wage tax 
rate (or the net wage rate). Then, the private sector, which is endowed withperfect foresight, computes its optimal solution. This program is, of course, 

identical to the solution of the problem (P) because the private optimization is
 
taken into account in the latter.
 

3.2. The Solution. The problem (P) is solved by considering the Hamil­
tonian 
(14) H(ga,g,.,p, v, k, i ,a)+ (f(k i)-nk-c-) 

+ u((r-n)h + (w-)! - g) + va(p-r)
The interpretation of the shadow prices A,and y has already been iven in tho. 
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atic modl. The shadow price v is associated to the intertemporal first-order 

.. ndition of the private sector (equation (13)). Since there is no restricti., 
er se on the initial value of a, the value of vat time zero, v,, is equal to zero. 
The solution of(P) is computed more easily by considering first the time variatioit 

-f the marginal excess burden of taxation, ju, 

5) 

ih 

.6) 	 =(p - r).u. 

Comparing this equation with (13), it follows that the ratio ,/ais constant over 

Me, i.e., there exists a number V such that: 

17) 	 'U = (P.a 

,his ratio measures the marginal excess burden of taxation in terms of prik. ie 
;onsumption. When there is no restriction on the level of government deic.t 
or surplus), the current value of the marginal efficiency cost of taxation is constant 
ver time.I' 
The solution to the problem (P) satisfies also the other first-order conditions gi'-.n 

,y the equations (11), (12), (13), and by 
.18) A -DH 

OT 

9 H 
69 = nNote 

a20) 0.
( 

rhe computation of the solution proceeds as follows: assume first that a valuc of 
0 is given. The evolution of the quintuplet of variables (k, It, a, A.,v) is deter­
nined by the five dynamic equations (11), (12), (13), (18) and (19). The value of 

is determined by (20). 
For the initial conditions, the two values ko and vo are exogenous (v0 =0). 

There is a unique triplet of initial values (ho, &0,A.o)such that the dynamic system 
-onverges to a steady state (which is analyzed below). This stability is proven in 

-he Appendix for a neighborhood of the steady state and when the ela,:icity of 

the labor supply is not too large.' 2 The triplet (ho, L90, ,0) depends on the choice 
3f V in the first step. In particular, ho=h(p), 

This rule applies even if the tax on the wage rate is exogenous during some interval of time. 
' These two assumptions are only suffcient. A for..i analysis under more gcneral assump-

tions is beyond the cope of this paper. Also. no solution may exist if the level of government 
- expenditure is too high. 
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The computation of the solution is completed by choosing the value of qt such 

that ho is equal to the initial level of the public assets ho, which is predetermined' 3 : 

(21) 	 ho. 
(21) the 
Finally, the transversality conditions of the problem (P) are satisfied because the 

dynamic solution converges to a steady state. The previous discussion is sum­
marized by thb following result. 

PROPOSITION 1. The solution to the second-best problem (P) has a dynamicpath 
which converges to a steady state if the elasticityof the labor supply is not too large 

and the initialvalues of the capitalstock andof the public debt arenear their-steady 

values. This steady state depends on the marginal value ol the excess burden cf 

taxation. When this efficiency cost is measuredin units of private consumption, it 
Is corstant on the transitionpath. Its value depends on the levels of the capital 

stock and of the public dept at the beginning of the policy horizon. 

3.3. The Steady State. The steady state is characterized by the stationary 
forms of the dynamic equations. The gross rate of return r* is equal to 
ihe discount rate p' 4 (equation (13)). By the factor price function frontier, this 
rate determines also the gross wage rate w*. 

It is useful to consider first the steady state value of v. Assume that the factor 
inputs are not perfect substitutes (the case of fixed factor prices is entirely different 
and treated below). Because the production function has constant returns to 
scale, the slope of the factor price frontier is equai to aw/ar=-kl. Using this 
relation in (18) (with A=o and r=p), 

(22) 	 v= - pa, with a=k-h, p=p/a. 
that in general, the value of v is different from zero. 

To determine the other endogenous variables, it is convenient to introduce the
function 

(23) H*(0, a, g, A, p, v, k, h) = v(0, a) + A((r*-n)k + w*! - c - g) 

where r*= p, and w* is determined by the factor price front;'r. One can show with 
a straightforward manipulation that the stationary forms of the equations (11), 

and are to =0, ,- -H-
(12)(0) ad1 e eqiae t H*. 0 a6* 0 -6 7 a 
(p-n)(k-h), respectivelym5 

" The value of ' represents the marginal excess burden ofraxation. It is positive if the level 
of public assets at time zero, h0 is smaller than the present value of public expenditures. 
Economic intuition indicates that if positive, its value decreases with the level of initial government 
wealth 	h0. 

" Steady states values will be represented with an asterisk. 
" The last of these relations is proven by substituting for v,in (19), the expression found in 

(22). 	 Note that this derivation is possible only when the inputs are not perfect substitutes. 

(12), 	 (20) (19) equivalent -- =0, aH ­
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PROPOSITION 2. When the elasticity of substitution between capitaland labor i.1 
,.te, the steady state of the solution to the problem (P) is characterizedby the 
.a.ations: 

.)_H __*_H 

OH - a = 0, 
 p k_ 

H - -. (p- n(kh*5) (p-n)(k-h). 


L 

,nese equationsdetermine the values of Ov, A, u. k and r,for a given level ofpublic 
sets h*. The values of h* depend on the initial values ko and ho. 

n equation (24), the labor supply I should be interpreted as a function of a 
- i, as given in (10). The term k-h* in (25) represents the level of private 
,.-ts Also, the ratio pi/ represents the marginal efficiencyin the steady state. 
,tof taxation in consumption equivalent, and has the same non-zero value as 
the transition path (Proposition I). 

the values of the endognous variables in the steady state depend on the 
rameters of production and demand such as the elasticity of substitution, the 
isticityi of the labor upply, p,n, etc. -.,in the equations of Proposition 2. The 
aracterization of the steady state has been formulated in this way to facilitate the 
mparison with the static method. The interpretation of the excess burden, 
example, in terms of the fundamental parameters of the model is well known 

the latter framework, which is equivalent to the standard partial equilibrium, 
similar interpretat'on ir, the dynamic framework will be done after comparing 

..e two methods. However, the two previous results imply first an interesting 
operty of the second-best dynamic path. 
In the steady state, the level of the public is in general, not equal to zero. As 
r other endogenous variables, it depends on the marginal efficiency cost of 
cond-best taxation. This excess burden depends on t..e amount of revenues 
hich are raised through distortionary taxation. This amount depends itself on 

level of the public debt (positive or negative), at the beginning of time. In 
:-neral, one can expect that a relatively high level of the debt at time zero generates 
o a relatively high level of the debt in the steady state.' 6 

The indeterminacy of the level of the debt in the long-run was first described by 
Arro [1979], in a model with exogenous income and ad hoc quadratic

*ss function for the excess-burden. The above results show that this property 
Ids in a general equilibrium model with endogenous capital accumulation and 

' ctor prices, and a "standard" efficiency cost function which is derived explicitly-ore the choice distortions created by the entire path of tax rates. 

3.4. The Comparison Between the Static and the Dynamic Approaches. 

4 This relation ismonotonic at least when the marginal efficiency cost of taxation issuff-

tlysmall. 
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The comparison between the steady states in the two methods follows from the 
characterizations in the Lemma and Proposition 2. The functions L and I/­
are identical when the terms of "pure profits," t, and of "lump-sum revenues,"
T, are replaced by the incomes of capital and public assets, net of growth, (r*-n)k 

and (r*-n)h, respectively.cases, The first-order conditions are identicalexcept for the condition on H*/1aa. in the twoTherefore, the steady state solution 
of the dynamic problem is not equivalent in gene-al, to the solution of a static 
problem (with exogenous pure prohts an'd icvenues from pu1 ;lic wealth, positive 

or negative).
 
Other remarks can be made here.

1. The two solutions are identical if p=n. This result is obvious; when the 

discount rate and the growth rates are identical, the relative weight of any transi­
tion period is nil with respect to the long run, and the steady state analysis is 
appropriate. 

2. The characterization of the steady state in ProposiJion 2 dep4ends on :he
 
utility function and the excess-burden but not on the elasticity of substitution in
 
production which is not an argument of H* (this elasticity is obviously not an
 
argument in the partial equilibrium result of th: Lemma). However, we will
 
see below that the excess-burden does depend en the elasticity of substitution.
 

3. The difference between the results in the Lemma and Pr-position 2 arises 
in equation (25). This relation is valid only when the production factors are not
 
perfect substitutes (in the derivation of (22)). The downward siope of the factor
 
price frontier raises the issue of time-inconsistency which should be addressed
 
now.
 

3.4a. The Time-mnconsistency of Optimal Wage Tax.the In the dynamic 
solution of the problem (P), the value of the shadow price of the marginal utility 
of consumption v, varies over time from zero to a strrctlv negative limit which is 
determined by the steady sate relation (22). Therefore, there exists an instant 
to>0 such that ifstubqt, v<0. it'he problem(P)were reformulatedat ths instant 
to for the subsequent time span, the solution would imply a "new" value , eual 
to zero. This implies that the new solution would be different from the program 
chosen at the origin of time, for the same interval (t), + n). The optimal wage 
tax is time-inconsistent. There are two (equivalent) interpretations of this 
situation. 

The mathematical explanation is simple. In the problem (P), there is no 
restriction on the value of u.The values of sre by(t>0),s, then determined 
integration of the dynamic equation (13) which corresponds to the intertemporasoptimization of the private sector. This constraint prevents discontinuous jumpsof the variable a. If the problem (P) Isreformulated at a time t (.>0), a jump of
the variable a becomes admissible at this instant, and if this occurs, the new solution 
will be different from the initial program. 
More important, there isan intuitive explanation: the time inconsistency of
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,ntier is downwards sloping. When the wage tax reduces the labor supply, 

rate of return on capital decreases: the tax incidence is partially shifted to 


,ital. This effect is particularly clear in the special case where the elasticity of 

)stitution between capital and labor is equal to zero; the shift is then complete, 


least in the short run. It is well known that the taxation of capital is time-

-onsistent because it is a fixed factor in the short run and its supply is elastic 

the long run, Fisher [1980]. The shift of the incidence implies that the wage 

is also time-inconsistent. 


The smal!er the elasticity of substitution, the greater the incidence shift. The 

,vernment by increasing the wage tax at the beginning of the policy horizon, 

..n raise a greater fraction of revenues with an indirect capital levy, and diminish 


efficicncy cost of indirect taxation. Therefore, a lower elasticity of substitution 

ween capital and labor implies, ceteris paribus, a smaller efficiency cost of 

ation. When the elasticity of substitution between capital and labor tends to 


-tinity, the benefits which can be reaped by a relatively higher initial wage tax 

ainish. At the limit, when the elasticity is infinite, factor prices are exogenous 
.. th r=p for the existence of a steady state), and no benefit can be gained by a 
igher initial wage tax. 
A simple exercise shows that in this case, the second best path is reduced to the 

eady state characterized in the Lemma. In particular, the convergence result 

Proposition 2 is not valid anymore. This apparent discontinuity of the conver-
tnce result is resolved by considering the stable eigenvalues of the dynamic 
',stem which defines the dynamic path. These eigenvalues provide an index of 
ae speed of convergence of the economy towards the steady state of Proposition 2. 

is shown in the Appendix that when the elasticity of substitution tends to infinity, 
.cse eigenvalues tend to zero: the steady state of Proposition 2 is more and more 
-istant in the future when viewed from the initial instant. At the limit, it is infi-
- tely distant. The initial position (immediately after the time of tax reform)" 

ecomes the steady state. Also, if there is later another opportunity for a change 

f the tax rates, no further change is made since the policy is time-consistent.i 8 


The problem of time-inconsistency is unavoidable in dynamic second-best 
.,xation with endogenous prices because the incidence of tax changes falls at least 
,;articlly on the fixed factors. A benevolent social planner can always reduce the 
:fficiency cost of taxation by reforms if they are unexpected. A solution of this 

problem is obviously beyond the scope of this paper. A possible answer has 
already been given by Auernheimer [1974] for the inflation tax,i 9 and can also 
.e applied here: if the social planner takes at each instant the private marginal 

" Tlere may be a difference between the tay rates before and after time zero if the first tax 

:tructure is not efficient. 


1' When the elasticity of substitution is large the dynamic path is re!atively "flat"
in a diagram 
with time or the horizontal axis. Its curvature is inve-sely related to the value of the elasticity. 

" The constraint proposed by Auernheimer is to exclude a jump of the price of money from 

;he value inherited from the past. The extension of this principle to a second-best situation ish 

analyzed in Chamley [19831. 
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utility of wealth a (which is determined by policies announced before time 1) as 
given, the optimal wage tax is time-consistent (jumps of a are excluded). Undo: 

this restriction, tax reforms are admitted only if they do not generate an indirect 
lcvy on existing assets. The shadow price of this constraint is equal to v. 

The steady state characterized by Proposition 2 can then be placed in two 
different contexts. In the first, this state is the point ofconvergence cf the dynamic 
path as time goes to infinity. In the second context it can be a current state in 
which the policy maker foregoes indirect capital levies. 

Both interpretations provide a simple explanation for the fact thazthe cha rzateri. 
zation'of the steady state depends on the arnunt of tax revenues and on thr 
excess-burden of taxation, but does not depend directly on the elasticity of su!sti­
tution between capital and labor. In the second-best situation with commodit 
taxation, this elasticity matters only when the taxation of capital is desirable. 
the incidence of commodity taxes on capital income achieves at least partially this 
goal when the elasticity is finite. But in both the above interpretations a socia! 

planner would not use a capital income tax if it were an available instrument 
In the first, the asymptotic result of zero capital income taxation is shown for a 
similar model in Chamley [1984]. In the second, the capital levies are excluded 
by assumption. 20 

In the two previous interpretations, the steady state of the dynamic policy of 
second best depends on the utility function and on other parameters such as the 
discount and the growth rates. An example will be useful for the comparison 
with the static method which was described in the Lemma. 

3.4.b. The Efficiency Cost of Taxation -- An Example. Assume that the 
current utility function u, is additively separable in c and 1. This implies that in 
(10), the level of consumption c is only a functior of a. Also, the level of labor 
depends only on the product of a and Fv, and al'=iW'. 

Since v6=u'l6'= -ail', the equation aH/ca=0 in (24) is equivalent to 
(26) (- + w + 14(w- ))il' = pil.
 

In the same way, the equation (25) takes the form, after multiplication by a, 
- + (-ai
(27) (a )ac'= + Aw
 

+ P(w- ))l = (6- DPp-n)a, 

where 6=0 in the dynamic approach (Proposition 2), and 6=1 in the steady state 
method (Lemma). Using aliW' , l=c-(p-n)a, and an obvious substi­

in the steady has an 

interpretation. Assume that a small change occurs in the tax program, which decreases the 
value of q by dq<O. This implies a capital loss of 42-a on the private assets, which can be 

I0 The value of the shadow price of this constraint, L,, state intuitive 

q
 
regarded as a lump-sum levy by the government. Distortionary taxes are reduced by the same
amount, and there isan efficie.8cy gain of -p-fiqa. Therefore he shadow pric of maintaining 

the value of q unchanged is eoual to - --Q a, which is the value of s,in (22). 
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n in (26). one finds 

(A-,) + u(I -(p-n) = 0. 

represent the elasticity of marginal utility of consumption at the steady 
I/a=-ac',c: 

=a ,,- ap I - 6(p-n)-_a 

J the wage tax rate: 0=(I -O)w. Substituting for Ain (26). a straightforward 
pulation gives the marginal efficiency cost of taxation: 

- - __The 

(1- ) +(1 -through 
c 

Z=--T-I is the elasticity of labor with respect to the wage rate, keeping
I trelation 

ant telfarg utoftaaion incoea.21wttbecause 
:welfare cost of taxasion increases with the wage elasticity of labor as in the 

,.trd framework. It is also inversely related to the elasticity of the marginal 
of consumption-i a. (This parameter is inversely related to the intertemporal 

city of substitution of consumption)."e 
,-.cmeasurement of the excess-burden in the dynamic and the static methods is 

r.sed by the same generic formula (30), with 3 equal to zero and to one, 
:ctively. For plausible stylizedrivate saving the models, the ratioand between isincomerelativelyon balanced growth path, consumption,asset net 
S sgconsistent.
-with respect to one. In this case, the quantitative difference between the 

.ts of the two approaches is relatively small.23  The same remark would 
to other endogenous variables. 

4. CONCLUSION 

ic purpose of this paper is to analyze some aspects of efficient taxation in a 
inic framework of second-best. It is well known that the determination of 

,ent intertemporal taxation has a priori no special feature which cannot be 
.led by the standard approach presented by Diamond and Mirrlees [1971]. 
ever, the dynamic context introduces specific problems such as the charac-

,his is alsc. the elasticity of labor with respect to a temporary increase of 1,,(during antesimal interval of time), 
The dynamic efficient cost of the wage tax has been determined in a previous study under 
:striction orconstant tax rates on labor income (Chamley. 1981). In the present framework, 
")rmula (30) measures the efficiency cost of taxation when these tax rates are optimized over 
except for some finite intervals of time where they may be exogenously fixed. 
Note that the static method Gverestimates the exact value of the welfare cost. 
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terization of a balanced growth patlh, the determination of the public debt, and 
the time inconsistency of policy. 

The results of this paper show that when the structure of commodity taxes isefficient, the dynamic path converges to a steady state (or balanced growth path), 
with a simple characterization which is different from the standard solution of a 
static model which "repeats itself" through time. The variation of the public 
debt is equal to the defiCit. !n the second best, it is determined such that the 
current value of the marginal efficiency cost of taxation is constant over time. 
This value depends on the total amount of revenues raised through distortionary 
taxation, and therefore, on the level of public debt at the beginning of the policy 
implementation. 

policy which equalizes the marginal efficiency cost of commodity taxation 
time does not generate a redemption of the debt, a result found also in

Barro [1979], and in contradiction with the recommendation of Meade[1958].
This also implies that the steady state depends on the initial conditions of the 
dynamic path (contrary to the first-best situation, for the present model). A 

between the long-run and the initial values of the public debt occurs 
of the operative bequest motive which islived In implicit in the ofinfinitely households. frameworkthe life-cycle model with no bequest, Pesticau 

[1974] has shown that the debt should adjust such that in the long-run the rate 
of return is equai to the discount rate. 

A difrerence between the results in the dynamic and the static methods arises
because the iax incidence is partially shifted to capital and commodity taxation is 
time inconsistent. The steady state can also be considered programme ofas a 
second-best for policies which excludes such indirect capital levies and is time 

The characterization of this policy depends then only on the utilityfunction and on the levels of the various aggregates. 

Harvrd Unversity,U.S. .
 

APPENDIX 

1. The Stability of the Dynamic Solution
 

TheqSaltof
 
The Hamiltonian H is equal to:
 

H(w, a, g, A, p, v, k, h)= vt~i, a) + A(f(k, 0 - nk - c - g)
 

+ p((r-n)h + (w- )l- g) + va(p-r), 

where c and I are functions of Fv and a (in (10)); r and w are functions of k and 1. 
The ratio p/a = q is constant over time (Section 3.2). Assume that a value of q)
is given. The time variations of the five remaining dynamic variables, k, a, v, A 
nd h are given by the equations: 

http:small.23
http:incoea.21
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k = f(k, 	1)- nk - c - g 

d (p-r) 

(p-n)v Oa 

(S) 	 OaW-(uniquely 

AH 

h = (r-n)h + (w-f)l - g. 

Consider the limit case where the elasticities of the labor supply 1, with respect 
to 0 and a,become infinitesimal. This implies that the marginal excess burden 

of the wage tax, /,is also infinitesimal. The iinearization of the dynamic system 
(S), near the steady state, can then be written as follows: 

k 
A 0 0 0 k-k 

0 0 0 a-a* 


..............................................
.......... - * 

=0 	 v -v 

B 
0 A-A* 

*p- n 	 h-h* 

Values in the steady state are represented with an asterisk.
 
The matrices A and B are equal to: 


p-n -c. 1 F p 1 1 
A = , B = . 

- ar 0 j cr, 0 

They have the same cigenvalues which are of opposite signs. It follows imme. 
diately that the linearized system has two negative eigenvalues and three positiv3­
ones. There are two predetermined initial values, ko and v0=0. However, the 
equality between the numbers of negative cigenvalues and predetermined variables 
is not sufficient for local stabiiity. 

Consider first the couple of variables (P; a). The initial value of ko is exogenous. 
Since A has one positive and one negative eigenvalue, there is a unique value of 
ao, such that the dynamic system (S)islocally stable. More precisely, when k. 


tends to 	k*, the ratio -a -a*. tends to the ratio between the components of the 
ko-k* 

eigenvectors of A, associated to the negative eigenvalue. The same argument
applies to the couple of variables (v,A), whee vo=O is predetermined, and it 
implies the unicity of Ao.The last igenvalue of thc linearized system is equal to p-n and i;positive.
There exists a unique value for h (ho= h) such that the dynamic system is stable, 

...... 
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unique choice of(ao,A0, ho) with the predetermined values ko and v=O, such #!Y,
the dynamic system is stable near the steady state.' By continuity the a: .,!c 
argument is valid, at least when the values of the labor elasticities art small. T ', 
dynamic 	system is completely determined by finding q such that the value
 

associated to p)is equal to its predetermined value.
 
2. The Limit Case of Exogenous Factor Price 

When the response of factor orices to the input levels becomes infinitesi',Ji,we can consider r and w to be constant in the expression of H. The express, z, 
OH =O is then equivalent to: 

v6 + A(wI - c ) + p((w - 0)! - 1 = 0.
 
Thcrefore 0 is a function of ot, A, /
 

w= G(, A, p). 
In this case, the matrix of the linearized system near the steady state tends to 

p - n - 0 0p-Bn 0 0 0 0 

0 0 0 0 0
 

.p-0 

p-n 

A dot represents a term which may be different from zero. 
This matrix has zero as an eigenvalue of order 2. This value is the lim.:

the two negative eigenvalues when the elasticity of substitution between capita. 

and labor tends to infinity. Also, the other (positive) eigenvalues tend to p-n 
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ESTIMATION IN A LINEAR MODEL WITH SERIALLY 
CORRELATED ERRORS WHEN OBSERVATIONS 

ARE MISSING* 

BY TOM WANSBEEK AND ARIE KAPTEYN I 

INTRODUMON 

There exists an extensive literature on estimation and testing in linear regressionmodels with first-order serially correlated errors. For the case where a string of 
consecutive observations is missing there have appeared a number of recent articles 

dealing with various tests of autocorrelation (cf. Savin and White [1978],Richardson and White [1979], Honohan and McCarthy [1982]). Obviously, 
many time series suffer from missing observations, like long annual series from
which observations on war years are missing, or daily series that are not observed 
during weekends. 

The purpose of this paper is to develop the ML estimator for a linear regressionmodel with serially correlated errors when observations are missing. The results
derived are generalizations MacKinnon [1978].of those by Beach and Using
both actual and simulated data we compare computational and statistical aspectsof the ML estimator to those of some 'intuitive' estimators based on adaptations 

*of suggestions by Cochrane and Orcutt [1949], Prais and Winsten 1954] and 
Maeshiro [1976, 1979].

In section 2, we present the model. In section 3, we present some results onthe structure of the error covariance matrix and develop a convenient matrix nota­
tion which facilitates the algebraic derivations. Section 4 presents the ML esti­
mator and the information matrix. In section 5, some alternative two-stage
estimators are defined. In section 6, we present results of experiments designed 
to compare the computational and statistical properties of the ML and two-stage 
estimators. Section 7 concludes. 

2. THE MODEL 

Consider the single-equation regression model 

(1) y = Xt + C, 
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