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PREFACE

This Teachers' Guide accompanies the text which was prepared at a study and
writing workshop held during the summer of 1965 at Mombasa, Kenya, in which
mathematicians and teachers from most English-speaking countries of Tropical
Africa, the United States, and the United Kingdom participated,

The material is intended to be used for the Algebra pait of a first-year text
for a four-year programme in Secondary Mathematics., Much of the material was
adapted from texts prepared at Entebbe, Uganda, during the summers of 1962 and
1963. However, alterations “ave been made as a result of experience gained in
the use of the earlier texts,

I, Preliminary Nature of This Material

The material must be considered to be preliminary until it has been tried out
in classrooms and modified in accordance with the experience gained from this
experimentation, The Student Text and the Teachers' Guide for MATHEMATICS
SECONDARY C ONE will be subject to correction and improvement in the light of
suggestions from the teachers who use them,

This means that the teacher who uses this material has the responsibility, in
addition to helping interpret the new material to the students, of helping identify
the areas where improvement is needed, In partial reward for this burden, the
teacher will have the satisfaction of knowing that he or she is taking part in an
experiment which is of great potential value,

II, Emphasis on Mathematical Ideas
In recent yecars there has been accumulated much evidence that young students

are far more interested in mathematical ideas than they have usually been given

credit for, anu that they are far more competent to deal with such ideas than the
current curricula would suggest, A presentation of mathematics which puts its
emphasis on concepts rather than the rules of manipulation is likely to lead to far
greater satisfaction cn the part of the student, and will also lead to greater

mathematical competence,
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III, Content of the Text
The subjects of algebra and geometry are treated in two volumes; one is
devoted to algebra and the other to geometry, The geometry part of the text will
treat:
1, First Notions
2, Plane and Space Figures
3. Measurement
4, Symmetry
Algebra is developed as a unified structure., Techniques and concepts are all
related to a few basic ideas with emphasis on why the numbers behave as they do.
We try to be mathematically sound but at the same time the development is gradual
with an effort to involve the students actively, Instead of just telling the ideas
to the students outright, the teacher should uze problems and careful class
discussion to help the students recognize the ideas for themselves,
IV, The General Approach
The best education is the education that the student creates from his own
direct efforts. The teacher should resist the temptation to tell the class exactly
what to do and how to do it, It is indeed a great temptation, for by such means
a class will appear to be proceeding at a rapid pace. If the teacher takes the
time and effort to lead the student to think through the idea himself without telling
him outright, there is considerably more assurance that the idea will be mastered
and retained by the student and will become truly his own,
Here again the demands on the teacher are greater, The teacher, like the
student, must be thinking at every moment, for it takes far more insight to lead
than to tell, This Guide is intended primarily to assist the teacher in the actual

conduct of the class, Methods are suggested which will encourage student



imagination and generate student interest., In addition the Guide contains
mathematical background and explanatory material beyond that given in the

Text, Answers to the problems are provided,

It should be emphasized that this modified curriculum representa a great
opportunity for teacher and student alike, In making use of it, the school
participates in a great experiment to help develop a strong African educational
system cf which we can be proud, It is a massive joint undertaking, in which
students and teachers work side by side with mathematicians of international
eminence, from their own country and from a dozen others, to create within
Africa something that will be of major significance for Africa itself, and in a

large measure for all the world,
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STUDENT TEXT

Please indicate the specific sections which need improvement and how you would recommend
inproving them,

Questions Comments

1. Should this whole chapter be
omitted? Why?

2. Name specifically any ideas
which vou think ought to be
in this chapter but which are
not there. Why should they
be included?

3. Name specifically any topics
in this chapter which you
think should be omitted. Why
should they be omitted?

4. Give the section and page
number of any part of this
chapter where you think the
explanation is not clear
enough. What suggestions
do you have on how to make
it more clear?

5. Indicate which sets of prob-
lems need more problems to
give adequate practice. What
kind of problems are needed?

6. Indicate by page and number
any problems which you
think are too difficult and
problems which you think are
too easy.
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STUDENT TEXT

(continued)

Questions

Comments

. Indicate any problems or il-
lustrations which are inef-
fective because they use
words or ideas which are un-
familiar to your students.
For instance, a child who
had never been to sea in a
schooner would not much ap-
preciate a problem about the
area of the jib and the fore-
sail and the mainsail. For
the examples which are in-
appropriate for your children,
can you suggest local situa-
tions which would be more
appropriate in the example.

TEACHERS’ GUIDE

Questions

Comments

. In what parts of the chapter
were the suggestions on how
to teach the material no* suf-
ficient to help you teach it
effectively? What sugges-
tions have you for improving
those parts?

. In what parts of the chapter
were the suggestions on
teaching the material trivial
and unnecessary?

. In some places in the Teach-
ers’ Guide there are discus-
sions for the teacher of the
mathematical background,
going more deeply into the
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TEACHERS’ GUIDE

(continued)

Questions Comnients

3. (continued)

ideas than one would with
the students. Indicate by
section and page number:

(a) which of these discus-
sions were not clear
enough to be helpful,

(b) which were too brief and
need to be expanded,

(c) which were unnecessary
for you and might be
omirtted,

(d) where no such discus-
sion was given where it
was needed.

4. Indicate any answers to
problems which were not suf-
ficiently clear or complete.

Would you please write any other comments which you believe might be helpful in rewriting
this chapter.

EDUCATIONAL SERVICES INCORPORATED
African Education Program
P.O. Box 417
Watertown, Massachusetts 02172
U. S. A.
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Chapter 1

CHAPTER 1

THE LANGUAGE OF SETS

It is not only in mathematics that one forms sets, The large number of
collective nouns in the English language such as class, herd, flock, fleet, tribe,
bunch, and family attest to the fact that this is a common activity. Even the
word "set" itself is sometimes used, for example, when we speak of the younger
generation as the "younger set", One has formed a set whenever he gathers
together a number of different objects and then views them collectively as one
object. This "gathering together" is usually a mental activity as is the case,
for example, when we speak of the Kikuyu tribe. We do not literally gather
together all individuals from this tribe into one great pile. Rather, we are just
'mentally associating all individual Kikuyus with one another, and we use the
collective term "Kikuyu tribe" to show that we are viewing all of these individuals
as members of one tribal or national group, The tribe then becomes the object of

interest rather than its individual members,

1-2 Ways of Describing Sets

A set may be described by listing its members or by giving a word
description of its members. Thus a certain set A of African countries is
described either by the phrase "the set of East African countries" or by giving

the list
A = {Kenya, Tanzania, Uganda)

Sometimes it is very difficult to list the members of a set, This is certainly true
for the set M of all mosquitoes in Africa, And sometimes it is impossible to list

the members, as is the case for example with the set C of all counting numbers.,



Even in such cases, however, we sometimes indicate the set by giving a partial

list of its members, We might write, for example,
D=1{1, 4, 9, 16, 25, 36, ...}

to describe a certain set of counting numbers, and it is hoped that the pattern for
writing down still more numbers of D is clear, A word description must be given
if there is any doubt, For example, D can be described as the set of counting

numbers that are squares of counting numbers,

Answers to Problems 1-2 Student Text Page 3

1, (@) (Africa, Asia, Europe, North America, South America)

(c) {January, June, July)

(d) {Sunday, Monday, Tuesday, Wednesday, Thursday, Friday,
Saturday}

(f) This set contains no members, It is called the empty set,
2. (@) The set of vowels of the English alphabet,

(b) The set of mountains in East Africa which are more than 14,000
feet high with the exception of Mount Meru in Tanzania. It can
also be described as the set of mountains in Xcnya and Uganda
which are more than 14, 000 feet high together with Mount
Kilimanjaro, Still another description is the set of mountains in
East Africa whose name contains more than four letters and

which are more than 14, 000 feet high,

(c) The set consisting of the number 1 and the even counting

numbers,

(d) Difficult to describe, The set consists of four kinds of members
of the cat family, It is best described as "the set consisting of

lion, cat, tiger, and cheetah",

() The set consisting of the last three letters of the English alphabet,
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3. (@) Not difficult,
(b) Impossible,

(c) This will not be difficult unless the difference between villages

and cities is not clear,
(d) Not difficult,
(e) Difficult,
(f) Not difficult,
4, (@) (i)
k) @)
(© (i)

5. (@) Yes

(b) No
(c) No
(d) Yes
(e) No

6, (a) Pacific, Atlantic, Indian, Arctic
(b) Nkrumah
(c) This set contains no members,

(d) This set contains no members.

1-3 The Empty Set

It is convenient to allow a set to have no members, Otherwise when
one is given a word description, he would have to know ahead of time

whether anything satisfies the description in order just to say that it



describes a set. Certainly one would like to be able to speak, for

example, about the set of snakes in Ireland without first determining

whether or not there are any snakes there (there are not),

Answers to Problems 1-3 Student Text Page 6

1, o) and (f) are certainly empty, (c) is probably empty. And (d) or (e)

may be empty, depending on the particular class,

2. The set of elephants that live in trees, The set of Africans who like to

live at the South Pole. The set of pupils in your class who were born

on the moon.

1-4 Subsets

It is important to notice that a set A is a subset of itself and that the
empty set is a subset of gvery set, In symbols this statement becomes A C A and
# C A, Thus every set in List 2 in the students' text is a subset »f the corresponding
set in List 1, including (f) where the sets are equal (have exactly the same

members), In every case except (f), the set in List 2 is a proper subset of the

corresponding set in List 1,

Student Text Page 8

Answers to Problems 1-4

1. (@) The blank may be filled with either the word "subset" or the

words "proper subset",
(b) E is a subset of D,

2. Y is a subset of V,

3. {a, b, ¢, 4, e} is not a subset of {&, b, ¢} because the first
contains members (for example, d) which are not members of the
second,

However {a, b, c, d, e} isar=. bsetof (a, b, ¢, d, e] because
every member of the first set is also a member of the second (it is not

a proper subset),



Chapter 1 5

4, 4, (a), (b}, (cj, (a, b}, (a, c), (b, c}, (a b, c}.

5. There are sixteen subsets: ¢, (a), (b}, (¢}, (d}, (a, b},
[ao C_}, [ai d]v [b9 C], [bu d]t [C, d]o [ao bv C], [at bt d)v
{ai cl d], [bl Cl d]) [a) bl C, d]o

6. (@) There are 32 subsets,
(b) 64 subsets,

(c) There are 2M subsets, This can be seen by noticing that adding

one element to a set A doubles the number of subsets,

1-5 Matching of Sets

The notion of an exact match or one-to-one correspondence between two sets

is basic to the process of ccunting, Cne can show that two sets have the same
number of elements by showing that they are equivalent, that is that there is a one-
to-one correspondence between them, Thus, although no one knows the exact
number of people in the world, it is certain that the number of people is exactly

the same as the number of heads of people,

Two sets are said to be equal if they have exactly the same members, Thus
to say that two sets A and P are equal is the same as saying that A CB and
B C A. Equal sets are, of course, equivalent, but equivalent sets need not be

equal (see Figure 2 in the students text).

Answers to Problems 1-5A Student Text Page 11
1. (@) A and B can be matched exactly, For example

1 €—> Ghana 6 €—> Malawi

2 «<—> Tanzania 7 <—>Zambia

3 «<—> Kenya 8 €—> Sierra Leone

4 «—> Liberia 9 €<—> Uganda

5 «—> Nigeria . 10 «<—> Ethiopia



1. ) X and Y can be matched exactly, for example by letting
2H42’ 4@44. o0 0y 18('—;58.
{c) No match is possible,
(d) K and L can be matched exactly, for example by letting
1’&'—93. 2€_>6, 36—49, oo
() No match is possible,
() M and N can be matched exactly by letting each student
correspond to his own nose,
2, (a) Take any three pairs of sets where the two sets in each pair have
the same number of elements, Note also that A<—->B if A and
B are both the empty set,
(b) Take any three pairs of sets where the two sets in each pair have
different numbers of elements,
3. f{a, b}e—>(p, q) (a, b}« (gq, r}
(a, b}e—(p, r} {a, b}e—{q, s)
[a' b]é_»[p) S] [av b]H[rp S]
The set {a, b} is not equivalent to any of the remaining subsets
which are ¢, (p}, (q}, (r}, (s}, (p, q, 1}, (p, q, s},
{p, r, s}, {q,r, s}, (p, q 1, s}.
Answers to Problems 1-5B Student Text Page 13
1, Yes
2, (@), (). The sets in (b) are equivalent but are not equal.
3. (@), () and (f) contain equivalent pairs., Not all equivalent sets

are equal sets, but equal sets are always equivalent sets,
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4, They are all equivalent because their members can be matched
exactly (they all have exactly four members), The sets C, D,
and E are not equal to A, But the three sets A, B, and F are
equal to A (notice that A is equal to itself according to the
definition),

1-6 Operations with Sets
When taking the union of two sets A. and B which are not disjoint,
for example, A = {1, 2,3) and B = {2, 3, 4}, pupils will frequently

write
AUB = (1, 2, 3, 2, 3, 4},

thus writing the list of members of A followed by the list of members of B,
This is perfectly correct. However, the gupils should be encouraged to observe
that

{1, 2, 3, 2, 3, 4} = (1, 2, 3, 4}

because these two sets do indeed have exactly the same elements, In short, it
is not incorrect but may be confusing to list some of the elements several times

when listing a set,

A gifted pupil may observe that the statement in the text just before
Problem set 1-6A, namely that the number of elements in A UB is less than the
sum of the numbers of elements in A and in B whenever A and B are
disjoint sets, is referring to finite sets. For only in such cases have the pupils

learned to add the numbers of elements of the two sets,

Answers to Problems 1-6A Student Text Page 16

1. (@ RUT

i

(s, 10, 15, 20)
{0 O a4}

{a 0O Kx)

() BUD

() AUB



1, (d EUF = {(a, b, c, d, e, £, g, h)
() TUK = {ao bo c, d, e, f]
=]
() S UY is the set of pupils in your class who are girls or are in
the school choir or both,
(@ IU7J lsthe set cf all pupils in the class,
h) MUN =M = N
2. (a) Supply the missing member O in the second set,
(o) Supply the missing members g, o, and n inthe second set,
(c) Supply the missing members y, 1, and i in the two sets, This
can be done in six ways.,
(d) Supply the missing number 15 and any one of the numbers
1, 3, 5, 7, 9 in the second set, Thus there are five ways to
fill the blanks.
(¢) Supply any two of the letters b, ¢, d in the blanks, This can be
done in three ways.
3, (@ AUB = BUA = (1, 2, 3, 4, 5, 8, 16}
) BUC= CuUB= {1, 3,5,a,b,c,d el
©) (AuB) UC = Ay (BUCQ)
={1, 2, 3, 4,5, 8, 16, a, b, ¢, d, e}
Answers to Problems 1-6B Student Text Page 18
) BND= { ]}
) AnB= {p O 0O}

(d)
(e)

ENF = {c, d)

Jnk={ }
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1, () SNY isthe set of girls in your class who are in the school

choir,
@ I1nJ=1( ]
(hy MNN={a, b, ¢, d, e}
2. PN M = the set of people in M.alawi.
3. ANB = { )
BNC=-(2,6, 8 =B

AND = (4, 7)

DNE = { )
4, (@ FNG =( )} = GNF
GNH = {4) = HNG
FNH = (1, 3,5, 7) = HNF

) FNnG NnH=( }NH ={ )
FNn (GNH) = FN {4} = { }

Therefore these sets are equal,

() Fn (GuH) Fn (1, 2, 3, 4, 5, 6, 7, 8, 14, 24}
(1, 3,5, 7}
FNG U (FNH) =( } u (1,35 7 =1(1,3,S5,7)

Therefore these sets are equal,

@ Fu (GNnH) = Fuy (4) = (1, 3, 4,5, 7]}
(FUG) n (FUH) = (1, 3,4,5,7, 14, 24} n
{1, 2, 3, 4, 5, 6, 7, 8)

]

= {1, 3, 4, 5, 7}

Therefore these sets are equal,

e} Fn (FUQG) Fn (1, 3, 4, 5, 7, 14, 24} = (1, 3, 5, 7}
= F
Fu (FN G) Fu( ) =F

Therefore these sets are equal to each other and to F,
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(f)

(9)
(h)

(a)
()
()
(@)
()
(£)

(@)
(h)
(1)

(3)

(k)
()

(m)
(n)
(o)
(p)
(@
)

F
F

l

FNF
FUF

]

{1, 3, 5, 7}
{1, 3, 5, 7}

]
]

1]
~
—

n{}={1:33507]n{]
FuU{ } =(1,3,5 7707 {1, 3,5,7}) = F

{3, 7, 12}

{2, 3,6,7, 8, 12, 13}

Yes, Every number inside the circle is also inside the triangle,
{3, 4, 5,6, 7,8, 9, 10, 12}

{2, 3, 6,7, 8, 12, 13}

Yes, Every number inside the square is also inside the circle,
{5, 6,7, 8, 9)

{2, 3,4,5,6,7,8, 9, 10, 12, 13}

Yes,

(7}

{3, 4,5,6,7, 8,9, 10, 12)

{3, 4,5,6,7,8,9, 10, 12} = uQ
Yes,

(3,7, 12} =g

(3, 7, 12}

Yes,
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CHAPTER 2

NUMBER

2-1 Comparison of Sets by Matching

In the first figure of section 2~1 in the text, there are six different ways of
matching the set of three pawpaws with the set of three bananas, And in the
second example, there are 120 ways of matching the sets A ={p, q, r, s, t}
and B = [k, 1, m, n, o). This is because the letter p in the set A can be
matched with any of the 5 elements of B, the letter g can then be matched with
any of the 4 remaining elements of B, and so on, Thus there are 5X4 X3 X2X1

= 120 ways to perform the matching,

The main point of this section is to show that the idea of equivalence of

sets can be used to introduce the idea of sets having the same number of elements,

The idea of equivalence or of one-to-one correspondence is therefore fundamental

to the process of counting,

In the remainder of the chapter, the counting numbers are introduced, and it
is seen that the familiar process of "counting" the number of elements in a set is

in fact just a process for setting up a certain one-to-one correspondence,

Answers to Problems 2-1 Student Text Page 23

1, (c) The set of presidents in Africa has fewer members than the set of

independent African states,

2-2 Sets in Their Natural Order

Two sets which are not equivalent can be placed in their natural order
without "counting" the number of elements in each set, We simply attempt to set
up a one-to-one correspondence between the two sets and observe which set has
elements left over, Again, this is part of the plan of this chapter to show that the
counting numbers can be introduced by using only the idea of one-to-one

correspondence,
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Answer to Problem 2-2 Student Text Page 25

1, The natural order of the given sets is; ¢, a, d, g, £, e, b,

2-3 Number as a Property of Sets

If we consider all sets which are equivalent to a given set, these sets
have only one thing in common - the number of elements in each of them, We
introduce names for this number and call such names numerals, Thus the number
of elements in the set {a, b, ¢, d, e, f, g} can be expressed by any of the
numerals "seven", 7, VII, and so forth. The first of these numerals is the
English name for the number, the secon is thz Arabic numeral, the third is
the Roman numeral, etc, Other numerals for seven are 4 + 3, 105 - 98 and
(3 xX3) - 2, Inthis chapter the word "numeral" is used mainly to mean

"Arabic numeral”,

Answers to Problems 2-3A Student Text Page 26

1. fa {f, g, h 14,35}, {o O 0¢ O}
) (1,2, 3}, {0 A O}

© (w, %, v, 2}, (2, 4,6, 8]

Answers to Problems 2-3B Student Text Page 27

1, (17, 8, O} etc,
2, four

3. two, {1, 2}, {O O}, etc.
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2-5 Order in the Set of Whole Numbers

Answers to Problemg 2-5A Student Text Page 29

1. 4, 2, 3, 1

2. (e}, (b, ¢}, (a, b, d}, (a, b, c, €}

Answers to Problems 2-5B Student Text Page 30

1. 4,3,0,4

2. 4>3, 4>0, 3>0, 0<3, 0<4, 3<4, 0=0, 3=3, 4=4,

2-7 Finding the Number of Members in a Set

The familiar process of "counting" the members of a set A is now seen to
be nothing more than setting up a one-to-one correspondence between A and a
set of counting numocrs, If the counting numbers are used for this purpose in

their natural order, the last one used is the number of elements in A,

2-8 Equivalence Using Counting Sets

The fact that two given sets are equivalent may be established by counting
the number of members in each set and showing that they have the same number
of members, At first glance it appears that we are going in circles. But it must be
remembered that the idea of equivalence is more fundamental than the idea of
counting, In practice, to show that two sets are equivalent, we either set up a
one-to-one correspondence between the two sets or else we count the number of
members in each of the two sets., We do whichever of these is more convenient,
Thus to show that the sets {A O O vV} and {3, 7, 11, 22} are equivalent,

we simply show (by counting) that each contains 4 elements, On the



14

other hand the set of fish in the world 1s equivalent to the set of fish tails

although no one could possibly count the number of fishes,

Answers to Problems 2-8 Student; Text Page 33

1, Set A contains 6 elements whereas set B contains only 5 elements,

Therefore they are not equivalent,

2. Each of these sets contains 4 elements, hence they are equivalent,

2-9 Ways of Representing Numbers

Answers to Problems 2-9 Student Text Page 35

LT
NI
ceennnnniliiig

1Linn

-2, 3, 30, 22, 402, 1113, and 20,211
<

<<y Y Yy
C<YYyYyy

4, f(a) L, C, D, M, MMMDLVI
(b) 60, 39, 43, 264, 1198, 1650
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CHAPTER 3

NUMERATION SYSTEMS

3-1 Base Ten Numeration

Perhaps the most important point of this chapter is the fact that the choice

of the number ten as the basis for our system of numeration is purely an historical

accident, probably rslated to the fact that a man has ten fingers., Any other

counting number greater than one will serve just as well, and for some purposes

may even be better than the base ten.

Answers to Problems 3-1 Student Text Page 38

1, thousand

2. (a)
(b)
(c)
(@

(e)
(f)
(a)

(h)
1)

(3)

3

6

4

tens and 5 ones
hundreds and 4 tens and 9 ones
hundreds and 3 tens and 8 ones

million and 3 hundred thousands and 2 ten thousands and

thousands and 6 hundreds and 7 tens and 8 ones
hundreds and 0 tens and 7 ones
thousands and 5 hundreds and 0 tens and Q ones

ten thousands and 8 thourands and 0 hundreds and

ten and 0 ones
tens and 7 ones

ten thousand and 3 thousands and 0 hundreds and

tens and 2 ones

hundreds and 0 tens and 0 ones
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3-2 Base Five Numeration

Answers to Problems 3~2

Student Text Page 40

1. 1 2 3 4 10 11 12 13 14 20
21 22 23 24 30 31 32 33 34 40
4] 42 43 44 | 100 | 101 |102 | 103 | 104 | 110
111 | 112 | 113 | 114 | 120 | 121 | 122 | 123 | 124 | 130
131 | 132 | 133 | 134 | 140 | 141 | 142 | 143 | 144 | 200
201 | 202 | 203 | 204 | 210 | 211 | 212 | 213 | 214 | 220
221 | 222 | 223 | 224 | 230 | 231 | 232 | 233 | 234 | 240
241 | 242 | 243 | 244 | 300 | 301 | 302 | 303 | 304 | 310
311 | 312 | 313 | 314 | 320 | 321 | 322 | 323 | 324 | 330
331 | 332 | 333 | 334 | 340 | 341 | 342 | 343 | 344 | 400
2. 4 is the largest one-digit number listed,
44 is the largest two~digit number listed,
400 is the largest three-digit number listed,
Note that (4)f1ve - (4)ten' (44)five - (24)ten' and

(400)five - (loo)ten

3-3 Addition in Base Five

Learning to add and subtract numbers expressed in the base five helps

us to understand the more familiar addition and subtraction processes in the

base ten.
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Answers to Problems 3-3

1.

(a)
(b)
(c)
(d)
(e)
(a)
(b)
(c)
(d)
(e)
(a)
(b)
(c)
(d)
(e)

24

44

34

102

112

40

121

34

41

40

17

Student Text Page 42__|

1 2 3 4—

1 2 3 4

2 3 4 10

3 4 10 | 11

4 10 11 12
10 11 12 13
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Student Text Page 43

Student Text Page 44

3~-4 Subtraction in Base Five
Answers to Problems 3-4A
1. 1
2. 4
3. 11
4, 21
5. 12
Answers to Problems 3-4B
1. 114
2., 203
3. 10
4, 323
5. 334
3-5 Base Two Numeration

Answers to Problems 3-5

1.

2,

11

101

1110

1000

1010010

10

Student Text Page 45
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7. 100
8, 10000
9. 11
10, 1
3-6 Numeration in Other Bases

3-7

Answers to Problems 3-6

1. @ (@), = (o,
B (@), = @2y .o
© @yen = Wgepen
2. @ (9, = 08 epen
b 19en = Woipirteen

19

Student Text Page 47

The Decimal System of Numeration

Answers to Problems 3-7A

1. 94 = (9 X 10) + (4 X 1)

Studeint Text Page 47

2, 303 = (3 X 10 X 10) + (0 x 10) + (3 X 1)

3. 999

(9 x 10 x 10) + (9 x 10) + (9 X 1)

4, 7019 = (7 x 10 X 10 X 10) + (0 x 10 X 10) + (1 X 10)

+ (9 X 1)



20

4

5. 5003 = (5 x 10 x 10 x 10) + (0 x 10 x 10) + (0 x 10)
+ (3 % 1)

6. 5 =5 x 1

7. 50 = (5 x 10) + (0 x 1)

8, 500 = (5 x 10 x 10) + (0 x 10) + (0 x 1)

9, 5000=(5x10x10x10)+(0x10x10)+(0xlO)

+ (0 x 1)

10, 0 =20 x 1

Answers to Problems 3-7B Student Text Page 49

1. 513 = (5 x 102 + (1 x 10) + (3 x 1)

2, 50,149 = (5 x 10%) + (0 x 10% + (1 x 109 + (¢ x 10)
+ (9 x 1)

3. 222 = (2 x 10%) + (2 x 10) + (2 x 1)

4, 357,000 = (3 x 10°) + (5 x 10%) + (7 x 103) + (0 x 102)
+ (0 x 10) + (0 x 1)

5. 8665 = (8 x 10%) + (6 x 10%) + (6 x 10) + (5 x 1)

6. 900,412 = (9 x 10°) + (0 x 10%) + (0 x 103) + (4 x 102)
+ (1 x 10) + (2 x 1)

7. 81,871,354 = (8 x 107) + (1 x 105) + (8 x 105 + (7 x 109
+ (1 x 10%) + (3 x 10%) + (5 x 10)
+ (4 x 1)

8. 1,000,000 = (1 x 10% + (0 x 105 + (0 x 104 + (0 x 103)
+ (0 x 102) + (0 x 10) + (0 x 1)

9, 10,010,101 = (1 x 107) + (0 x 105 + (0 x 105 + (1 x 10%)

+ (0 % 10% + (1 x 10%) + {0 x 10)
+ (1 x 1)
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10. 10,000,000,001 = (1 x 1010 + (0 x 109 + (0 x 109
+ (0 x 107) + (0 x 105 + (0 x 109)

+ (0 x 104 + (0 x 105 + (0 x 109
+ (0 X 10) + (1 X 1)
11. 901
12, 55,555
13. 680,170
14, 501
3-8 Expanded Numerals in Any Base
Answers to Problems 3-8 Student Text Page 50
1. (a) (12)five = (1 x 10) + (2 x 1)
= 2
(b) (412)five (4 x 104) + (1 x 10) + (2 X 1)
- 4 3 2
(c) (13,4.21)five = (1 x 109 + (3 x 10°) + (4 x 109
+ (2 x 10) + (1 X 1)
2, (16)Seven = (1 x 10) + (6 x 1)
3. oy, = @ X 109 + @ x 109 + (0 x 10) + (1 X 1)
3-9 Changing Numerals Written in Any Base to Base Ten
Answers to Problems 3-9 Student Text Page 51
1. (B2D)g,, = @ x 102) + (2 x 10) + (1 x 1) in base 5
= (3 x5+ @ x5 + (1 x1) in base 10

75 + 10 + 1 = 86 in base 10
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3~10 Rewriting a Numeral froii Base Ten to Another Base

(13) five

(1 x100) + (3 x 1)

1 x5 + (3 x1)

=5+ 3 =8

(103)f1ve

57) ignt

(101 l)two

(321)n1ne

(321)four

= (28), .,

=(5><10)+(7><.1)

=(5 X 8) + (7 x 1)
=40 + 7 = 47

=1 x 103 + (0 x 102) + (1
= (1 x 23 + (0 x 22) + (1 X

=8+ 0+ 2 +1 =11

= (B x92) + (2 x9 + 1 x1)
= 243 + 18 + 1 = 262

= 67en

(11 022)three = 1 6)ten

B x 10%) + (2 x 10) + (1 x 1)

Answers to Problems 3-10

1.

2,

5 |15
5 | 3 fives and 0 ones left over
0 twenty-fives and 3 fives left over

Therefore (15)ten = (30)

five®

(134)ten = (1014)f1ve

in base 5

in base 10
in base 10

in base eight

in base ten

in base ten

X 10) + {1 x 1)
in base 2

2) + (1 x 1)

in base 10

in base 10

in base nine

in base 10
in base 10

Student Text Page 53
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3. 8 | 746
8 93 eights and 2 ones left over
8| 11 sixty-fours and 5 eights left over
8 |_1 five hundred twelves and 3 sixty-fours left over
0 four thousand ninety-six and 1 five hundred twelve left over

Therefore (1746)10 = (1352)(31ght

4.  (26,495), = (140150)_
5. (2841), = (33331)p

6. (645), = (2553)

7. (5555)ten = (134210)fjlve

8. (ll)ten = (1011)two

9, (123,456)ten = (207313)nme

3-11 Revision Problems (Answers) Student Text Page 53

1. (a) ten
(b) five
(c) six
(d) seven
(e) two
£ b

2. f(a) 1
(b) 102

(c) 107
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12,312 = (1 % 10% + (2 x 10%) + (3 X 102) + (1 X 10)

in base 5

in base two

(a)
+ (2 X 1)
= 2

(k) (321)five (3 x 104) + (2 x 10) + (1 X 1)
- 4 3 2

(c) (11010)tWO (1 x 10%) + (1 x 10°) + (0 x 104

+ {1 x 10) + (0 x 1)

(a) (341)five

(b) (133)five
X 0 1 2 3 4 10
0 0 0 0 0 0 0
1 0 1 2 3 4 10
2 0 2 4 11 13 20
3 0 3 11 14 22 30
4 0 4 13 22 31 40
10 0 10 20 30 40 | 100

(1333)seven (zss)seven

(@) 211

(b) 160

(c) 188

(a) (443)five

(b) (32)five - (17)ten - (IOOOI)two

(c) (40)five - (10100)two

(d) (35)Six = (43)five
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9.

10.

(a)

(b)

(c)

Yes

25

fifteen million, three hundred forty-eight thousand, seven
hundred twenty-one

1 x 107) + (5 x 108 + (3 x 105 + (4 x 109
+ (8 x 10%) + (7 x 102) + (2 x 10) + (1 X 1)

five hundred sixty-seven million, eight hundred forty-three
thousand, two hundred eighty-seven

(5 x 108 + (6 x 107) + (7 x 105 + (8 x 109)

+ (4 x 109 + (3 x 103) + (2 x 10%) + (8 x 10)
+ (7 X 1)

one hundred two million, thirty thousand, four hundred five
Q1 x 108 + (0 x 107) + (2 x 109 + (0 x 109

+ (3 x 109 + (0 x 103) + (4 x 10%2) + (0 x 10)
+ (5 X 1)
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CHAPTER 4

THE NATURAL NUMBERS

The main object of this chapter is to study the factorization properties of
the natural numbers. When we have found the factors of two different numbers
we are then able to find the Greatest Common Factor (GCF) and the Least Common
Multiple (LCM) of the two numbers, This knowledge is necessary in order to
compute with fractions later on in the year. We are thus laying the groundwork

here for a skill which every student will have to master.

4-1 Natural Numbers and Whole Numbers

This very brief section is simply a revision of the ideas of natural numbers
and whole numbers. It is important to realize that in this chapter we deal only
with natural numbers. If we allowed rational numbers to be considered as factors

we would find that any rational number (except 0) is a factor of any other rational

numbker. Thus % would be a factor of "51 since % X 'g‘ = é, and 4 would be a
factor of Tg since 4 X 'S—Z' = -1—'; But this would be uninteresting and we rule

it out.

Revise briefly the ideas of set and subset to help students see the

relationship between the natural numbers and the whole numbers.

Answers to Problems 4-1 Student Text Page 57
1, NN W=N
2. NUW-=W

3. 1. There is no largest.
4, 0. There is no largest.
5. Yes. Since every natural number is a whole number.

6. No. Since 0 is a whole number but is not a natural number,

Provious Fuge Blank
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4-2 Factors of Numbers

To find the factors of any number n you can always proceed by trial, i.e.
divide n by every number x such that 1 < x £ n, Those numbers which do divide
n exactly are its factors, For small numbers n this is easy but for large
numbers it soon becomes impra~stical. Students will soon see, or you should
guide them to see, that they really need to try only those numbers x which are
less than /M. Also they may be guided to see that if they have found one factor
of 36, say 4, they have really found another one, 9. Also soine students will
see that if 2 is a factor of 36, then since 2 X 18 = 36, any factor of 18 will also
be a factor of 36, But 18 =9 X 2 s0 36 = (9 X 2) X 2 and any factor of 9 will be
a factor of 36. Students should be encouraged to proceed in this fashion if they
want to, since it leads to the Prime Factorization Theorem of Section 4-4, The
danger is that they may get 2 and 18 as factors of 36, also 9 and 4, 3 and 12 but

may miss 6. Great care is needed to be sure that all factors have been listed.

Answers to Problems 4-2 l_ Student Text Page 58
1, 6: {1, 2,3, 6]

12; {1, 2,3,4, 6,12}

18 {1,2,3,6,9, 18}

24: {1,2,3,4,6, 8,12, 24}

36: {1,2,3,4,6,9, 12, 18, 36}

48 {1, 2,3,4,6, 8,12, 16, 24, 48)

54: {1, 2,3,6,9, 18, 27, 54}

64: {1, 2, 4, 8, 16, 32, 64}

72: {1,2,3,4,6,8,9,12, 18, 36, 72}

81: {1, 3,9, 27, 81}

96: {1, 2, 3,4, 6, 8,12, 16, 24, 32, 48, 96}

100: {1, 2, 4, s, 10, 20, 25, 50, 100}

2. Yes. 1 is a factor of every number.
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3. (a) The factors of 2x 3x 5 {1,235, 6, 10,15, 30}

(b) 2 x3x7 {1,23,67 14,21, 42}

(c) 2 Xx2x3 {1,23,4,6 12}

(d) 2 x2x2 {1,248}

(e) 3x3x3 {1,309 27}

(f) 3x5x5 {1,3,5 15, 25,75}

(9) 5x5x7 {1,5 7 25,35, 175}

(h) 3x3xX5x%x7 {1,3579 15, 21, 35, 45, 63, 105, 315}

(i) 3x5x5x7 {1,377, 15,21, 25,35, 75, 105, 175, 325}
(3) 3x5x7x7 {1,357 15,21, 35, 49, 105, 147, 245, 735}

4-3 Prime Mumbers

The most important idea here is the definition of prime number. Notice that
the definition excludes 1 from the set of primes. The reason for wording the
definition this way is purely one of convenience. It makes certain theorems we
want later on easier to state. It is incorrect to say that composite numbers are
those numbers which are not prime. The natural numbers are the union of three
nonintersecting sets.

N = {1} U {prime numbers} U {composite numbers}.

Do not drill on the sieve of Eratosthenes. If the students practice it a few times
they will get the idea. Again try to get them to see that in using the sieve they
only need to consider multiples of those primes which are less than /n. Thus in
Problem 1 of this section when they have crossed out the multiples of 7 they are
finished, since /100 is 10 and the largest prime less than 10 is 7. If we tried
to cross out multiples of the next prime, which is 11, the first one we would
reach which is not a multiple of some number lecs than 11 would be 11 X 11 or

121, but this is greater than 100.
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Answers to Problems 4

3 Student Text Page 61

1.

Y 2 3 & 5 B 7 g g 10
11 32 13 W B 1 17 18 19 20
A 7 23 1 Y 3w Y @ 29 30
31 ¥ B 34 ¥ 3k 37 38 40
41 92 43 44 48 46 47 48 N 50
A 2 53 54 3 56 s 56 59 oo
61 62 g o4 ¥ o6 67 68 # W
Ny 13 U E W 1w 19 g
# o 88 4y g6 g 8 89 0
W v 5 w Y 96 97 96 38 180

The primes are {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,
47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97)

o

293, 499

2 and 7. One number must always be 2, because 2 is the only even

prime and the product of two odd numbers will always be odd,

7 and 5. 2 may not be used but any two other prime numbers may be,
since they will always be odd and the product of any two odd numbers

is always odd.

16 =5+11 24=11+13 32=3+29 40 = 3 + 37 48 =5 + 43
18=7+11 26=13+13 34=17+17 42=11+31 50=7+ 43
20=7+13 28=75+ 23 36 =5 + 31 44 =13+ 31 52 =5 +47
22=11+11 30=7+23 38=19+19 46=5+ 41 54 =7+ 47

In some cases there are other possibilities. Thus
26=3+23=7+19 aswell as 13 + 13,

It certainly looks as if it is true that any even number greater

than 4 can be expressed as the sum of two primes, but we surely
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have not proved it. No number of examples can ever be enough to
make us sure that the result is always true. As a matter of fact this
is an example of a theorem, or rather a conjecture, which is simple
to state but which is extremely difficult either o prove or to disprove.

No one has yet (1965) been able to do so.
6. 29 and 31; 41 and 43; 59 and 61; 71 and 73,

Again this leads to an unsolved (1965) problem. "Are there infinitely

many prime numbers which differ by 2?" No one knows the answer.

7. You certainly could, even though it would take a very long time.
There are prime numbers greater than 1,000,000, There is no last
prime number. A proof of this was given by Euclid, the famous Greek
mathematician who is perhaps Letter known as a geometer. Since

there is no last prime, there is an infinite number of primes.

4-4 Prime Factorization of Natural Numbers

In factorizing numbers some students will naturally start one way and
some another. Thus some will say 108 = 9 X12, others will say 108 = 4 X27,
Be sure they continue and find the prime factors.

108=9x12=(3x3)x (4% 3)
108=4x27=(2x2)x (3%x9)

IX3IX2X2X3 or
2X2X3%X3x3

Ask them to compare their final results and help them to recognize that by a
simple rearrangement of their factors it is easy to see inat their answers are

the same. This leads naturally into the next section.

Answers to Problems 4-4 Student Text Page 62
1. 10 = 2% 5; 36 = 2X2X3X3;

15 = 3x5; 43 = 2X2X2X2X3;

16 = 2X2X 2X 2; 72 = 2X2X2X3X3;

18 = 2X3X 3; 144 = 2X 2X2X 2X3X 3;

20 = 2X2X§5; 256 = 2X2X2X2X2X2X2X 2,
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2, 9 =3X3; 42 = 2 X3 X7;
12 = 2x2x%x3: 108 = 2x2x3 X3 x3;
21 = 3x7; 125 = 5x5x5;
24 = 2 x2x2x3; 216 = 2x2Xx2x3 X3 x3;
30 = 2x3x%x5; 648 = 2 x2x2x3x3x3x3.

4-5 The Fundamental Theorem of Arithmetic

Now encourage your students to be as systematic as possible. The
Fundamental Theorem of Arithmetic (which is not proved here, but assumed)
says it does not matter how you factorize a number. If you factorize all the
way down to the prime factors, the factors are always the same though perhaps
arranged in a different order. Therefore have your students start with the
smallest prime, 2, and see if it is a factor. After factorizing by 2 as many
times as possible start with 3, then 5 etc. Doing this they will be led to

the simplest expression for the factorization.

Answers to Problems 4-5 Student Text Page 63
30=6X5=(2x3)x5: 30 =10 X3 = (2 X5) x3;
98 = 2 x49 =2 x (7 x7): 98 =14 X7 =(2X7) X7;
81 =9x 9= (3 x3) X (3 x3); 81 = 3 X27 =3 X(3 X3 X3);
80 =4 Xx20=(2X2)x (2 %2 Xx5): 80 =8X10=(2X2X2)X (2X5);
45 = 3 X15 =3 X (3 x5); 45 = 5 X9 =5 X (3 X3);
100 = 25 x4 = (5 X5) X (2% 2); 100 =10 X10 = (5 X2) X (5 X 2);
330 =30 X11 = (2 X3 X5)%X 11; 330 = 10 X233 = (2 X5) % (3 X11):
92 =4 X23 = (2 X2)X 23; 92 =2 X46 =2 X (2 X23);
126 = 6 X21 = (2 X3)X (3% 7); 126 =7 X18=7X (2 X3 X3);
372 =4 X93 = (2 X2)X (3 X31); 372 =12 X31 = (2 X2X 3) X 31;
390 =30 Xx13 = (2 X3 X5)x 13; 390 =15 X26 = (5 x3)x (2 x13);
258 = 6 x43 = {2 x3) x43; 258 = 3 x86 =3 x(2 x43);
231 =7x33=7x (3 x11); 231 =11 X21 = 11X (7x 3);

910 =10 x91 = (2 x5) x (7 x13); 910 =5xX182=5X%X (2 x91) =5 X (2 X7X 13).
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Tiie systematic way of factorizing would be

30 = 2X15 =2X3X5

98
81
80
45
100
330
92
126
372
390
258
231
910

2%49 = 2 x 7%

3x27 = 3°x9 = 34

2%40 = 22 x 20 = 23x10 = 2
3x15 = 3%2x%x5

2%x50 = 22%x25 = 22 x 5%
2%165=2X3%X55=2X3X5Xx11

1y5

2 X 46 = 22 x23
2%X63 =2%3%X21 =2%X32x%x7

2x186 = 22 x93 = 22 x3x%x31
2X195 = 2X3X65=2X%X3X5X13
2X129 = 2X3 %43

3X77 =3X7X11
2 X455 = 2X5X091 =2X5X7X13

4-6 Greatest Common Factor

33

There are two different methods given for finding the GCF of two numbers a

and b, The first is simply to list the set of all the factors of each number and

determine the intersection of these sets, This will then be the set of common

factors and the GCF will be the largest number in this set, This is straightforward

but long and tedious, so we give a second method which involves finding the

prime factorization of each number and examining these factors to find the GCF,

If there is no common factor except 1, the numbers are relatively prime, Note

carefully that numbers such as 8 and 9 are relatively prime even though neither

number is itself a prime,

Answers to Problems 4-6

Student Text Page 66

1. If a and b are the given numbers let A and B respectively be the

sets of all factors of a and b,

(@ 18
45:

{1,2,3,6,9,18} =, {1,3,9}
{1,3,5,9,15, 45}=8B 9

ANB
GCF



(o 152 {1,3,5,15} {1,3,5,15}=ANB
60: f{1,2,3,4,5,6,10, 12,15, 20, 30, 60} 15 = GCF

(o0 15¢ {1,3s,5,15} {1,3}1=AanB
27: {1,3,9, 27} 3 = GCF
(@ 12: {1,2,3,4,6,12} {1,2,3,6}=ANB
42: f{1,2,3,6,7,14,21,42} 6 = GCF
(e 3 {1, 3} {1}= AN B
52 {1, 5} 1 = GCF
® 50 {1,5} {1}=AnNnB
72 {1, 71 1 = GCF
(@9 96 {1,2,3,4,6,8,12, 16,24, 32, 48, 96}
36: {1,2,3,4,6,9,12, 18, 36}
{1,2,3,4,6,12}=ANB 12 = GCF
(h) 165 {1,3,5,11, 15, 33, 55, 165} {1,3,11,33}=ANB
99: {1,3,9,11, 33,99} 33 = GCF
) 8 {1,2, 4,8} {1}=AnNn8B
9: {1, 3, 9} 1 = GCF
¢ 15 {1,3,5,15} f1i}=An8B
16: {1,2, 4,8, 16} 1 = GCF

(k) 24: {1,2,3,4,6,8,12,24} {:,2,3,4,6,12}=ANB
108; {1,2,3,4,6,9, 12, 18, 27, 54, 108} 12 = GCF

0 42s: {1,5,17, 25, 85, 425} f1,5,25}=ANB
200: f{1,2,4,5,8,10, 20, 25, 40, 50, 100, 200} 25 = GCF

(m) 210 {1,2,3,5,6,7,10, 14, 15, 21, 30, 42, 70, 105, 210}
s6: {1,2,4,7,8,14, 28,56}
1,2,7,14} =ANB 14

GCF

() 11: {1, 11} {1}=anB
13: {1, 13} 1 = GCF
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(o)

(p)

(@)

(r)

(@)
(b)
(0)
(@)
(e)
(f)

(9)
(h)
(1)

0)

(k)
)

(m)
(n)
(o)
(p)

7. {1, 7}
19: {1, 19}

546

1521:

{1,3,13,39}=AnNB

35

{1}=ANB
1 = GCF

{1,2,3,6,7,13, 14, 21, 26, 39, 42, 78, 91,
182, 273, 546}
f1,3,9,13, 39,117, 169, 507, 1521}

39 = GCF

36: {1,2,3,4,6,9,12,18,36} {1,3,9}=ANB
243 {1,3,9,27, 81, 243}

48: {1,2,3,4,6,8,16, 24, 48} (1,2, 4, 8, 16}
256: {1,2,4,8,16, 32, 64, 128, 256}

18=2X32;
15=3X5;
15=3X5;

12 =22 x 3;

96 = 2% x 3;

165 =3 X 5 X 11;
8=23;

15 = 3 X 5;

3

24 =2"X3;

425 = 5% x 17;

210=2 X3 X5X7;
11=1X11;
7=1X%Xx17;

546 =2 X3 X7 X13;

45 =5 x 3%;

_ .2
60 = 2° X3 X 5;
27=33;

42=2X%X3X7;

S=39;
7=7;
36 = 22 x 3%
99 = 32 x 11;
9 = 32,
16 = 24
108 = 22 x 33
200 = 23 x £%
56 = 23 x 7;
13 =13 X 1;
19=1x19;

1521 = 32 x 13%;

9 = GCF

=ANB

16 = GCF
GCF=3%2 =9

GCF=3 X5 =15
GCF = 3
GCF=2X3=6
GCF = 1

GCF=1
GCF=22x3=12
GCF=3x11 =33
GCF=1

GCF=1
GCF=22x3=12
GCF = 25
GCF=2X7 =14
GCF=1

GCF=1

GCF=3X13 =39
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2, (q

(r)

(b)
(c)
(d)
(e)
(£)
(9)
(h)
(i)
0)
(k)
Y

(m)
(n)

36 = 22 x 3% 243 = 3% GCF=32=9

48 = 24 x 3; 256 = 28; GCF=24=16
28=2%2x7; 54 =2 x33; GCF =2

16 = 24; 56 =23 x 7; GCF=23=3

36 = 22 x 3% 162 = 2 x 3% GCF=2x3%=18
4 = 2%, 7=1X7; GCF =1

48 = 24 x 3; 108 = 22 x 35 GCF=22x3=12
2N =22 x 5; 21=3X7; GCF=1

42 =2 X3 X7; 273=3x7%X13; GCF=3X7=21

12=22x3; 42=2x3%X7; 72=23%3% GCF=2X3=6
16=2% 72=23%x3% 104=23x13; Gcr=23=3
4=22% 5=1Xx 5 9 = 3% GCF=1
35=5X7; 420 =2° X 5X3 X 7; 245=5X72 GCF=5xX7 = 35

24 =23 x3; 156 = 22 x 3% 13; 180 = 22 x 32 x 5;
204=22%x3%X17: GCF=2%2x3=12

4=2% s5=5 7=7; 9=32 GCF=1

30 =2 X3 X5; 126 =2%x3°%x7; 105=3X5X7:
255=3%5%17; GCF=3

4=2% 7=7, 9=3% 25=52 GCF =1

4-7 Least Common Multiple

Again we give two methods, of which the first is straightforward but

tedious and long, The second metirod involves prime factorization just as did

the second method of finding the GCF, Be careful that students do not confuse
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the two ideas LCM and GCF. In finding either, they use a method involving
intersection of sets or a method involving prime factorizations and selection of
certain prime factors, Be sure that they understand the differences between the

two methods in each case,

Answers to Problems 4~7 Student Text Page 67 J

1, In order to use the ficst method for finding the LCM of two numbers
we need the set of multiples of each of them, Let us use M for
the set of multiples of n, We write down these sets for all the
numbers we need in this problem,

{3,6,9,12,15, ...}

Mg = {4,8,12, 16, 20, 24, 28, 32, 36, ....

Mg = {5,10, 15,20, 25,30, 35, ...}

M, = {6,12, 18,24, 30, ...}

M, = {7,14, 21, 28,35, ...}

Mg = (8,16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96, 104,

112, 120, ...}

Mg = {9, 18, 27, 36, 45, 54, ...}

Mpg = {10, 20, 30, 40, 50, ...}

Mp; = {11, 22, 33, 44, 55, 66, 77, 88, 99, 110, 121, 132,

143, ...}

My, = {12, 24, 36, 48 ...}

M3 = {13, 26, 39, 52, 65, 78, 91, 104, 117, 130, 143, ...}

M;s = (15, 30, 45, 60, 75, 90, 105, 120, 135, 150, 165, 180,

195, 210, 225, 240, ...}
M, = {16, 32, 48, 64, 80, 96, 112, 128, 144, 160, 176, 192,
208, 224, 240, ...)

Mg = {18, 36, 54, 72, 90, ...}

M, = {20, 40, 60, 80, ...}

M, = {21, 42, 63, 84, ...}

M,, = {24, 48,72, ...}

Mps = {25, 50,75, ...}

&
|



38

(@)
(b)
(0)
(d)
(e)
(f)

(g)
(h)
(1)

()

(k)
)

(m)
(n)
(o)
(p)
(@)
(r)

(@
(b)
(c)
()
(e)
(6

M4nM6

M,NM_, =

4 9

M,NM, =

6 9

M, NM._ =

8 15

M,NM_. =

3 75

M.NM,_, =

S 7

Mg My

MMM, =

8 18

M_NTM, =

8 9

M. .NM, =

157716

M,NM, .=

6 15
M,NM

9'' V27
M. NM. .=

15 720

M, oM,

M, .NM, =

1007715

M..NM, =

11 713

M ﬂMZ

16 4

{12, 24, ...}
{36, 72, ...}
{18, 36, ...}
{120, ...}
{15, 30, ...}
{35, 70, ...}
{45, 90, ...}
{72, ...}
{72, ...}
{240, ...}
{30, 60, ...}
{36,72, ...}
{60, 120, ...}
{100, 200, ...}
{30, 60, .,.}
{143, ...}

{48, 96, ...}

M. NM .~ {72, ...}

18 2

6=2X3
9 =32
9 = 32
15=3X5
5=5
7=7

LCM(4, 6) =12
LCM(4, 9) =36
LCM(6, 9) =18
LCM(8, 15) = 120
LCM(@3, 5) =15
LCM(5, 7) =35
LCM(9, 15) =45
LCM(8, 18) =72
LCM(8, 9) =72
LCM(15, 16) = 240
LCM(6, 15) = 30
LCM(9, 12) =36
LCM(15, 20) = 60
LCM(20, 25) =100
LCM(10, 15) =30
LCM(11, 13) =143
LCM(16, 24) =48

LCM(18, 24) =72

LcM=2%2x3=12
LCM = 22 x 32 = 36
LCM =2 X 32 = 18
LCM =23 X 3 X 5 = 120
LCM =3 X 5 = 15

LCM=5X7=35
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(@ 9=3°
m 8=23
@ 8=2°
) 15=3X5
kK 6=2x3
Q) 9=32
(m) 15=3XS5

(n) 20=22xX5

(o) 10=2xX%X5
(p) 11 =11
@ 16=24

@© 18=2x3%
3. (@ 60

(b) 42

(c) 24

(@ 36

(e) 15

(6 24

4, (@) 12,18
12 X 18 = 216

) 7, 28
7 X 28 =196

() 12, 35
12 X 35 =420

(@ 96, 120

15=3X5
18 = 2 X 32
9 = 32
16 = 24
15=3X5
12 =22 %3
20 =22 x5
25 = 52
15=3X5
13 =13
24 =23 x 3
24 =23 x3
(@ 144
(h) 75
@ 63
G) 60
k) 72
1) 180
GCF=6
GCF =7
GCF=1
GCF = 24

96 X 120 = 11, 520

39

LCM = 32 X 5 = 45
LCM =23 x 32 = 72
LCM =23 x 32 = 72
LCM =24 x 3 x 5 = 240
LCM =2 X3 X5 =30
LCM = 22 X 32 = 36
LCM =22 X3 X5 = 60
LCM = 22 x 5% = 100
LCM =2 X3X5 =30
LCM = 11 X 13 = 143
cM=2%4x3=48
LCM =23 x32 =72
(m) 30

n) 72

(o) 1155

(p) 80

(@ 60

(r) 180

LCM = 36
6 X36 =216

LCM = 28
7 X 28 =196

LCM = 420
13X 420 = 420

LCM = 480
24 X 480 = 11, 520
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In each case the product of the GCF and the LCM for a pair of numbers is
exactly the same as the product of the numbers, This is not accidental and is
always true, The proof, while easy enough, needs more knowledge of exponents
than your pupils have at this stage, We give it here in case some of your better
students might be interested, Suppose m and n are the two numbers we are
considering, We first write the prime factorizations of m and n, Then
m=22x3°%x5%x% .. ... where we write each prime in turn with the power to
which it occurs in m, If any prime is not in the factorization the corresponding
exponent is zero, Thus if m = 45 and n = 12 we would write m = 20 % 32 x 51

n=22x3lxs0

We do not write 7 or 11 or any of the other primes as factors since they

would all have exponent zero anyway,

Now consider any particular prime p, m and n will each have p as a

factor a certain number of times say s and t respectively, Then m X n will

+t

have as a factor p5™'t, Suppose s >t, Thenthe GCFof m and n has as one

t while their LCM has as one of its factors pS, so the product

s+t

of its factors p
has as one of its factors p justasm X n did,If s <t then ps is a factor
of the GCF and pt is a factor of the LCM, Once again their product has as one
of its factors ps"'t. If s=t, p° must be a factor of both the GCF and the LCM
and ps'l-S is a factor of their product just as it is of m X n, The same argument
holds for any other prime ¢, Therefore, sincem X nand (GCF) X (LCM) have

the same factors, they are equal,
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CHAPTER 5

RATIONAL NUMBERS AND THE NUMBER LINE

The main purpose of this chapter is to introduce the negative rational
numbers, But first we want to give a practical and easy-to-grasp method of
picturing or making a model for the numbers we already know about, that is the
1 2 5 .
z, §, 17° This
we do by matching these numbers with certain points on a straight line and using

whole numbers {0, 1, 2, ...} and the rational numbers such as

the numbers as names for the points, When we do this however, we find that
there are many points on the number line which are not matched with numbers,
This leads us to introduce the negative numbers as names for certain of these

points,

We next develop some properties of both positive and negative numbers by
thinking about the properties of the points which picture them, We are laying
the groundwork here for the later learning Qf how to operate with these numbers,
that is how to add, subtract, multiply and divide them, In order for these rules
of operation not to be just rote memorization, it is necessary for students to
develop a deeper understaﬁding than they have usually had in the past about the
relationships between numbers and between numbers and their numerals, The
object of this chapter is to begin to develop this understanding of both positive

and negative numrbers,

5-1 The Number Line

To use the points on a line as pictures for numbers, the students must
realize that they have to start by picking two particular points which they are to
call the pictures of 0 and 1, At this stage you should encourage them to call
the point to the left 0 and the point to the right 1, The distance between the
points does not matter, and if you let the students pick their own points for 0

and 1 it is unlikely that many will have them exactly the same distance apart,



42

But once a student has picked his first two points then the points for the other
numbers will be fixed, since the distance between the points marked 1 and 2, the
distance between 2 and 3, etc, must be the same as the distance between the

original points marked 0 and 1, Thus a number line which looked like this

{

1 |
0 1 2 3 4

would not be allowed but if Aya's line looked like this

they would both be all right,

Once a student has understood how he can picture the whole numbers on a
number line he should have little trouble picturing the rational numbers such as
% or g— He may not actually be able to divide the unit segment into 3 equal parts
but he can easily imagine it being done by some process, so that a point can be
found to represent % . By starting at zero and laying off two segments equal to
the distance from 0 to -31- he finds the point representing % .

In finding the point which represents % we divided the unit segment into
b equal parts, Clearly we can't divide a segment into 0 equal parts, There
is therefore no point to represent g . This should strengthen our conviction
that there is no number which can be represented as the fraction 8 . You see,
we want a point to correspond to each number and also we want a number to
correspond to each point, This is the reason we note here that there must be
other kinds of numbers, There are all those points to the left of the point
labelled 0 which do not as yet represent any numbers, Many of them will be

used to represent the negative rational numbers which will be introduced
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shortly, Will we have used up all the points on the number line when we have
all the rationals matched up? The answer is "No" but we will have to wait
until we learn about the real numbers before we can finish matching all the

points on the number line with numbers,

You may have noticed that we are often using the words "rational number"
instead of the word "fraction", There is a distinction between the meanings we
want to be attached to these words, "Fraction" is used to signify a certain form
in which a numeral may be written, Thus 'g is a fraction whose numerator is the
irrational number T and whose denominator is 2, 2+25 is one way of writing a
numeral for a certain number, However, another numeral for this same number

is the fraction 2 The number represented by this fraction is called a "rational

number" since fne numeral for it is in the form of a fraction with numerator a
whole number and denominator a natural number, Fractions such as ‘-/—g orT-Sf are
numerals for irrational numbers, A fraction may or may not represent & rational
number, Different fractions such as g, g, and % all represent the same
number, This number is a rational number since one of its numerals is a fraction
whose numerator is a whole number and whose denominator is a natural number,
Be careful about these words when the distinction is important, But do not be
pedantic, We all use the word "fraction" many times when we really mean
"rational number represented by the fraction" but we should do so only when the

meaning is clear ftom the way in which the word is used,

Answers to Problems 5-1 Student Text Page 73
d:0 b:'l' c:'g fr2+4 e:l as
1- ' [ 1 1 l | I L i1 1 1 I 1 l
0 1 2 3 4 5
0 283 162 25 6
f3 %283 b7y /a°23 ‘f‘ 6 ¢1
2, L 1 L 7 1 . |
0 1 2 3 4 5 6
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3. In the symbol %, b represents the number of equal parts into which
the unit segment is divided., Since it is impossible to divide a

a
segment into zero parts, 0 is meaningless,

113 _ 26 _ 43 _ 430 . _ 83
4. @ 3===5 (@ 43=5=175 (© 083 =157
7 15 _ 45 3 _ 102 _ 87631
B 15=%=3 (& o= () 8763.1 = 2232
s _o o
(@ 23==5=5 ® 0=3=3 (1) 4g=§§=1~2

5-2 Egquivalent Rational Numbers

, \ 2
In this section the student should see that the point representing 3

and the point representing g are the same point, If the matching of points

and numbers is really one-to-one then these two different fractions should

represent the same number, At this stage we want the students to accept the

a axXm
fact that & = =——
b bXm
two fractions on the number line we aivive at the same point, Since we want

each point to represent one and only one number, % and g ;: rr:

on the basis of his seeing that when we represent thes_e

must be

different numerals for the same number,

Note how use is made here of the GCF of numerator and denominator when

we try to change a fraction to its lowest terms,

Note that we say two fractions are equivalent if the numbers they represent

9
are equal, Remember that we always use "ecual" to mean identical, R and g
are equivalent fractions since they both are -«wmerals for the number e
Answers to Problems 5-2 Student Text Page 77
1 10
(a) 0 6 1 6 2
1- L A (] L 1 1 [ [l 1 1 1 i I
1 T T 1 |
®) 1 5
3 5 3

(c) The picture demonstrates that 1_2 =
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3_3xX3_9 12 _ 12 X3 _ 36
2. @ s5=35%3°=¢ @ 15 =10 x3 "~ 30
2 _2x7_ 14 5 _5x13 _ 65
B 5=5%7 =3 @ 7=7Tx13" 32
@ 2=2%X1_1 (f)_1_1=11><15 165
8 2x4 4 9 9 X 15 135
12 _ 4 3 3
3. (a) 5 ¢ (c) g (e) 3
1 3 3
15 2
4, (a) 50 (d) 7
28 36
(b) 5 (e) 7
500 52
(c) 200 ® %5
5 § = -]£ 3 E = g_s = .:.3_0 = §§ = §9 3 m = éé

2 476710 1214320 40 18

5-3 Negative Rational Numbers

If this is the first time your students have heard of negative numbers you
will want to use many illustrations to get across the idea of "opposites",
Several are given here, Whatr number name shall we give to a point as far to
the left of 0 as 1 is to the right of it? If 5 indicates a credit of 5 shillings
how shall we record a debit of 5 shillings? John and Sam play several games of
tic-tac-toe, If John wins the first three games and then loses five times, how
shall we record the score at the end of each game and the total score for the
afternoon? In each case we might say "opposite 1", "opposite 5" or
"opposite 2" but a neater way is to say "negative 1", "negative 5" or
"negative 2" and write "-1", "-5" or "-2", Students need to be reminded

frequently that the symbol "-" is used in two different senses: as a symbol for

"negative"; and as a symbol for "minus" or "subtract”, You may find it convenient

for a while to have your students write ~2 and *+2 for "negative two" and "positive
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two" but "-2" for "subtract 2",

Usually "positive two" is written just as "2",

This may help in a later chapter where students have to learn to add and subtract

negative numbers from positive or negative numbers,

Answers to Problems 5-3

Student Text Page 80

2 2
(e) opp,5 (b) opp.3 (d) opp.3 (0 T () 3
/ / / x
1, | | | | O | |
0 1 2 3
(a< () -2+8 (@ =25 (B -2-1 _(c) -ai ) 4
2. M
-4 =3 -2 -1 0 1 2 3 4
3. (@) negative (d negative
(bj minus (e) minus
(¢) negative () minus
4, (@) % positive rational number
by -7 negative integer, negative rational number
() -7°+5 negative rational number
(@) 43 positive integer, positive rational number,
whole number, counting number
e o zero, whole number
 -s58 negative integer, negative rational number
(@ - % negative rational number
(h) il-g' positive rational number
1) 2% positive rational number
(3 =700 negative integer, riegative rational number
(k) 48.862 positive rational number
(1) 1l negative rational number
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5. Many answers are possible,

(@) The expenses of a store are 100 shillings per day, It sells
items for 12 shillings each which cost it 8 shillings each, What
are the profits per day if it sells 20 items? if it sells 32 items?
25 items? The profits would be -20 shillings, +28 shillings and
0 shillings in the three cases,

(b) If Mombasa is 4° south of the equator its latitude is -4°,
If Lusaka is 15° south of the equator its latitude is -15°.
If Lagos is 6° north of the equator its latitude is +6°,

(c) TJohn's score if he and Sam play many games of tic-tac-toe,

6, Each student's answer should be different,

5-4 Inequalities

In learning to think about numbers one of the first ideas a student gets is
some ldea of "more" or "less", One student is taller than another; he may weigh
more, If John and Sam stand next to each other, it is quickly obvious which one
is taller, But if each student is measured and John is 62 inches tall while Sam
is 64 it may not be quite so obvious at first, But we know that 64 is larger than
62, or in symbols 64 > 62, since 64 - 62 1s the positive number 2, How do we
see on the number line that 64 > 62? We look at the points which represent them
on the number line, We put successive points to the right to represent successive
numbers, We put 63 to the right of 62 and 64 to the right of 63, Thus 64 is to the
right of 62, We know 64 > 62 and 64 on the number line is to the right of 62, We
do not know yet how to add and subtract negative numbers such as —7 and —5
but just as for positive numbers we can say which one of the two numbers is

larcer by seeing which point is to the right, It is =5 so we know =5 > =7,
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Students should practise using the symbols >, <, >, <, # for inequalities,
They may find it difficult to seethat 5 > 3 and 5 > 5 are both true statements,
They should practise with these until they realize that what 5 > 5 says is that
"either 5 > 5 or 5 = 5" and, since one of the statements, namely 5 = 5, is
true, the whole sentence is true, Since every rational number is represented by
a point on the number line we can always compare two rational numbers if by
looking at the points which represent them we can see which one is to the right,
But how would we compare % and %? It might be hard to tell which point is to the
right, The best thing to do is use the idea of equivalent fractions and express

each number as a fraction whose denominator is the LCM of the two denominators,

2 _ 14 5 15 , 15 14

Thus 3~ 21 and 7 is 51° Now it is easy to see that 51 is to the right of —21
2.2
SO 7 > 3

The two properties of order given at the end of the chapter follow easily
from looking at the points representing th.: numbers on the number line, They

are important, and we will use them many times,

Answers to Problems 5-4 Ltudent Text Page 87
1, @ T @ T (m) F
(b) F () T m) T
@ T ) F © T
@ T G F (p) T
(&) T (k) T @ T
@ T ) F () F
2, (@ < 0 =
(b) < (@ <
() > () >
@ < i) =
&) > 0 <

3. John is taller than James by the second property of order,
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4, Mary's age is the same as Margaret's, One and only one of the
threea > b, a = b and a < b must be true, Ifa >banda< b

are both false then a = b must be true,

5. Many other examples are possible, For instance:

If a>band b=cthena2>c,

Ifa>b, b>c, c>d, thena >d.

If Tsaac has more money than John but less than Sam who has
more money, John or Sam?

If it is warmer in Lagos than in Accra, if it is colder in Cairo
than in Entebbe and if Entebbe and Accra have the same
temperature, how would you compare Lagos and Entebbe?

How about Cairo and Lagos?
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CHAPTER 6

CLOCK ARITHMETIC

In arithmetic and algebra we work with numbers, learning how to combine
them by the operations of addition and multiplication, We study the properties of
these operations separately and in combination, discovering their so-called
commutative and associative properties as well as the existence of identities,
inverses, order properties, etc, But the set of rational numbers is an infinite
set and students may find it hard to study these properties in such a large set,

Could we study them in a smaller set?

The main purpose of this chapter is to consider a very small set of numbers,
In fact, we will be concerned mainly with a set A which has only five elements:
A= {0, 1, 2,3, 4}. We define a special kind of addition and multiplication
which we call "clock addition" and "clock multiplication", We use new symbols,
@ and@, for these operations so that students will not confuse them with the
ordinary operations of arithmetic, Having defined these operations we can study
their properties easily because there are only a finite number of cases to
investigate, We can check to see that a@ b = b@ a for every a and b

because there are only five possibilities for a and five for b,

The whole chapter should be fun for the student because he can think of it
as a game played on a clock, his own special kind of a clock, of which he can

make a copy and on which he can experiment,
6-1 Introduction

| In this section we simply introduce the special clock face with only five
numbers represented, You should have each student draw such a clock face and
you yourself should draw a big one on the chalkboard, so that they can check
their own results with those on the board, If some students ask if they can make
clocks with 4 or 7 or 12 numbers on the faces the answer is "Yes, of course,

but it will be simpler if we all start with the same kind of a clock.,"

Previous Fage Blawnk
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6-2 Addition

Have the students determine 2(+) 2 and 2 (%) 3 by starting at 2 and
counting 2 or 3 places around the face, They should see what is happening
very quickly, Then draw the addition table on the board and fill it in as the

students give you the answers,

®lo]1]2]3]a4

The right position for 2 @ 3 is the square where the row labelled 2 crosses
the column labelled 3, We put 0 there since this is the label of the point we

landed on when we moved 3 places from the point labelled 2,

The first property we notice is that of closure, Note of course that if we
considered the set {0, 1, 2, 3, 4} and ordinary addition we would not have

closure, since 2 + 3 = 5 and 5 does not belong to the given set,

The second property, that of commutativity, can be easily checked by

noticing that the addition table is symmetric with respect to the diagonal,

®

N

There will be 25 cases to check if a student checks every single one,
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To check the associative property completely would require 125 cases and
you certainly should not ask anyone to do them all, If each student checks 3 or
4 different cases they should be satisfied, The reason there are 125 cases is
that in the equation

@O Dc=a® b ® ¢
there a.. choices for a, 5 for b and 5 for ¢, It might be interesting to ask your

class how many cases they think there might be before you tell them how many

there are,
Answers to Problems 6-2A Student Text Page 92
1., @ 3@U®a=3®3=1 ®HID®a4=2B4=1
) GEID2=0D2=220H®I=2®H0=2

R®H2@®»3s=a4®3=2

© WAHI®HE®D =1®4=0HDdHLDA =
0@®0=010HCHYI®2=1H2H2=3Hz2=0

@ 1OA1®O1®D1=44@04@®4=2202H2=1
3@3I®I®3 =2

& 0@1®2BHIHBH4e=0
® 0oPDuE®Aa®DeEe®I=0>HDO®O=0

2, () Testing each number on our clock we find
0(® 1 =1 is true,
but 1 (H) 1 =1 is false since 1 (H) 1 = 2
and 2 (¥) 1 = 1 is false since 2 (H) 1 = 3
and3 (F) 1 = 1 is false since 3 (H) 1 = 4
and 4 (¥ 1 = 1 is false since 4 (B 1 = 0.

Thus the only number which makes x @ 1 = 1 a true statement is 0,
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In each equation the pupils should test all five of the numbers
0,1, 2,3, 4, They will find that only one number makes the

equation into a true statement, That number is

(b) 2 (e) 3 (h) 3 (k) 3 (n) 4
(c) 4 0 o @ o M 1 () 1
@ 2 (@ 2 G o (m) 2 (P 0
@ 3 ® 1
(b) 2 @ o
(o 1 (h) 4
(@ o @) 3
(&) 4 0 2

The set of numbers is closed under subtraction because subtraction
is defined in terms of addition, Also we could set up a subtraction
table, It would look like this,

Oflofl1]2]|3]4

We see immediately that subtraction is not commutative since the
table is not symmetric with respect to the diagonal, Also we can
see3( ) 1=2but1(3 =3,
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By actual checking in each possible case we find that 0 (¥) a = a for
every number in the set, Then since 0 @ a=a @ 0 we do have erough
evidence to support the statement that 0 is an identity element for clock
addition,

Again by checking each case we find that there always exists some
number which, added to a given number, gives 0, We can also see this
by noting that there is a 0 in each row of the (¥) addition table, The
number b such that a @ b = 0 is called the additive inverse or opposite
of a for clock arithmetic, Students may find it difficult to think of 3 as the
opposite of 2 so soon after they have learned that -2 is the opposite of 2,
But you should remind them that clock arithmetic is different from ordinary
arithmetic and the opposite of 2 in any arithr:itic is that number which
added to 2 gives 0, We have not yet shown that in ordinary arithmetic
2 + (-2) = 0, but it is true, while in our clock arithmetic 2 @ 3 =0,

as the table shows,

In Problems 6-2B we ask the students to set up clocks with different
numbers on their faces, They should do these problems by actually making

clock faces and counting out the results,

Answers to Problems 6-2B Student Text Page 94
1, @ 7 @ 3 @ 1

by 12 (e 2 (h) 11

© 1 ® 10 i 12

The identity element in this clock addition is 12, This is true
since if we add 12 hours to any time on the clock face we get
back to the same position of the hands, Thus 12 hours added to

3 o'clock in the afternoon gives us 3 in the morning, 12 @ 3 - 3.
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There is an inverse for each clock number,
1 (1) 11 = 12, so 11 is the inverse of 1 and 1 is the inverse of 11,
2 @ 10 = 12, so 10 is the inverse of 2 and 2 is the inverse of 10,
3(*) 9 = 12, so 3 and 9 are inverses of each other,
4 (® 8 =12, so 4 and 8 are inverses of each other,
5@ 7
6 () 6
12 () 12

2. (@ @lol1]2]3

12, so 5 and 7 are inverses of each other,

i

12, and 6 is its own inverse,

12, and so 12 is also its own inverse,

(b) ®flo|1]2 (C)@01

It is easy to check to see that all the properties we have been

discussing are satisfied,

6-3 Multiplication

Have each student make a multiplication table. Then you should fill out

one on the chalkboard as they give you the entries,
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The property of closure holds since the only numbers in the table are
those in the set{0, 1, 2, 3, 4}. We can check commutativity exhaustively
(25 cases) or we can see that it is true from the symmetry of the table with
respect to the diagonal, The associative property also holds, but once again
it would take 125 cases to show it completely, so we only ask each student

to check a few cases,

Answers to Problems 6-3A Student Text Page 98
1, (@ 2X®1=1X%2=2 @ 4X®3=3X4=2
(k) 3%0=0&3=0 @ 0®2=2@®O0=0

© 1®0=0%1=0 ® 0X0=0
2. 2®2@Ee®a] =2x[204]=2®3=1

3. (@X®2X®3=3®3=440EBX2=4X1=4
BRAIX2=22=14

4, 3X®WIX®3=440002=0404®4=14

5, @ 3QU@®1) =3®0=0 () BRVBDEXR) =2H3=0
B 3®E®H3N=3X®0=0  GBXR2GHEX3) =1H4=0
@ 4@®EB®0) =4&3=2 (9 @XNBDEX0) =230 =2
@ 1@®IAD=1&2=¢ h CRIOCE =1@1 =2
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In Problem 5 above the student is asked to check a few cases of the
distributive property, This also is a progerty of ordinary multiplication and

addition in the set of all rational numbers,

Answers io Problems 6~3B Student Text Page 100

1, (@) Testing each of the numbers 0, 1, 2, 3, 4 in turn we find
1® 0 =3 is false, since 1 X) 0 = 0
1 X1 =3 is false, since 1 (X)) 1 =1
1 (X 2 =3 ic false, since 1 (X) 2 = 2
1(X 3 =23 1is true
14 =3 is false since 1 X) 4 = 4

Thus, the only number to make this equation a true statement is 3,
Testing in each of the equations we find that for each equation except
(h) there is only one number that makes the equation a true statement,

This number is:
(b) 4 @ 2 0 1 (h) See below
(© 1 (e) 1 (@ 1 W o

For (h), any number in the set makes the equation a true statement,

since 0 (X) a = 0 for any number a,

2, (a) There is no answer, since 0 ® a = 0 for any a,
(b) 1 (@ 2
() 3 (e) 4

3. (@ 400®I=UR®D®EX?)

44 =1 4(FH2=1
M 2@0UEDY=2XRII® X4
2®3 =1 3®3=1
© 1REA=0R031O0R a2
1®0=0 3@®2=0

@ 3UOHN=6X®DHERI
3®z2=1 3@3=1
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(a)

(b)

(c)

(d)

(a)
(b)
(c)
(d)
(e)
(£)
(a)

(b)

(c)

@RI BDHWEXND=40CBDH 4

2®1=23 4X2=3
BX2HEXO0) =3%((2® o
1®»o=1 3®z =1
BXIDEX3=3(EB®?)
4(®4=3 31 =3
CRIGECRY=2Q6E D49
1®3 =4 2®2 =4
B3X2HEBX®a=3&%(ECDa
YX®NBDHY®2 =y X (@E4D2)

2@ 0 BHa=2®1D®EeKa
4@ @%b =04&a®@E XD

y &)1
2@(2 ®a)

BROAIOBEOR=3FxHR
@XIBDE@X2=aXBE®2)
x®3Y®Ex®?3) =2
xX (B #3) =2
x &1 =2
X =2 since2®1=2

X2 GOHE&®I =4
xXR®L =4

4

3

x®3=
x = 3 since 3 X) 3 =4
(x®3)®(x®2)=2
xXB@E2 =2
x X0 =2

There is no solution since x @ 0 = 0 for any x.

59
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@ QD@ x4
x X (4 @fz)
x®3 =

x:
x4 DD =0
xX (@ ®1 =0

x @) 0 = 0 Any number is a solution of this

0
0
0
0

since 0 X)3 = 0

o
()
S

equation since x @ 0 = 0 for any x,
2 (X 3.
3 X 4.
3 2,

@ 33 4 =2,since 3 =4() 2 is true,

7. @ 1 (%) 2 = 3, since it is true that 1

(b) 2 ()3 = 4, since it is true that 2

(0 1 ()3 =2, since it is true that 1

(6) 4 (®»4 =1, since 4 = 41 is true.

(f) 1@4=4,since1 4®4istrue.

(9) 4@3 = 3, since 4 = 3®3 is true,

() 3@ 2 =4, since 3 = 2 (X) 4.

1 1.

Clock division is not in general commutative since
3(®»4=2butd (3 =3,

) 1%1=1, since 1

In ordinary arithmetic the number 1 is an identity for multiplication, since
1 X a=a X 1= aforany number a, In our clock arithmetic 1 is an identity
for @ since 1 @ a=a Q-() 1 = a for any number a inthe set {0, 1, 2, 3, 43.
In ordinary arithmetic if we consider any number a, except 0, there always
exists another number which when multiplied by a gives 1, For instance if
a = % we can multiply it by 'g- and get 1, Such a number is called the
reciprocal, That the same situation holds in our clock arithmetic will seem
surprising to many students, But looking at the multiplication table we see a
1 in every row except the row labelled 0, So 3 X) 2 = 1 and 2 is the

reciprocal or multiplicative inverse of 3,
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In Problems 6-3C the Challenge Problems 2 and 3 should not be assigned to

any except the best students, They are intended to show operations which have

none of the properties we have been discussing in this chapter, You might want

to discuss these problems briefly in your class,

Probably if you discuss the fact that subtraction and division are not

commutative or associative in either ordinary arithmetic or in clock arithmetic

your students will realize that the properties we have been discussing really are

important for addition and multiplication,

Answers to Problems 6-3C Student Text Page 103
1, (@) Yes

(b) Yes

() Yesinthe set {0, 1, 2}, since in this arithmetic 2(X)2 = 1,

No in the set {0, 1, 2, 3}, since in this arithmetic 2(X)0 = 0,
21 =2, 2(X¥2 =0 and 2(X)3 = 2 and there is no number
such that 2 X) x = 1,

(d) Yes in the first case, since 1X)1 = 1 and 2(X)2 = 1,
No in the second case, since in (c) we saw there is no reciprocal
for 2,
(e) Set up the multiplication table and check each case,
&l o] 1|2 ®fo|1|2]3
0| 0| 0|0 ofjof{o|]0]|O
10 1] 2 1o 1|21{S3
2 0 2 1 2 0 2 0 2
340 3211




62

2,

(a)
(b)

(c)

(d)

(e)

(f)
(9)

Challenge Problem

The operation ° is not commutative since 201 = 5 while 102 = 4,

The set {0, 1, 2, 3, 4} is not closed with respect to ° since

1°4 =6 and 6 it not in the set,

In the set of all whole numbers {0, 1, 2, 3, ...} the operation is
closed, since 2 X a is always a whole number and therefore

(2 X a) + b is also a whole number,

The cperation ° is not associative since by the table
(1°c1) o 1 = 31 = 7
while 1 ° (l°1l) = 103
enough, others are easily found,
Thus (1°2) ° 3 = 4°3 = 11,
while 1 ° (2°3)

Il

5. Although one such example is

1°7, which is not even defined,

There is no identity element for o in this set, Although 0o x = x
for each number in the set, 1°0 = 2 and 2°0 = 4, so

x°0 = x is not always true, For an element a in the set to be
an identity for ° it must be true that a°x = xca = x for every

x 1in the set,
No, If there is no identity it is impossible to have an inverse,

This operation differs in eveiy respect from clock addition, Not
one of tlie properties, closure, commutativity, associativity,

identitv. or inverse. ho.ds.
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3. Challenge Problem

a*b=0@3B®Xa @b

(a)
(b)

*

is not commutative since 21 = 2, but 1*2 = 0,

*

is closed in this set, since, for every pair of numbers a and

b in {0, 1, 2, 3, 4}, a*b 1is a number in the set,
(c) * 1s closed in the whole numbers for the same reason,

(d =« is not associative, since, for example,

(1%2) * 3 = 0%3 = 3, while 1% (2%3) = 1x4 = 2,

() * has no identity element, since

O0xx = x for every x, but 2«0 = 1, not 2,
() No, Without an identity, inverses are impossible,

(9) The only resemblance between this operation and clock addition is

that both are closed in the set {0, 1, 2, 3, 4},

6-4 Summary of Basic Properties

As we said at the beginning of this chapter the main purpose has been to
provide a small finite arithmetic which displays these eleven properties and

which makes it possible to check the properties easily, Any mathematical
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system composed of a set of elements, finite or infinite in number, and two
operations that have these eleven properties is called a "field", The set

{0, 1, 2, 3,4}, with ® and (X) defined as we have defined them, is a
field, The set of rational numbers with the operations of ordinary addition and
multiplication is a field, Fields are of great importance in more advanced
mathematics but for the present all we wish is that the student become
acquainted with the field properties, He will meet them again and study

them in greater detail later on,
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CHAPTER 7

THE ARITHMETIC OF RATIONAL NUMBERS

Introductory Remarks

There are many ways to handle rational numbers, We have chosen an
informal and intuitive treatment., We build on the student's previous knowledge of
adding arnd multiplying fractions in arithmetic to suggest definitions of addition
and multiplication for all rational numbers. The motivation for these definitions
comes from various éources - observation of what happens in a number of
instances, the desire to keep the commutative property, the interpretation of
addition on the number line, and the interpretation of multiplication as the way to
find the area of a rectangle., The teacher should make clear that these are not
proofs of the "rules" for adding and multiplying but only suggestions of what
agreements it seems desirable to make about the way in which rational numbers

should be added or multiplied,

We also try to make it plausible that when we do multiply in accordance
with the usual methods the rational numbers have the "field" properties listed in

7-9. While all of these properties can be proved from the definitions

_&_1_+g=ad+bc

b d bd
and

a c _ ac

b X a7~ bd

there is no intention of doing so here. We observe that the properties hold in
some specific cases and then assume that these properties are true for all
rational numbers. We have given some geometrical arguments and other lines of

thought which we believe will make the conclusions rather convincing,

It is felt that at this stage it is too early to introduce the student to strict
formal definitions and proofs, However, we have given some arguments in this
Teacher's Guide which would help to satisfy a bright student who asks for more

in the way of proof,
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7-1 Addition of Rational Numbers

We begin with the addition of positive rational numbers (fractions). We
believe that the student will readily accept the principle that

+

Qo

b_a+hb
c c
This amounts to the fact that if a unit is divided into ¢ equal parts, a of these
parts plus b of these parts is, of course, (@ + b) of these parts. This may be
made clear by choosing particular whole number values for a, b and c. Thus,
2 sevenths + 3 sevenths = (2 + 3) sevenths, The use of the word "seventh" for

the numeral —;' may help to bring out the principle.

To add fractions with different denominators we replace the given fractions
by equivalent fractions with the same denominator and then proceed as in the
previous special case. Here we rely on the method of Chapter 4 for finding the

LCM oi the denominators,

There is of course an automatic method of adding fractions by using the

scheme

_aXxd + (b X ¢

C
* 3 b X d

o o

This will always work, but it often requires an unnecessary amount of arithmetic
and often gives a result with a large numerator and denominator, Ordinarily we

should like to simplify this result, For example, by this method

_j+_l=(5x24)+(7x12)=120+84=204
12 24 12 X 24 288 2887
which finally reduces to ;—Z. It requires much less effort to write
5 7 10 7 17
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It is also better if the student uses his understanding without relying too much on

rules which he may be tempted to memorize,

In the second part of this section, we turn to the addition of rational

numbers which are not necessarily positive, We illustrate the ideas by first

adding integers on the number line, using arrows pointing to the right for positive

integers and arrows pointing to the left for negative integers, It is then easy to

apply the same ideas with rational numbers, It is important for the student to

picture clearly what is going on, Logically we can reduce everything to the

addition of integers (positive, negative and 0) by choosing a new unit on the

number line which is

1
LCD

of the original one,

Answers to Problems 7-1A

1.

13
15

Answers to Problems 7-1B

1,

(a) 4

(b)

(c)

3

Student Text Page 110

2 13
e T2 % T

2L 15
6. 20 10, 3

7 139
7o % . 7

31 9
8. 6 12, 8

Student Text Page 114

0

1 1 1 L

4 | -5
0

Y

A
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Se

(d) -5 1.1 1 | 0 | 1 | 1
5 :
_ -10
) -5
(e) -2 1 L 1 1 1 0 L
~th _7 R
5 -t
-2
(f) -4 1 L 1 0 1 1
3
D
-4
(@ 9 (@ -5
(b) -12 (e) -25
(c) -4 £ o
@ -% @ 3
0 -3 (&) 0
7 S
() 15 ® -7

(@) Use positive numbers to represent profits and negative numbers

to represent losses,
(b) 5000 shs, loss
(c) 1000 shs, profit
(d) 12,000 shs, loss

Call his still water speed 4 miles per hour (positive) and the speed of
the current -2 miles per hour, His actual speed upstream is 2 miles

per hour,
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6o (a) 13,000 feet + 5,000 feet + (~3,000 feet)

(b) 15,000 feet,

7-2  Properties of Addition of Rational Numbers

The purpose of this section is to convince the student of the four basic
properties of addition summarized at the end of the section, The method is to
appeal to examples and to the picture of addition on the number line, No attempt
has been made to give a strict proof, If the better students require more

convincing arguments something of the following sort can be given,

To establish the commutative property for addition of positive fractions we
can ¢ ;sume that the fractions have been replaced by equivalent ones with a
common denominator d. Suppose that they are g and %. Let the unit on the
number line be subdivided into d equal parts. To add p of these parts to q of
these parts will give the same result as if we add g parts to 1 parts (we know
that the commutative property of addition is true for the whole numbers). This

means that
RP,a_4g9., R
ataTa"a
Similarly, since the whole numbers have the associative property of addition

p, (e, ry_(2,q),L
d+<d+d> <d+d>+d

because p parts + (g + r) parts = (p + q) parts + r parts,.

Answers to Problems 7-2 Student Text Page 120

We shall use the abbreviations AA for the associative property of addition

and CA for the commutative property of addition,



a =h AA

b =k CA

c =1 AA

d =1 CA

e = m AA

f =3 AA

g = n CA

(@ 6 (e) 1
(b) -4 (£) 8
(@) -1 (@ 3
(@ 4

(@ 5+ (6 +7 = (6 + 7 + 5 AA
= (7 + 6) + 5 CA

(b) [(-e) + 3] + (-4) = (-8) + [3 + (-4)] AA
(-8) + [(-4) +3] CA

@ F+[H+5]=[2+cH]+L m

=-51-+|:—§-+ (--g-)] CA

@ [+ D]+ 2

L

[63H+ D]+ 2 oa
D+ [+ 2] m

= =3+ [+ D] on
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6.  (a)
(b)
(c)
(d)
(e)
(£)
(q)

7-3 Applications of the Properties of Addition

168

74

Property of zero
Additive inverse
Property of zero
Additive inverse
Additive inverse
Property of zero

Additive inverse

Application 1, We give the reasons for the steps indicated by "Why?" in

the example, with the abbreviations AA and CA,

(20 + 4) + (30 + 7)

I

[(zo + 4) + 30]
[zo + (4 + 30)]
[zo + (30 + 4)]
[(zo + 30) + 4]

(20 + 30) + (4 + 7)

+

+

+

7

7

7

7

50 + (10 + 1) = (50 + 10) + 1

Application 3,

3 5
(Z+Z)+(7+§)

=2+ g+

one of CA as in Application 1,
The next step replaces 3

9+(1+%)=(9+1)+§

4

by the equivalent fraction '(1.

8

by AA,

by four applications of AA and

8
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Application 4,

7 + [(-4) + (-3)]

(@ + 3) + [(-4) + (-3)] because -7-= (-4) + (-3)

[4 + (-a)]+ [3 + (-3) ] and ca

=0+ 0 Additive inverses
=0 Property of zero
(1 + 3) + (-3)
=1+ [3 + (-3)] AA
=1+ 0 Additive inverses
= 1 ' Property of zero

4.+ (-7) = 4 + [(-4) + (-3)] because=7 = (-4) + (-3)
= [4 + (-4)] + (-3) AA
=0 + (-3) . Additive inverses
= 3 Property of zero

Application 5. =-(-a) = a
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1.

29 + 34

125 + 397

Answers to Problems 7-3

(20 + 9) + (30 + 4)
20 + [9 + (30 + 4)]
20 + [(30 + 4) + 9]
20 + [30 + (4 + 9]
(20 + 30) + (4 + 9)
50 + 13

50 + (10 + 3)

(50 + 10) + 3
60 + 3

63

(100 + 25) + (300 + 97)

= 100 + [25 + (300 + 97)]

= 100 + | (300 + 97) + 25]

= 100 + [300 + (97 + 25)]
= (100 + 300) + (97 + 25)
= 400 + [97 + (3 + zz)]
= 400 + [(97 + 3) + zz]
= 400 + (100 + 22)

= (400 + 100) + 22

= 500 + 22

= 524

Student Text Page 126
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2,

(a)
(b)

(c)
(@)
(e)
(£)

(a)
(b)

(c)

(d)

(a)

This is true since

(b)

164 + (35 + 65) = 164 + 100 =

(7 + 3 + (9 + 1) + (6 + 4 + 18
48

10 + 18

264

10 + 10 +

(9,998 + 1,002) + 2,344 = 11,000 + 2,344 =

2, 4 11
(g+39) + 5+

3

-

1
2

=) =

1 + 6 =

11 7 73
+ St—— — n— —3
4) + (8 + 8) 2 + 10

7

12

13,344

[(-3-7) + (—9-3)] + [-12-9 + 3-9] + 840 = (-13) +

(-9) + 8

S, oL
3g + 57
2 . 3
75+ 6

2 3
83 + 9

5 + (~5)

5 + [(-3) + (-z)]

(9]

]

9+ (-9 =0

+ [3) + (-2)]

(-4) + (-5) = -9 if

9 + [(-4) + (-5)] =0

4
15

2

3

-14
7 +6 + (F+3=13+22-42
1 _ 2,3 ,1
23—(8+9+2)+(3+4+3)
=19+(1+%)=20%
3 2 _ 1
34+75—(5+8+3+7)+(4+
=23+(1+%)=25-1-%
0 Now (-3) + (-2) = -5 if
= 0
= (3 + 2) +‘[(-3) + (-2)]
[3+ 3]+ [2+ (2] =0+0=0
or (4 + 5) +[(-4) + (—5)]= 0
or [4 + (-4)]+ [s + (-s)] = 0
True, sincel:4+ (-4)] + [5 + (—5)] =0+ 0 =

+

3

4

75

2

5
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4, (@) 6 + (<3) = (3 + 3) + (-3)
=3+[3+(-3)]=3+0=3.
@ 5+ 7 =5+ [(-5) + (-2) |
= [5 + (—5)] + (-2)
=0 + (-2) = -2.
(& (5) +3 =[(-2 + (-3)] + 3
=-2+|:(—3)+3]=-2+o_—_
() (-9) + 14 = (-9) + (9 + 5)
=[(—9)+9]+5=0+5=5.
5.9 8
6. ~|- (9] = -9
[ea] -

7-4 Multiplication of Rational Numbers
To multiply two fractions ‘% and g we use the principle
a.,c_ 2 X ¢
b d b x d°

We have tried to make this principle reasonable by pointing out that if this

method of multiplication is used, the area of a rectangle is found by multiplying

the length of the base by the height, just as is the case if the base and height are

whole numbers of units,

Then we turn to the case where one or both of the rational numbers is

negative. in working out what sign the product should have, we are guided by

experience with the integers,
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Answers to Problems 7-4
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Student Text Page 131

m,

1, (a) True
(b) True
(c) False. The product is zero,
(d) True
(e) False
(f) False. Both factors may be negative.
2, (a) % () -%
0 % 0 3
© 3 W -+Z
@ -% M £
(o) 2 (k) ©
5
() =-1.9 (1) 125
7=5 Other Fractions for Rational Numbers
The important result is that we may write -% as -—g or :%, for example,
and that :—; = %. More generally, if a and b are integers,
2 _ a=—gand:'§'=g

b -b b b b°
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Answers to Problems 7-5

Student Text Page 134

L @ % o = @ =2 @ =
20 (@ = () = © = @ =
5. @ 3 ® 2 © 1o @ 1o
4o @ -7 () -2 @ 2 @ -2

7-6 Properties of Multiplication of Rational Numbers

In justifying the commutative and associative properties of multiplication of
rational numbers we have used gecmetrical examples, We believe that this
approach appeals to the student's imagination, However, if desired, such an

approaci can be replaced by the following formal proofs,

A formal proof for the commutative property of multiplication of positive

rational numbers would go as follows:

g X i = %& [Definition of multiplication of rational numbers]
L « 2 - r X p [Same]
S q s X q

Since whole numbers have the commutative property, r X p = p X r and

s X q=4q X s,

Therefore

Q fo
X
0 |
I
0 |-
X
.Q.[U
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The corresponding proof of the associative property of multiplication of

rational numbers is the following:

ByLysy t _ (RXT, t _ (X1 Xt
(qxs) u (qu)xu (@ X s) X u
he] r,t _>p r Xty _ p X Xt
qx(sxu) qx(sxu) g X (s X u)

Since whole numbers have the associative property of multiplication, p X (r X 1)
= (pXr) Xtand q X (s X u) = (@ X s) X u. Therefore

t
3

q S u q s

Answers to Problems 7-6 Student Text Page 139

We use the abbreviations AM for the associative property of

multiplication and CM for the commutative property of multiplication,

1, a =g AM
b = k AM
c = h CM
d =1 CM
e = i CM
f =3 CM
2. (&) -30 @ -3%
(b) 60 (& -—=
45
@ -2 ® 3

3. @ (5 x7) x 2 (7 x5 x 2 CM

=7 X (5 X 2) AM

® [3 x 9] x (-9 = (-9 x [(-3 x 9] cm

(-4) x [9 % (-3)] cM

3 2.5 _3 2, 2
3 5 2
('E X ;) X 3 AM



80

3e

4,

Se

7.

(d) [(— %) X zo] X (-35) [zo X (- —;-)] X (-35) CM

20 X [(— %—) X (-35)] AM

@ (=3 x[(-p x (D] = [(-9 x -P] x (- o™

(-5 x (-] x (-9 om

(-5 x [t-g x (-] am

@ 5 @ 3 @ 2 M -1
(b) '_”1% = -ﬁ (e) "Tg' (h) -3 (k) ?
@ 2 O -3 W 1 M 550

Repeated use of AM

1 _ 1 _
3x3—1and5><5—1
Multiplicative inverses

(1 X1 X9 =1X 9 = 9 Property of one,

(a) (%x%)x(zx%)'xm:1x1><13=13
b) (~2) X (%x 8) X (-5) = =2) X 7 X (=5) = 70

(o) [=;’- x (-g-)] x [(-%) x 4] x 2= (1) x (8 x 2 =10

(d) [—1—2 X (-4):] X [(-3) X %:I X % = (-15) X (-1) X % =
7 _
15 X 75 = 7

(e) [(0-125) X 8] X 17 = 1 X 17 = 17
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8. and 9,

(@) 1 Property of one (e) 1 Property of one
(b) '1-;' Mult, Inv, (f) 1 Mult, Inv,

2 1
(e) - s Prop. of one (9) >3 Mult, Inv,
(d) -13 Mult, Inv. (h) 1 Prop. of one

7-7 The Distributive Property

We have given a geometrical argument for the distributive property when all
three rational numbers are positive. It is, of course, possible to give an algebraic

argument to prove that

We apply the definitions of addition and multiplication of positive rational numbers

and rely upon the properties of whole numbers, We sketch the proof, On the left
gx(ru+st) _ P X (ru+ st) pru+pts
s u g X su gsu

we have

On the right we have

L)=Lr+Lt=pru+Dts _ pru + pts
u as qu gsu gsu gsu

b I b
X + X

(G xg) + (¢
The results are the same,

We do not advise using this algebraic proof at the present stage,

Answers to Problems 7-7 Student Text Page 144

1. (a) [z X (-3)] + [z X 5]

B (¢ xH+ ¢ =

o [xed] - ]

@[3 x 3+ [ x 7]
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2. (a 2 x [(-s) + (-3)]
o bx[Ee ]

O B g]

z 3 _1
@ 5x[( 2) z)]
3. In 1, (c), bothresults = ]—é-
In 2, (c), both results = -TO—;‘-

7-8 Applications of the Basic Properties

These applications of the multiplidation properties of the rational numbers

are analogous to the applications of the addition properties in 7-3,

In Application 1, the change from 7 X (20 + 4) to (7 X 20) + (7 X 4)

is, of course, an application of the distributive property. The iast steps in detail

are
7 X 20 =7 X (2 X 10) = (7 X 2) X 10 = 14 X 10 = 140
and
140 + 28 = 140 + (20 + 8) = (140 + 20) + 8
= 160 + 8 = 168,
Answers to Problems 7-8 | Student Text Page 146
1, 6x3z=6x[30+2]
= (6 X 30) + (6 X 2)
= 180 + 12 = 192
9x54=9x[50+4]

(9 X 50) + (9 X 4)

450 + 36 = 486,
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2. (@) 124 x (12 + 88) = 124 X 100 = 12,400

5 3 1 5 5

- - =) = = = -
B 7 x(+P)=x1=7
() (~25) X [298 + 102] = (-25) X 400 = -10,000
(d) z7><[13+ (~3)]=2';'><10=z7o
(e) (12><%)+(12><%)=10+21=31

4 _6\7 _ _ 10, _ C ooy o o

@ 8x[¢5)+ ] =8x =) =8x (2= -1

@ [ x 7]+ [ x3]=¢o + (7 = 13

h (-39) x [(—%) + ('Tg)] = -39 x -£2 = 39 x 2
= 13 X § = 65,
3. (@ (-4) x5 =5 x (-4)
(-4) + 4 =0
[5><(-4)]+[5><4]=5><0=0
Hence [5 X (-4)] + 20 = 0
Hence 5 X (-4) = =20, Unique additive inverse
(b) 7+ (-7) =0
(6x7)+[6><(-7)]=6><0=0
42 + [6 X (-7)] =0
Hence 6 X (=7) = -42 Unique additive inverse

() 5 + (-5) = 0
[0 x ©] + [4 x 9] = 9 x 0 =
Hence -20 + [94) X (-5)] = 0

(-4) x (-8) = 20 Unique additive inverse
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3. (@ (=70 +7 =0
[6) x (D] + [6) x ] = 0
[(-6) X (-7)] + (-42) = 0

Hence (-6) X (=7) = 42

7-9 Revision of the Properties of the Rational Number System

The 11 "field" properties are summarized in convenient form for reference.
The examples in the text and the problems illustrate the fact that there are systems

in which some of these properties do not hold,
For the set of whole numbers with ordinary addition and multiplication,

1, The system is closed for addition and multiplication, (The sum of two
whole numbers is a whole number and the product of two whole numbers

is a whole number,)

e a+ b =Db+ aand a X b = b X a for all whole numbers a

and b,

3. @+ b)+c=a+(b+c)and (@ Xb) Xc=axi (b X c)

for all whole numbers a, b and c.

4, aX b+ c = (a xXb) + (@ X ¢ forall whole numbers a, b
and C.
Se a+ 0=0+a=aand a X1 =1 X a = a for all whole

numbers a. Hence 0 is the identity element for addition and 1 is the

identity element for multiplication,

6. No element except 0 has an additive inverse, No element except 1
has a multiplicative inverse, For example, there is no whole number

b for which

i
p—t

b X 2
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Answers to Problems 7-9

1.
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Student Text Page 150

Not a field, There is no additive identity. Also 2, for example, has

no additive inverse and no multiplicative inverse,

Not a field: 2, for example, has no multiplicative inverse,

Not a field, No additive or multiplicative identity, No additive or

multiplicative inverses.,

Not a field., Lack of additive inverses,

Field.

Not a field,

Field, Additive identity =

element except a has both kinds of inverse,

7-10 Subtraction of Rational Numbers

2, 3, 4, and 6 have no multiplicative inverses,

Multiplicative identity = ¢, Every

The important point is to see that subtracting one rational number b from

another a is the same as adding a and -b, the additive inverse of b, That is,

a - b =

addition,

Answers to Problems 7-10

1.

(a)
(b)
(c)
(@)
(e)
()
(9)
(h)

4; 4 + 3 =7

-3; (-3) + 8 =5
-13; (-13) + 8 = =5
-8; (-8) + 3 = -5
11; 11 + (=3) = 8

12; 12 + (=7)

]
(9]

2: 2 + (-8) = -6

-4; -4 + (-4) = -8

a + (-b)e The operation of subtraction can be eliminated in favor of

Student Text Page 154




Lo -8-.540, 1.8
() 0;0+(-§)=_§
W ;8,48
0 b}
(n) 1%"%; 1;2 + 1%= 35_ 3_§_
@ a2 o+ (D) = &

(p) =0¢38; =-0438 + (~0¢46) = =084
(@) 1000; 1000 + (-136) = 864
2 Yes.,

3. No, For example, 2 - 1 #1 - 2
No, For example, 3 - (2 - 1) # 3 - 2) - 1

4, Yes, because a X (b - ¢) = a X [b + (-c)]

=(a><b)+|:a><(-c)]=(a><b)-(a><c)

7-11 Division of Rational Numbers

The important point is that division of one rational number a by another b
(b # 0) is the same as multiplication of a by %, the multiplicative inverse of
b, That is, 2 - a X '1'. The operation of division can be eliminated in favor of

b b
multiplication,

Notice the analogy with the situation in 7-10,

There is however one important difference, Every rational number has an
additive inverse, Not every rational number has a multiplicative inverse, The
number 0 has no multiplicative inverse, since there is no rational number whose
product with 0 is equal to 1, The product of any rational number and 0 is 0,

never 1, See Section 7-6,
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The equation

a _ 1
b~ 2%y
is an expression of tie well-known rule for dividing fractions, Let a = g and

s
r

, the reciprocal of rg, to divide g by rg is equivalent to
multiplying 'g by ré' This is often expressed by the rule "To divide fractions,

_ L 1 _
b—s.Sinceb

invert and multiply." Study of this section should remove the mystery from this

rule.
Answers to Problems 7-11 Student Text Page 158
L @ Exit=1 © -5 x (-3 = &2
(b) (“%) X % = ";' (@ (%) X (-—;-) = _%
© 3 xeH=2 W -2xi--2
@ 5 W 2
@ -1 x 13 = -12 M 27 x (55 = -2

2, Division of rationa! numbers is not commutative, For example,

2 = 3 £ 3 + 2,

Division of rational numbers is not associative, For example,

6 + (3 + 2) # (6 + 3) + 2, because 4 # 1,

3. Itisnottrue that a + (b + ¢c) = (@ + b) + (@ + ¢). For
example, 1 + (1 + 1) #@Q + 1) + (1 + 1), (-;-;e 2).
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Answers to Revision Problems

le  (a -57
(b)
© -%
(d) z%
() 35
0 -5
(@) -
(h) 1

(1) %

a X
e Yes. c = a X —

3. No, — X ¢ #

2y3 =2,

3 but

For example

4.L+h

C

1
(a+b)><c

=l><(a+b)
c

1 1
(c><a)+(c><b)

a
='-'-|-‘12
c C

3 X 3

Student Text Page 159

M -3
(k)
0 =
(m) 0
(n)
(o)
(P 77
(@ 0
(h 1

(c # 0)

unless a o,

or c =1 or ~1

2

_ 2
g L ]
Definition of multiplication

of rational numbers:

a + b 1
1 )><c

CM
Distributive property

Definition of multiplication:
lL..a L b
(c X ] and o X 1)
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CHAPTER 8

OPEN SENTENCES

8-1 Statements

The students are familiar with the idea of a sentence in their language-study
classes, A statement is a particular kind of sentence, the kind that states that
something is the case like "The sky is blue" or "It is raining," A statement must
be either true or false, There are of course English sentences that are questions,
commands or requests, These are not statements, For example, "Is it raining?"

and "Go to the blackboard" are not statements, They are neither true nor false,

We shall be concerned with mathematical statements, usually statements
about numbers, These are written in mathematical language, That is, they use
mathematical symbols like =, # >, <, > and £, Forexample 3 + 2 = 5
is a mathematical statement, a true one, The corresponding English sentence
is "The sum of three and two is five," Encourage the students to write

mathematical statements on the board,

They may write something like 12 + 4, or 1—2 . This of course is not

a statement,
12 = 4 = 3

is a statement,

Some mathematical statements are true and some are false, just as some
English statements are true and some are false, The problems should bring this
out and at the same time recall the meanings of the symbols, If they give
difficulty, encourage the students to translate the mathematical statements

into English statements,

Answers io Problems 8-1 Student Text Page 161

1, c and Jd are true,

a, b,e, f,qg,h,1,]are false,
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2, a, d, g, and h are true,

b, ¢, e, f and i are false,

8-2 Variable

A sentence in which there is at least one symbol like O or x 1is neither
true nor false, It becomes true or false only when we replace the box or x by
a numeral, We shall eventually abandon boxes and use letters, Thus
2 + 1= 7 becomes 2 + x =7 or 2 + y = 7, Butit appears that bcxes

are easier for a student to undersiand at first,

We have treated (0 and x in exactly the same way, We call either of
them a _variable, However, the box is often thought of as a physical object
within which we can write various numeva:s, This is not quite the same as
saying that we substitute the numeral for T but this fine logical distinction
will probably not bother the student,

This topic might be introduced as follows: Write on the board a statement
like "Today is his birthday" and ask "Is this true or false?" The class will say
that they cannot tell because they do not know to whom "his" refers, Rewrite
the sentence replacing "his" by the names (in the possessive) of different boys
in the class, for example "John's", Ask "Now is the sentence true or false?"
In the English sentence "Today is his birthday" the word "his" acts like " O" or

"%x" in mathematical sentences,
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Answers to Problems 8-2

1, True
2, False
3. False
4, True
S False

W O NN o
-

10,

91

Student Text Page 163

True, False
True, False
False, True
False, True
True, False

8-3 Domain of the Variable

The important idea here is that of the domain of a variable like O or x,

This is the set of numbers from which we may choose replacements for the

variable, The variable represents any number of this set,

Ordinarily the

mathematical sentence is true for certain members of the domain and false for

other members of the domain,

In special cases the sentences may be true for

all members of the domain or true for no members of the domain,

The term open sentence is introduced to describe sentences like those in

the previous section, The truth or falsity remains open, or undecided, until

the variable is replaced by the name of a number of the domain,

It is useful to return to "Today is his birthday", which we now call an

open sentence, The domain miclut be the set of boys in the class, Note that

it is very likely that the statement is false for all members of the class, If

the domain is extended to include all of the boys in the school it is more likely

that the open sentence is true for at least one boy that day,
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Answers to Problems 8-3 Student Text Page 165

In each case we list the members of D for which the statement is true,

and omit the members for which it is false,

All natural numbers
All integers less than 2
All rational numbers greater than or equal to 1

All positive rational numbers less than or equal to 1

11
2
9
4: El 5
13 15
6: _—2-1 7, '_20 8

All rational numbers greater than or equal to 1

1

et

2
All positive rational numbers less than or equal to

ool

All rational numbers less than or equal to 1—;

All negative rational numbers

8-4 Open Sentences and Truth Sets

The important idea here is that of truth set (or solution set), The idea has

already been introduced in the previous section, We are merely learning how to

express it,

The truth set is the subset of the domain for which the open sentence
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becomes a true statement, The truth set may be empty or it may be the wunole

domain,
Open mathematical sentences may be equations or inequalities,

It is well to use the summary at the end of the section to revise the ideas
and the language, Try to have the students explain in their own words the

terms open sentence, equation, inequality, truth set, If possible get them to

invent new examples,

Answers to Problems 38-4 Student Te;{t Page 167
10 (a) {1} (i) {Ol -ll -ZI _31000}
(b) {21 31 4} (j) {11 01 -11 -Zlooo}
(00 {1,2,3,4,5]} k) {1}
(@ {0} () {All rational numbers greater than 1}
(e) {0, 1} (m) {All rational nuiubers greater than or
equal to 1}
0 {1} (n) {All rational numbers less than 1}
@ ({1,2,3,...} (o) {All rational numbers less than or
equal to 1}
(h) {Zl 3l 4!0..}
2. (@ (4,6, 8]} () {All negative rational numbers}
(b) {30} (@ {1}
(o {1, 2, 3,4,5,6,7} hn {1,2,3,4,5,6,8,9, 10}
@ () o (1

(e) {'11—21 —31--o} (j) {131 15}
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3. @ {9,-9} W {1
o {1} (/) {All whole numbers}
© {8, -10} k) {10, -10}
(d) {All rational numbers} mw {2, 3}
(e) {03} (m) {4, 5]}
® {3} () { ]
(g) {All rational numbers} (o) {All integers except 2 and 3}
(h) {0}

8-5 Graphs of Solution Sets

The student will learn how to show certain truth sets (or solution sets) as
sets of points on the number line, There are some solution sets which the
student is not yet ready to handle, For example, consider the open sentence
x > 0 where the domain is the set of all rational numbers,

One might be tempted to

draw a figure like this, T T
making the number line heavy to the right of 0,

The trouble is that it is not possible to tell the difference between this picture
and that for x > 0 with the domain the set of all real numbers, The set of
positive rationals is full of "holes" but the graph cannot show this,
Discussion of such cases must be postponed until real numbers have been

studied,
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Answers to Problems 8-5
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1,

(@
(b)
(c)
(d)
(e)
(6
()
(h)
(@)
(b)
(c)
(d)
(e)
(@)
(b)
(0)
(d)
(e)
()
(9)
(h)
(1)
()

Student Text Page 171

etc, -4 =3 -2 -1 0
-4 -3 -2 - 0 2 3 4
etc, -4 -3 =21 0 1 2 4 etc,
-5-4-3-2-1 01 2 3 4 5
-2~=1 0 1 2
-1 0 1 3 5 6 7 8 10
{1, 3}
{1}
{ natural numbers }
3
{—31 = El 4}
{ integers less than 3}
-3=-2-1 0 1 2 3
{3
1 2 3 etc,
{ whole numbers } s —>
Same as b,
-2=-1 0 1 2 3
{1
Same as d,
0 1 2 3 etc,

{ whole numbers }

-3-2-1 0 1 2

{-2}

-3-2-1 0 1 2 etc,

-

Y

{ integers greater than ~2}

-3-2-10

et
p 0
()
ot
Q
*

{ integers greater than -3}
ete, -4 -3 ~2 -1

‘V

0 1

{nool-4l -3I -2} -
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3. (k) {oool-sl —41 -3} < 2 2 a

- _3 -
() {integers except -2} etc, -4 2

2 3 etc,

-l
—_—

8~6 Compound Sentences

The important idea is to leamn to handle the results of connecting two

statements by "and" and "or". The word "or" is used in a precise way that

does not correspond exactly to general English usage,

It has been found

convenient in mathematics to say that if S; and S, are two statements, the

new statement, Sj or S,, is true in any one of the following cases:

if S; is trueand S, is false
if 87 is false and S, is true

if Sy is true and S2 is true

In English we sometimes exclude the third possibility, For example when

we say "You must pass this examination or you will fail the course" it is usually

understood that you cannot pass the examination and fail the course,

Answers to Problems 8-6A

We shall omit the graphs on the number line,
1, {1,2,3,4,5,6,7}

2, {51, 52, 53, 54, 55, 56, 57, 58, 59}
3., {-3,-2,-1,0,1}

4, {7}

5, {'991 "98: ..-1_10 OI 10 Y 981 99}

6. {1}
7. {1}
8. {1}

9. {oool-llolllzl3l4l 5}

Student Text Page 174
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10, {6}
11, {1}

12. {—1' 0, ]-l Zl3l 00.}

Answers to Problems 8-6B Student Text Page 175

(We shall omit the graphs on the number line)

1, {integers except 10, 11, 12}

2, {.ves-6,-5, -4}

3. {0,3,4,5,...)

4, {3,4,5,6, ...}

5. f{.ees=5,-4,0,1,2,...}

6, {integers except -1}

7. {integers}

8, {oeo,=1,0,1,2} or {integers less than 3}
9. {-3,-2,-1,0,1, ...}

10, {1, 6}

8-7 Equivalent Equations

Equations with the same truth set are said to be equivalent, The important

principles are these:

If the same number is added to or subtracted from both sides of an equation,

the new equation is equivalent to the old one,

If both sides of an equation are multiplied or divided by the same non-zero

number, the new equation is equivalent to the old one,
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To prove that two statements are equivalent, it is necessary to show that

every solution of the first is a solution of the second and that every solution of

the second is a solution of the first, In establishing the principles above it is

necessary to emphasize this fact,

Answers to Problems 8-7 Student Text Page 179

1, (@
(b)
(0)
()
(e)

()
()
(h)
()
()
(k)
2, (a
(b)
(0)
()
(e)
()

Equivalent, Adding -4 to both sides,
Equivalent, Adding % to both sides,
Not equivalent,

Equivalent, Multiplying both sides by 5.,

Equivalent, Adding -~ g to both sides and multiplying both

sides by ﬂ.
3
Equivalent, Adding 3 to both sides,

Equivalent, Adding %

to both sides,

Not equivalent,

Equivalent, Both have the same truth set, {8},
Not equivalent,

Equivalent, Multiplying both sides by %.
x = 82, By adding 9 to both sides,

y = g -2 By adding ’% to both sides,

3 [
_ 13 1 .
a = - By multiplying by g °n both sides,
x = 16, By multiplying both sides by 4,
y = 2 X 2 By multiplying both sides by 2

7 © 3 3
x = 19(- %) By multiplying both sides by (- %).
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8-8 Truth Sets Found by Using Equivalent Equationsg

As we know, when we are given an equation, we can obtain an equivalent
equation by adding (or subtracting) the same number on both sides, or by
multiplying {or dividing) both sides by a non-zero number, By repeated use

of these principles, a given equation can often be reduced to the form
X = a number,
The truth set of an equation of this form is evident by inspection,

The student should solve enough problems so that he can himself see

what steps to take to reduce a given equation to the form
X = a number,

It will be useful to write equations on the board and ask for suggestions as

to what to do, There are often alternative solutions,

For example, given the equation

bl
+ = = +
2X 3 > 5

we might write the following equivalent equations in order,

2x = '}5{ + 2 (Subtracting 3)

3 . 2 (Subtracting Xy

2 2
S22y, ot 2

x = 3 X 2 = 3 (Multiplying by 3)

2x + 3 =3 + 5

4 + 6 = x + 10 (Multiplying by 2)
4x = x + 4 (Subtracting 6)
x = 4 (Subtracting x)

X = %1 (Dividing by 3)
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This method makes less use of fractions than the otner, When we reach

4x + 6 = x + 10 we might subtract x first and then 6 obtaining

3x + 6 = 10
Ix = 4
. = 4

3

It is desirable to encourage flexibility, It is important that the student

shall take such steps as seem natural to him,

Answers to Problems 8-8 Student Text Page 184
1, (13} . 9. (-2}

2, {13} 10, {56;

3. 11) 1, -4

4, {-1} 2. (-1

5. {-3] 13, (&)

6, {12} 14, {2}

7. {1} 15, {5}

8. {rational numbers } 16, {7}

(o8]
1
(Yo

Equivalent Inequalities

The following operations on an inequality give an equivalent inequality,
Adding or subtracting the same number on both sides
Multiplying or dividing on both sides by the same positive number

Multiplying or dividing on both sides by the same negative number and

reversing the direction of the inequality sign,
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It is important to emphasize the reversal of the inequality sign in the

last case,
If desired the order properties for inequalities may be proved algebraically,

To say that a < b meansthat b = a + p

where p is some positive number,

1, To prove thatif a < b, ¢ + a < ¢ + b
we say
c+b=c+ (a+ p)
= (c +a) +p
Since ¢ + b is ¢  a plus a positive number

c+a< c + b,

2, Given a < b and ¢ > 0, to prove ca < cb,
b
cbh

a + p

Il

cla + p) = ca + cp

Since ¢ and p are positive, cp is positive,

Therefore ca < cb,

3. Given a < b and ¢ < 0, to prove ca > cb,

In this case cp i\s negative in the equation above and therefore

ca > cb,
Answers to Problems 8-9A Student Text Page 188
1, Equivalent 6, Equivalent
2, Equivalent 7. Not equivalent
3. Not equivalent 8. Equivalent
4, Not equivalent 9, Equivalent
5

R Equivalent 10, Equivalent
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Answers to Froblems 8-9B

1, (@) True

(b) False
(c) True
(d) True
{e) False
() True
(g) True

(h)
(1)
0
(k)
(1)
(m)
(n)

False
False
True
True
False
False

True

2, All the pairs are equivalent inequalities.

Student Text Page 189

8-10 Solution Sets of Inequalities

We use the principles of 8-9 to reduce a given inequality to one of the

simple forms

> a number
< a number

> a number

E - -

< a number

The student should learn to reduce a given inequality to one of the

simpler forms by a succession of steps which he can take for himself, Board

work is helpful here, As in the case of equalities, there are often many

different ways to obtain the result,
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For examnple

4 -2x< 5x+8

is equivalent to:

-2x < 5x+ 4
which is equivalent to:

-7x< 4
which is equivalent to:

4
X > 7

(Note the change from < to >)
Alternatively,
-2x < 5x+4
is equivalent to:
0< 7x+ 4
which is equivalent to:
-4 < 7x
which 1is finally equivalent to:

4
'7<X.

Notice that this method doee not require a reversal of the inequality sign,
Answe.s to Problems 8~10

We abbreviate {rational numbers x such that

and so on,

1, @ x> 11}

2
(b) {x< 5}
(0 {x> 5}
(@ f{x< 0}

(&) (x

v
]
[\¥)
o)

103

Student Text Page 191

11},@{){_2 1

{y < 141
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(@)
(b)
(0)
()
(e)

(@)
(b)
()
(@)
(e)
(f)
()

()
(9)
(h)
)
)

(h)
(1
)
(k)
1)
(m)
(n)

{x > -1}

{x < 5}

{x < 5—;}

x> 1—2}

x < g%}
{rational numbers }

{rational numbers }
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CHAPTER 9

WORD PROBLEMS

One of the most important skills that a student may acquire is the ability
to solve simple problems stated in words, Success in doing so gives him a
feeling of confidence and is a strong motivating factor for further study of

mathematics and science,

9~-1 Problem and Open Sentences

A problem about numbers can often be stated mathematically as an open
sentence, The solution of the problem reduces to the determination of the truth
set for the open sentence, Since we know how to do this for many open

sentences we have a method for solving problems.

It is first necessary to choose a variable to represent the number which we
wish to find and then, after careful reading of the problem, make a statement

concerning it, This statement will usually be an equation,

Sometimes there will be two numbers which we wish to find, and it may be
necessary o write two equations. However, in this chapter we shall meet

problems in which one variable will be sufficient,

In this section the student learns how to state a problem as an open

sentence and is asked to invent problems which lead to given open sentences.

Answers to Problems 9-1 Student Text Page 195

There are of course, many possible answers., The following are

possibilities,

1, A five gallon tank is partly full, If you add two gallons the tank

is full, How many gallons did the tank contain?

2. By adding 1 to a certain even number the odd number 9 is obtained,

What is the even number?
3. Twelve feet is how many yards?

4, Forty-three bananas are to be divided equally among five children,

How many bananas should each of them receive?
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5. If a boy spends 6 shillings and has 2 shillings ieft, how many

shillings did he have to begin with?

6, The sum of the length and width of a rectangle is 10 feet, What are
the dimensions? (There is insufficient information to answer the

question,)

9-2 Solving Word Problems

Here we take a problem and show exactly how to translate it into an open
sentence, There are in the example two numbers to be found, the number of
geography books and the number of history books, At first we use two variables
p and g and set up two open sentences, To see how to do this, it is helpful

to guess the number of geography books and test the guess,

Later we see how we can use one variable and set up & single open

sentence of the sort that we know how to solve,

This rroblem should be studied very carefully and thoroughly understood,
An i:inportant step is to express the number of history books in terms of x, the

rumber of geography books. This is done by the formula, 11 - x,

It is also important to check the answers to see that they satisfy the

conditions of the problem,

9-3 Formulas

The important skill to be developed in this section is the ability to express
one of the numbers which occurs in a problem in terms of another number, There
are numerous examples in the text which should prepare the student to write

formulas for himself,
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Answers to Problems 9-3 Student Text Page 200
1. 100 - x
2, 290 or20 + n

n
3. y ~ 7 if y 1s the larger number
y + 7 if y is the smaller number
4, 30 -p
S. 12 + x
6. (a) 1z2s (e) 16p
(b) 36m H 12s +t
(c) 100q (@) l6p +q
(d) 5280d
7. If n is the number chosen, the number obtained is 2n -~ 5,
8. If Olayunka has n pineapples, Olu has 20 - n pineapples,
9. If n is the larger number and s the smaller number, n =2s,
10, If n is the larger number and s the smaller number, s =§-.
11, If n is the given number, the number obtained is 3(n + 10) - n.
12, @ x-5
(b) -2
13, (@ k+2
(b) -12
14, (@) If n is the other number, the first number is n ~ % .
(b) - 83
4
15, (@) If n is the larger number and s the smaller number, n = 2s + 11,
() 103
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08

16.

17,
18,
19,
20,
21,

22,

23,
24,

25,

26,

27,
28,

29,

30,

31,
32,
33.

34,

(@) I f is the first number and n the other number, f= 3, 15,

2
(b 185
(c) 11%
If A is Alfred's age and K is Kasule's age, A= 5 + K,
If b is the boy's age and s his sister's age, b=s5 - 8,
If £ is the father's age and s the son's age, f =4s,
If £ is the father's age and s the son's age, { =7s,

2

If g is the number of girls and b the number of boys, g = 3 b.

If n is the number of tickets bought, the total number of shillings

is 4n,

X

Y
6

If f is the length of the first side and s the length of the second
side, s =£_ 2.
2

of the pool

If the plant grows n inches per week, in five weeks its height will

be 10 + 5n.

If d miles is the distance travelled in h hours, d = 8h,

ggg_% miles per hour,

If t hours is the time he walks at a speed of s miles per hour,
23

t ===

s
If n feet is the lenyth of the rectangle and w feet its width,
n=10 + w,
(50 + 2w) feet.
600 feet,

w

If w feet is the width of the rectangle, (2w - 5) feet is the length,

(6w - 10) feet, or 2w + 2 (2w - 5) feet
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35, (2w =~ 5) w square feet is the area,

36, n + 2

37, m + 2

9-4 Writing Open Sentences

Now that the student has learned to express one number which occurs in a

problem in terms of another he is ready to translate problems about two numbers

into open sentences, Here one learns by doing, after studying several examples,

The sample problems should be studied with care. In this section the emphasis

is in writing the open sentence, not in solving it, That comes later,

Answers to Problems 9-4 Student Text Page 207

1, If x feet is the length 25x = 6125,

2. If w
3. If w
4, If w
5. If w
6. If n
7. If n
8. If n
9. If n
10, If n
11, If n

3n +

inches is the width, 14w = 144,

inches is the width, 96 + 4w = 100,

Inches is the width, 20 + 4w 140,

feet is the width, w(3 + w) = 70,

3 I |
1s the number, n + 8n + 16n 72.

is the number of which I am thinking, ?31'(6n -18) = -2,

]

is the smaller of the two numbers, n + (n + 2) = 54,

is the smaller of the two numbers, n + (n + 2) = 208,
is the smaller of the two numbers, (10 - n) - n = 2,

is the number of 3 shilling books purchased,
8 (20 - n) = 110,

12, If s 1is the number of shilling pieces in the box, ';' + == = 154,

20
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13,
14,

15,

16,

17,

18,

19,

20,

21,

If a is the number of shillings A gets, a + % + %a = 102,

If m is the cost of each mug, 3m + 3(3 + m) = 24,

If s is the son's age now, his father's present age is 4s,
Then (4s - 10) + (s - 10) = 60,

If s is the sister's present age, s ~ 3 is the boy's present age.
Then (s - 3) - 3 =% (s - 3),

If w feet is the width, the length is 3w feet, The dimensions of
the square are: length 3w - 3 feet and width w + 3 feet, Then

3w-3 =w + 3,

3w

3w =3

If s 1is the smaller number, s + 15 is the larger number,
5(s + 15) - 25 = 3

n-7=n-5
5 7

If n is the number, + 4,

If x years is the age of the oldest son,

x+ (x-2) +(x-4) + (x-6) = 52,
Many possible answers, For example:
(@) In another year I shall be 18, How old am I now?

(b) If you pay out 5 shillings and want to have 20 shillings left

how much money must you have?

(c) A father is three times as old as his son, In 8 years he will be
35, How old is the son?
(d) A rectangle has an area of 70 square inches, Its length is 3

inches more than its width, How long is it?
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22, If b is my brother's age, b + (b + 3) = 185,
A boy's father has three more pounds than the boy's uncle, Together

they have 185 pounds, How many pounds does each one have?

9-5 Problems Involving Inequalities

Certain problems lead to open sentences that are not equalities because
they contain phrases like "greater than" or "less than", The solution set in

such a case includes a number of possibilities,

Answers to Problems 9-5 Student Text Page 210

1, If x is the length of the third side, 4 < x < 24,
2. If x is any other member of the set of integers, 512 < x < 999,
3. If x is any other even integer in the set, 512 < x < 800,

4, If x is any rational number of the set different

2 = -2 -
from—16 andlé, 16<x< 16 °

S. If ¢ cents is the amount the boy lost, 0 < ¢ < 10,
6. If t minutes is his time, t < 4.1,

7. If t minutes is his time, t > 4°1,

70+§6+X280.

8. If x marks are scored in the third test,

Solution: x > 94

9-6 Solving Word Problems

In this section we find the truth set of the open sentence which translates
the given problem, The method is the familiar one of writing equivalent

statements until the truth set is evident,
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At the same time the steps in solving a word problem are summarized,
Encourage the students to write their answers clearly and fully and to check

their correctness against the problem itself,

Answers to Problems 9--6 Student Text Page 212
1. 245 feet
2
2. lO; inches
3. 1 inch

4, 30 inches

5. 7 feet (By trial)

40
9

7. 2
8, 26 and 28

9, 103 and 105

10, 4 and 6
11, 10
12, 280

13, 34 shillings for A, 17 shillings for B, and 51 shillings for C
14, 2-;- shillings

15, 16 years for the son, 64 years for the father

16, 12 years for the sister, 9 years for the boy

17. 9 feet long and 3 feet wide

18, The smaller number is =24 and the larger number is -9,

19, 82

20, 16 years

22, 91 pounds
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CHAPTER 10

EQUATIONS IN TWO VARIABLES

In this chapter we first examine a single equation in two variables and
observe that members of its truth set are ordered pairs of numbers, one for the
first variable and one for the second variable. Usually there are many such

ordered pairs of numbers in the truth set.

By considering a problem which leads to two equations we find that there

is usually only one ordered pair which will satisfy both of two equations. This

means that if we have a method of finding such an ordsred pair, we have a means
of answering a great variety of problems. We proceed to develop a method of
solving systems of two linear (first degree) equations in two variables. Later
(in Chapter 14) a graphical method of solving such systems is presented,
Questions of higher degree equations or of equations in three or more variables
will be postovoned to later years. It will be helpful to the teacher, however, if
he has some understanding of these extensions of the idea as background for

the preseint work.

The chapter is concluded with some problems illustrating the convenience
of using two variables, and with problems in which a choice can be made between

a one variable solution and a two variable solution,

10-1 An Equation in Two Variables

The main objective of this section is to help the students get used to
thinking of two numbers at once, a first one aad a second one, In particular
we are interested in such ordered pairs of numbers as will make a given sentence

true,
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The table of pairs of numbers

satisfying the equation x+y = 8
might be extended as shown. Since
x and y stand for numbers of
children, they must be whole numbers

and these are the only possibilities.

O b wWw—0 ON N|IX
O wha NN ®—~ 0|k

If possible, lead the students to observe for themselves that 2 in the
first column and 6 in the second column does not describe the same situation
as 6 in the first column and 2 in the second. Observe it for other pairs of
numbers. Then as they grow familiar with the notation for ordered pairs observe

the difference in meaning between (7, 1) and (1, 7), etc.

There are 9 different ordered pairs of numbers which express the number

of children of Mr. X and Mr. Y, as can be seen from the table.

We shall usually use x and y as the two variables. If other letters,
such as p and q, are used, either an arbitary choice must be made as to
which is the "first” variable, or frequently they are taken in the order in which
they occur in the alphabet.

In the example 2x+ y = 10, nothing has been said to restrict the
variables to whole numbers. If possible, let the students discover this them-
selves when they are asked to find more than six ordered pairs satisfying the
equation. Once they start using other rational numbers, they will be able to
produce many solutions. Help them conclude that there is an unlimited number
of solutions in this case. Also help them realize that (2, 6) is a solution
but (6, 2) is not.
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Answers _to Problems 10~1
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1.

2.

Student Text Page 214

Most of the present problems are simple enough so that the
following form is sufficient for the student to write in verifying a
solution of an equation.

(2x1)+ 10 = 12 is true.

(2x5)+ 2 = 12 is true.

(2x0)+ 12 = 12 is true.

(2 X8) + (-4) = 12 is true,

12 is true.
12 is true.

(2X6)+0
(2X%X2)+8

(zx-%)+11 = 12 is true.

(2X4)+ 6 = 12 is false.
(2x2)+5 = 12 is false.
(2x6)+1 = 12 is false.

If some students find fancy solutions, such as ('5%, -“2‘ ), they

will need a more complete form to show their verification. The
following is recommended.

(2 X'S%)'i'(-%) 12 is true because

57 9 57 9 48
x —— - = — - = =
@XZL)+ () = TyrE) = =12
This form will later make clear the verifications of solutions of

— i) is

more involved equations. For instance to show that ( 24’ 9

a solution of the equation x+ 7y = 3+ 9x+ y we would write:
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and

5.

1 3y - 1 S
24+(7>< 9) 3+ (9 % 24)+ 9 is true because
1 5 1 35
——+ —— = — —
24T xg) =35+
_ 41 3 35 8
= (g x 31+ (5g x7g)
_ 3, 280
=72t T2
_ 283
72
1 s _ 3 S
3+ x 74) + 3 3+ 3ty
_ 72 3., 9 s, 8
= @x7) + (gxg)+ (gx3g)
216 | 27 40
=Tt t o
_ 283
72
(ll l)l (sl "2)
(11, 2, (2, 5), (-4, 7), (-283, 100), (23, -2), (13, 3), 4, - D),
31 1
(21 2): (6 5: 3'5)

Previous to this we have not suggested any systematic way to

find pairs of numbers which will satisfy an equation. The student
may just be making good guesses or they may be working out
methods of their own. This is fine. It is time, though, to help
them see that for any given value of y, they can methodically
find the comresponding value of x. At first they may substitute the

value of y and solve the resulting equation for x each time.
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For example, 1f y = —‘1:%, then
37
x+[3X( T‘B‘)] 17
37, _
x+ (- 6) 17
_ 37
x = 17+ 6
_ lo2 37
X =" * 7%
L = 39
6
Hence, (‘1%9‘ . - :13—;) is a solution.

If however, they are trying to find several solutions, help them
to discover that they can save themselves work by solving the
equation for x in terms of y before they substitute any of the

given values of vy.
x+ 3y = 17
x = 17 -3y

Then they have a formula which will give them more directly the

value of x for any valuz of vy.

It is hoped that the students will use the method suggested in

Problem 7. Since values of x are given, the equation should be

solved for y in terms of x.

2x -3y = 8
2x -8 = 3y
L ox-g =
3(2x 8) = vy

(11 -2)1 (71 2)0 (-21 "4)1 (5: )o (

w oo
o
-

1
w N
L

117
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9. See Problem 8. If x is ‘g% )
Py 57, _
Yy =3 [(szs) 8]
_ 1 114 184
=3 V723" T23)
Py 10
T3 ( 23)
_ 10
69
57 70
Hence, >3 69) is a solution.

Some of the solutions should be verified by direct substitution

into the original equation.

10, Each of the given ordered pairs satisfies the equation. Any
value of x less thnn zero would not be a whole number so it
is not allowed.

Any value of x greater than 5 makes y negative so is not

allowed. Hence this is the complete truth set.

11. There is an unlimited set of solutions of x-y = 2. Some of
them are (2,0), (3,1), (4,2), (5,3). It is not possible to write
all of them, but any one of them is of the form (x,x-2), where

X is a whole number greater than 1.

12, CHALLENGE PROBLEM. If the larger whole number is x and the

smaller whole number is y, then the equation is 2x + 3y = 24

and the truth set is {(12, 0), (9, 2), (6, 4)} . Notice that
(3, 6) cannot be used because we chose the first number to be
the larger number. If a pupil chooses x as the smaller whole
number, the equation is 2y + 3x = 24 and the truth set is

{ (0, 12), (2, 9), (4, 6) } . In either case the required numbers
are 12and 0, 9 and 2, or 6 and 4,
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10-2 A Problem in Two Variables

A number problem quite naturally leads us into considering two equations
connected by the conjunction “and", for which we are seeking a pair of
numbers which will make both equations true,It is not enough to make only one

of them true,

Our first method of trying to find a solution is not very efficient but hope-
fully it helps the pupil to understand exactly what is meant by a solution
of the system of simultaneous equations, Separate lists are made of members
of the truth sets of the two equations, A solution of the system must be in
both lists, With gocd fortune and a little cleverness one may find a common
solution this way, Even if a solution is found, there is nothing about the
method which assures us that there are not more solutions of the system,

Nevertheless, a little experimenting with this viewpoint is of value for

understanding,
Answers to Problems 10-2 Student Text Page 218
1, (3,-2)

2. @ {09, (26,3, 6.0}
(b) {(0,30),(1,25),(2,20),(3,15),(4,10),(5,5),(6,0) }
© (6,0

3. @ {07, 5,5, 00,3, (15,1) }
(b) {(0,23),(1,17),(2,11),(3,5)}

(c) There are no pairs in both sets, so the truth set in the domain

of whole numbers of the system of two equations is the empty

set.
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10-3 Systems of Simultaneous Equations

The systematic method which we use here for finding the truth set of a
system of two simultaneous equations in two variables is built on the idea of
removing one of the variables to give simpler equations with only one variable
which we know how to solve. Of course, the new systems of equations must

be equivalent to (that is, have the same truth set as) the original system.

Instead of trying to develop a complete theory of equivalent systems of
equations, it seems better at this stage -- simpler for the students to under-
stand -- to work in one direction from the original equation and then check.
Thus we reason as follows:

If there is a pair of numbers (x,y) which satisfies the system
5+ 3y = 9
{-Sx +2y=1
then we can show that this same pair of numbers satisfies the system
5+ 3y = 9
-
and in turn satisfies the system
- 3

X =7

y = 2
In other words, the truth set of the first system is a subset of the truth set

of the third system,

In order to know that the truth sets are the same we must show that
the truth set of the third system is a subset of the truth set of the first one.
We can show that by checking the only solution of the third system, (%, 2),
in the first system. We do not say all this to the students, but the teacher
should be aware of this logical basis.
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The addition idea which is used to remove a variable could be formally

stated:

If a, b, ¢, d are numbers, and
ifa = b and ¢ = d, then
a+c=Db+ d.

The reasoning which explains this, however, is little more than the reasoning
given in the text in an informal way. It depends on the closure property of
addition. If two numbers are added, the sum is a unique number regardless
of what names have been used for the numbers. If a and b are names for

a number and ¢ and d are names for another number (or the same one), then
the unique sum of the two numbers can be named in various ways, one of
which is a + ¢, another is b+ d. Of course one could also choose the

names a +d and b + c, but we prefer to choose the ones which serve our

purpose.

In this case we have planned ahead. Since the sum of 5x and -5x

is zero, we can see that addition will give an equation without the variable x.

Since any numbers which make both equations in the original system

true will also make the simple equation y = 2 true, we can use the new
system.

5x+ 3y = 9

y = 2

or equally well the system

y = 2
-5x+ 2y = 1

Encourage flexibility in replacing either the first or the second equation by
the equation in one variable. Having found y, we substitute this value

in whichever of the original equations is then easier to solve for x.



122

When we reach the system

_ 3
X=7
y = 2

we have showed that if an ordered pair satisfies the original system, then
it satisfies this final very simple system whose truth set we can see by
inspection. It remains to be proved that if an ordered pair of numbers
satisfies the final system, then it satisfies the original system. This is
why we must always check the ordered pair we obtain by substituting into

both of the equations we started with,

In the second example we observe 4y in both equations. It is this
which suggests using subtraction because 4y - 4y = 0., Encourage the
students to watch the terms in the given equations and to be able to predict
whether addition or subtraction will give an equation with only one variable.
Write several systems of equations on the board and have them tell which
variable can easily be eliminated and whether to use addition or subtraction.
Then have them make up some systems and tell the same thing. Possibly
they will give some systems where neither addition nor subtraction will
work as they stand. This will show nicely the need for an extension of the

method, which comes in the next section.

We follow our policy of trying to keep the reasoning alive by asking
occasionally for the reasons which justify the detailed steps. The reasons

in the second example are as follows:

(2x + 4y)-(5x + 4y) = (-12)-(-33) (Subtraction using different
names for the same numbers)
-3x = 21 (Simplification using defin-
ition of subtraction and the
associative, commutative
and distributive properties)

x = -7 (Multiplication by -';T)
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{Zx tay = -12 (Can replace 5x + 4y = =33 by
X = -1 x = -7 because any pairs
which make both equations
true also make x = -7 true)
2(=7) + 4y = -12 (x must be -7 in both equations)
4y = 2 (Addition of 14)
y = % (Multiplication by "12)
X = =7 (Can replace 2x + 4y = -12
1 1
= 3 by v = E because any pairs
which make both equations
true also make y = -;' true)
Notice that we have rearranged the equations, writing x = -7 first,

This is because of our habit of calling x the first variable. In writing the

1
ordered pairs (-7, <) we are careful to put the value of x first,

Answers to Problems 10-3 Student Text Page 220
1.{(.9 } 3.{(5, 31}
1
2.{(s,-2)} . s, -5}

10-4 More Systems of Simultaneous Equations

We use the word "coefficient" in this discussion. The pupils have
met it before but they may need to be reminded. In 3x + 2y = 12, the
coefficient of y is 2. In 7x -4y = 2, the coefficent of y is -4.

We hope that the students will discover that (1) it would be convenient
to multiply 2y by 2 in the first equation to make it 4y, (2) we are
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permitted to multiply 2y by 2 if we also naltiply 3x and 12 by 2 in
the first equation, because the result is an equivalent equation. Since the
coefficient of y is now 4 in one equation, and -4 in the other, addition
will eliminate the variable vy.
Completion of the first example:
By addition,
(6x + 4y) + (Tx - 4y) = 24+ 2

13x = 26
X = 2
X = 2
{7x-4y = 2
(7%2) -4y = 2
-4y = -12
y =3
X = 2
-
Check: (3% 2)+ (2%X3) = 12 is true.

(7x2)-(4%x3) = 2 is true,
The truth sex 15{(2,3) }

Completion of the second example:
By subtraction,
(21x + 12y) - (10x + 12y) = 129-52
llx = 77

X =17

X =17
7X + 4y = 43
(7X7)+4y = 43
4y = -6
_ .3
Yy ="

P
< ¥
n
' ~

NI
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Gnack: (7X7)+ [4X -3

43 is true.

(5X7)+[6X(-§')] 26 is true.

The truth set is {(7, —%) }

To find the solution of the second example by eliminating the variable x,
the children should multiply in the first equation by 5, in the second
equation by 7, and subtract.

If in a system such as

13x + 18y = 5

{17x + 24y = 7

the pupils have any difficulty in deciding what numbers to multiply by in
the two equations to make the coefficients of y the same ask them how

they would get equivalent fractions with the same denominator in the sum

18 24°

Both problems involve finding the least common multiple of 18 and 24.

Answers to Problems 10-4 Student Text Page 222
1.{ (5,4 } 5.4 (10,-9) }
2.4 (4,1) } 6. {(1,-3) |
3.1 (%,4)} 7.{ @, -1}
4.4 (-2, -3)}
8. CHALLENGE PROBLEM The equations
x~-4y = 3
and X = 3+4y

are equivalent (4y has been added to each side of the first equation
to obtain the second), so one can be replaced by the other in the

system without changing the truth set.
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Since for any ordered pair in the truth set, x and (3 + 4y) are

names for the same number, we may replace
first equation without changing the truth set.

has only one variable.

x by (3 + 4y) in the

The resulting equation

3(3 + 4y) - 5y = 21
9+ 12y - 5y = 21
7y = 12
_ A2
y =7
_ A2
Yy =9
X = 3+ 4y
x=3+(4X’L;'—
21, 48
X =g+t 5
L = 69
B ¢
69
X =~
7
_ A2
Yy =9
Check: (3 xég-)-(sxl—?) = 21 is true because
69 12, _ 207 60 _ 147 _
(3><7) (5x7)- 7", = o= 2l
6—3 - (4Xl7§) = 3 is true because
69 lz, _ 69 48 _ 21 _
7 (4x7)_ 7 7T 7 = 3
The truth set is {(6—3,%)}.

The above method, sometimes called the method of substitut ion,

is often convenient when it is easy to solve one of the equations

for one variable in terms of the other.

We make the method avail-

able to those students who are interested, but we do not consider

it a necessity at present.
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9. CHALLENGE PROBLEM (a) Solve the second equation for y in terms of

x, giving y = 6 -8x. Then use (6 - 8x) for y in the firsi equation.
The truth sei is {(% , 2) } .

(b) Solve the first equation for x in terms of Yy, giving x = 5 - 3y.
Then use (5 - 3y) for x in the second equation. The truth set is

{(6,- —;)}

10. CHALLENGE PROBLEM From the first equation, x = - —;— . Use this

value for x in the second equation to show that y = 6. The truth set

is{(— —%-,6)}.

10-5 Word Problems Using Two Variables

In solving word problems we have an opportunity to practice clear self
expression and good form in writter wwork. Help the students to develop good
habits in such things as

1. Describing the variables clearly and showing the units
of measure at the start, Not "Let x = butter”, which

is nonsense, but "If he bought x pounds of butter".

2. Showing sufficient steps in solving the system of

equations so the method is clear,
3. Checking in the words of the original problem.

4. Showing the answers to the questions clearly, Not
"x = 3", but "He bought 3 pounds of butter", Steps 3
and 4 should also help the student eliminate nonsense
answers to problems where the domains of the variables
are restricted. For example, in a problem involving
"He bought x pounds of butter", a solution of "x = =3"
might be correct for the system of equations, but is not

for the word problem.
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10~
swers to Problems 10-5 Student Text Page 224

The numbers are 10 and -3,

5

The numbers are l;‘ and z‘

If there are b boys and g girls,
then
b= g+10
{b = 2(g+ 1),
There are 18 boys and 8 girls.

If one pencil costs p shillings and one ruler costs r shillings, then
12p + 10r = 21
20p + 4r = 16,

1
Pencils cost > shilling each and rulers cost 1% shillings each,

A A
If the size of B is x°and the size of C is y° then
x+y+20 = 180
x = 9y + 10

~ A
B 1is an angle of 145o and C 1is an angle of 150.

If the longer piece was x feet long and the other piece was y feet long,
then
X = vy+18
P
One plece was 27 ft. long and the other was 9 ft. long. The original

rope was 36 ft, long.

If the size of the angle is xo and the size of its supplement is yo, then

x+y = 180
X = 3y
The size of the angle is 1350.
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11.

12.

129

If the rectangle is x inches long

and y inches wide, then y
{ 2x = 3y
2x + 2y = 320

The rectangle is 96 inches long and 64 inches wide.

If he walked at w miles per hour and bicycled at b miles per hour, then
4w + 3b = 45
{ 2w + 4b = 50
He walked at 3 m.p.h. and bicycled at 11 m.p.h.

If his normal rate of pay is x shillings per hour and his overtime rate is y
shillings per hour, then
21x + 9y 56
{27x +3y = 52

His normal rate of pay is 1% shillings per hour and his overtime rate is

Zé' shillings per hour,

CHALLENGE PROBLEM If the tens' digit is x and the units digit is vy,

the number is 10x + y and the number with the digits reversed is 10y + X.
10x+y = (10y + x)-27
X+y = 13

9% - 9y =27
X+ y = 13

The number is 58,

CHALLENGE PROBLEM If the tens' digit is X and the units' digitis v,

then

(10x + y) + 36 = 10y + x
y = 2x+1

The number is 37.
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13, CHALLENGE PROBLEM If the speed of the first train is x m,p,h, and
the speed of the second train is y m,p.h. then
ax + 1Ly = 200
4
y =x+ 10
The speed of the first train is 30 m,p.h, and the speed of the second
train is 40 m.p.h.
14, CHALLENGE PROBLEM If the speed of the first train is x m,p.h, and
the speed of the second trainis y m,p.h, then
Ssx + 1—31'- = 200
)l—ix + 3y = 200
Both trains travel at the speed of 34%-3— m,p.h, or about 348 m,p.h.
15, CHAILENGE PROBLEM If there eire x cu, ft, of one liquid and y cu,
ft, of the other, then
f x+ y=10
}Zx + 3y = 24
There are 6 cu, ft, on one liquid and 4 cu, ft, of the other,
The weights are both 12 lbs, weight,
Answers to Problems 10-6 Student Text Page 227
1, Two variable solution,

Let n be the larger of the two numbers and s the smaller, Then
{ n+ s=23
2

n-4s = 4
or {n+ s =23
n-2s= 2

The solution set is {16, 7}.
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One variable solution,

Let n be the larger number, Then 23 - n is the smaller number,
Therefore
2 - 4(23 - n) = 4

which is equivalent to

n 16
Then 23 - n=17,
There is not much difference in the difficulty of these two solutions,

Two variable solution,

Let n feet be the length and w feet the width of the rectangle, Then
SZn + 2w = 80
I 2n = 3w

The rectangle is 24 feet long and 16 feet wide,

One variable solution,

2

30 feet the width of the rectangle,

Let n feet be the length and
Then
n o+ -g—n = 40

Another one variable solution,

Let n feet be the length and 40 - n feet the width of the rectangle,
Then

2n = 3(40 - n)

There is only one variable, The given integer must be of the form

10x + 5, If the digits are reversed the new number is 50 + X,
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Then

50 + x {(10x + 5) + 18
and x = 3,

4, Let x° be the size of the smaller angle and (x + 16)° the size of

the larger angle, Then x + (x + 16) = 90,
The angles have sizes 37° and 53°,

This is a little simpler than a two variable solution in which

x + 16 isreplaced by y, and we have the two equations
y = x + 16
x + y = 90

S5e Two variable solution,

Let m be the number of measures in the mule's load and d the

number of measures in the donkey's load, Then

2(d - 1)

3

+

—
It

or Sm-2d=-3

The mule's load is 7 measures, the donkey's 5 measures.

6. Let the cost of the bottle be b cents and the cost of the contents
(b + 18) cents.

b+ (b + 18) = 60

b = 21

I

b + 18 39

This i1s somewhat simpler than the two variable solution in which

b + 18 isreplaced by ¢ and we have

Sc+b=60

Je - b =18
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8.

Two variable solution,

Let 2;' be the given fraction, Then

x + 5 _
y + 5

X = 1
y -1

133

4
7

£
5

These equations may be replaced by

7x + 35 = 4y
5x - 5§ = 2y
or S?x - 4y = =15

)5x-2y=3

The solution set is {7, 16}. Hence the given fraction is L

Two variable solution,

+ 20

- 2

16°

Let x miles per hour be the speed of the boat in still water and

y miles per hour the speed of the current, Then the speed of the boat

downstream is (x + y) miles per

(x - y) miles per hour. So

s(x+y)><%=
'(x-y)x%=

These equations are equivalent to

yx s

s

whose solution set is {15, 3}

hour and the speed upstream is

45

39

18

12
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CHAPTER 11

DECIMAL NUMERALS

This chapter is concern=d with a particular way of representing numbers,
Much of the work in earlier chapters has been concentrated on properties of the
numbers, properties which are not dependent on the way the numbers are written,
For example, the commutative property remains valid however we represent numbers,
The statements 7+ 9 = 9+ 7 and VII + IX = IX+ VII are true regardless of

what notation is used,

Here we study one important representation of numbers, We study decimal

numerals, or more briefly "decimals".

The main feature of the chapter is the clarification, by means of expanded
notation, of the four fundamental operations of addition, subtraction, multiplication,

and division. With this clarification, the work on percentage follows readily.

11-1 Revision of Base Ten Numeration

Do this section in class as rapidly as possible, Begin by asking the
class what several decimal numerals represent. Be sure that the index notation
is clear to all, Problems 1 and 2 can probably be done orally, or with students

putting the work on the board,

11-2 Addition and Subtraction with Decimal Numerals

This material, too, should be revised briefly.
Addition
Begin the discussion without reference to the text, by asking the pupils to

explain simple sums. For example: 53 57 637
42 64 795
95 121 1432
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Keep asking questions until pupils, on their own, make use of expanded notation
to explain their work, Fcr example, in 57 + 64 = 121, you might ask a pupil
how he got the "2", 1If he talks about "carrying one", get him to explain why the
"one" is really "ten". Perhaps he may argue that 57 plus 60 is 117 and then 4

more gives 121. Or that 50 plus 60 is 110, 7 plus 4 is 11, and their sum is 121,

i.e,,

57 50

60 7

_4 60

117 __ 4

_ 4 110

121 11

121

While you would like everyone to discover for himself that

57 + 64 [5(10) + 7] + [6(10) + 4]
11(10) + 11
1(102) + 1(10) + 1(10) + 1

121

i

not everyone will think of doing it this way. However, when all are aware of how
the notation might be used, then you can go to the text. Have pupils explain the
steps in the text and how the basic principles are used. Also, show how these

steps occur in the usual shorthand computational algorithm,
Subtraction

You may treat as a class activity the completion ¢f the two examples given
in the text. Have the pupils explain and discuss the steps in the simplification,
Make certain that they really understand the process which is often called "borrow-

ing", but which is really regrouping by the associative property of addition,

[3(10) + 8] -[2(10) + 6]
[3(10) - 2(10)] + [8 - 6]
1{(10) +2 = 12

Example 1 38 - 26

]
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Example 2. 65 - 47 = [6(10) + 5] - [4(10) + 7]
[5(10) + 15] - [4(10) + 7]
[5(10) - 4(10)] +[15 - 7 ]
1(10) + 8 = 18

]

Answers to Problems 11-2 Student Text Page 230

1. (@) 3(10) + 5 =235
(b) 1(10%) + 1(103) +7(102) + 9(10) + 1 = 11,791
(c) 5(10) + 2=752
(d) 8(10) + 8 = 88

11-3 Multiplication with Decimal Numerals

By this time, a pupil should by himself be able to use expanded notation
to explain the usual computational algorithm, It is of great importance that the

pupil see how the distributive property is applied.

A good way to begin the discussion is to write a Algorithm
problem on the board such as is shown here, Then ask for 42 X 27
pupils to explain where each digit comes from in the 27
computational algorithm, As soon as the class sees the —:i
idea, you can proceed to a study of the text, but do not | 108

1134

stop class discussion just to go to the text, It is quite

possible that some pupil may suggest something like this:

(40 + 2)(20 + 7)

[40 X (20 + 7)] +[2 X (20 + 7)]

[(40 x20) + (40 x7)] +[(2 x20) + (2 x7)]
[800 + 280] + [40 + 14]

1080 + 54

42 X 27

Il

It
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Now the problem is reduced to a problem in addition, a problem which has all
ready been discussed in Section 11-2, At this point you can once more ask the

class where the different digits in the computational algorithm come from,

Observe that the explanation given by the pupil does not fully use the
expanded form, This is quite all right. The purpose of this section is to make
perfectly clear to each pupil the reasons underlying the algorithm which he may
have learned by rote. Once this has been achieved, there is no necessity for

insisting that the pupil write out everything in expanded form,

For example, the multiplication shown above may also be written as follows:
42 X 27 = [4(10) + 2] X [2(10) + 7]
= 8(10%) + 4(10) + 28(10) + 14
= 8(10%) + 4(10) + 2(102) + 8(10) + 1(10) + 4
10(10%) + 13(10) + 4
1(103) + 1(10%) + 3(10) + 4

It

Remember: Use of expanded notation is not a skill to be learned, Its -purpose is

to clarify. The example in the text is simplified thus:

34 X7=[3(10) + 4] X7 =[3(10) x7] +(4%x7)
21(10) + 28
20(10) + 1(10) + 2(10) + 8
2(102) + 1(10) + 2(10) + 8
2(10%) +3(10) + 8
= 238

Some pupils may need help with the fourth line,

Answers to Problems 11-3 Student Text Page 231

1. (a) 1109 + 4(10) + 8 = 148
(b) 3(102) + 9(10) + 6 = 396
(c) 6(103) + 0 (102) + 2(10) + 7 = 6027




Chapter 11 139

11-4 Division with Decimal Numerals

Begin the discussion by reminding the class of the 2

definition of division in the text, Then start doing a long 47 y10_81—
division problem such as is shown on the right, Ask the 94

class what the 2 means, and what the 94 means. Ask why

one selects 2 rather than some other digit. These questions should promote a fair
amount of discussion and argument, It is likely that pupils will not keep in mind
or tell you the aim of the whole process., That is, they will lose sight of the fact

that they are trying to find a decimal numeral for the number g such that
1081 = 47 q.

Keep asking questions until it happens (it may not happen so you will have
to tell the class, but try to be patient) that some student remarks that g must be
less than 30 because 47 X30 = 1410, and 1410 > 1081, Also g must be
more than 20 because 47 X 20 = 940, and 940 < 1081, Now the class should
be able to answer two of your earlier questions., The 2 in the method stands for

20 and the 94 in the method stands for 940.

At this point you can either abandon your example of

23
1081 + 47 and go to the text, or you can continue on with the 47 )1081
example. What you should do will depend on how the class %
feels. Hopefully, the class will want to continue. If so, 141

ask a pupil to explain where the 141 comes from in the long
division algorithm shown here. He should be able to tell you
that 141 is the difference between 1081 and 940. In other words, he should know

that he is looking for a number p such that

1081 = 47(20 + p), or
1081
141

(47 x 20) + (47 X p), or

47 Xp
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The problem now is a simpler one. Obviously, p = 3, so

1081 = (47 x20) + (47 x3) = 47 x23, and
1081 + 47 = 23

Now turn to the text and ask the pupils to follow the two examples and

answer the questions in the text.

Answers to Problems 11-4 Student Text Page 233

1. (@) Between 10 and 20
(b) Between 300 and 400
(c) Between 3,000 and 4,000

2. (@ 98 = 7x 10 +
- 7598
X = 10+p 70
where p is between 0 and 10 28 14
7)98
98 = 7(10 + p) 10 + 4 7

98 = 70+ 7p 7)98 28

3 | 70 28
28 = 1p 28
4 = p 28
x = 10+ 4
(b) 36
() 17
1
(d) 733—5

11-5 Rational Numbers in Decimal Notatior

The pupils already know how to write wirole numbers in decimal notation,
You might take them quickly through a few exercises of writing whole numbers in

the expanded form,

You could then star: a discussion on the place value of 3 in each of the
following whole numbers: (a) 4300, (b) 430, (c) 43, (d) 43,000 and (e)

430,000, Because of the work they have already done on decimal notation they
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should have no difficulty in explaining, for example, that the 3 in (&) is 10 times

the 3 in (b) and also that the 3 in (b) is 10 times the 3 in (c).

Ask the pupils to write 43 in the expanded form. If they are able to do so

10
after some effort, the exercise may be extended to ig_(a) .

They should then be asked to write the number 28 % in the expanded form,

) o)

ask them whether they can say something about the place values of the digits 2,

If they are able to state that it is

4

2(10) + 8(1) + 4 (

|~

1

o

8, 4, and 3 in the above expanded number. They should notice that the place
value of each digit is 10 times the place value of the digit immediately on the

1

right, Now tell them that we write the number 2(10) + 8(1) + 4 <%> + 3 <_§>
10

in decimal form as 28+43 and use the decimal point to separate the digits repre-
senting a whole number from the digits representing a number less than 1, It is

read as "twenty-eight point four three",

Answers to Problems 11-5 Student Text: Page 234

1. (@) 432-56
(b) 0+456

2. () 3(102)+9<10>+“3<ﬁ) * 4<_17) ' 5<_15)
0
(b) 6(102>+0(10)+0(1)+0(F1)) ¥ 1(_1“2) * 0<_15> ' 2<_l‘1)

or 6(102)+ 1(%) + 2<i4)
10 10

11-6 Addition and Subtraction of Rational Numbers

The work which the pupils have already done in addition and subtraction

with whole numbers should simplify the work of this section.
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Begin by considering a sum such as the following:
364 - 4-12

Ask the pupils to suggest how this should be done. They may be led to recall

what was done with whole numbets and this will suggest the expanded form.

Thus 3 64 = 3(1) + 6(—1) + 4<—l—>
10 2
10
B 13 1
4-12 = 4(1) + 1(1_6) »2(-—2>
10
1 1
364+ 4-12 = 7(1) + 7(—-—) + 6 | —
10 102

Hence, the sum is 7-76. The use of the distributive law should be noted here as

the teacher leads the pupils to see how each digit is obtained.

The pupils should soon reach the stage where the process of adding may be

understood without using the expanded form.

Subtraction can be studied in a similar manner. Encourage the pupils to

check subtraction by addition.

Stress the importance of keeping the decimal points divectly under one

another when writing decimal numerals to be added or subtracted.

364 873

4.12 - 3-45

776 5.28
Answers to Problems 11-6 Student Text Page 235
1. @ 9-43 (b) 16-482

2. (@) 1-11 (b) 0-1096
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11-7 Multiplication and Division by Ten

The pupils have seen the distributive property applied to multiplication
with decimal numerals (Section 11-3), A good way to start will, therefore, be 10

set a problem like 3-2 X 10 for the children to do on the board in the expanded form,
The problem is done as follows:

3:2 X10

[3(1) + z(-l—(l))] X 10

3(10) + 2(1)
32

At this stage the teacher could start a discussion with the pupils on place values
of the digits in 3:2 and 32. In particular, the teacher could ask them whether
they notice what has happened to the place values of the digits in 3-2 after it is

multiplied by 10.

They may say that the place values of the digits have changed. Ask them
to tell how. Some may be able to say that the value of each digit is now 10 times
what it was at first. That is a correct answer, but in order to draw attention to
the behavior of the digits in the decimal numeral, the teacher should lead them on
to what they may have observed, namely that each digit has moved one place to

the left with reference to the decimal point.

Let them see what happens in this example which may be worked on the

board:

72:65 X 10 There is, as it were,

Result = 726-5 " promotion" for each digit

Now ask them to tell what happens when a number is multiplied by 100 or
102. Lead them to make a general statement about multiplying a number by 10n

where n is a positive integer.

Division by Ten

This should, of course, follow from multiplication by 10, One example may
be put on the board for the students:

24-38 + 10 or 24-38 X -1-(—1)
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They proceed as follows:

24:38 + 10 [2(10) + 4(1) + 3(1—3) + 8 (-—1—2) ] % G
10

[—

2(1) + 4(—1-> + 3 (_1_ + 8 1 (The distributive
10 102 10° property)

2-438

Now ask them to tell what has happened to the digits. It is easy for them

to see that the digits have been moved one place to the right with reference to the
decimal point.
We may then find out from them whether there has been ancther "p: omotion"
in this case. This, of course, will lead to their stating that there has been a
demotion, i.e., the reverse process.
2 .
Then fcllow up by asking for a statement for dividing by 10, 103, and 10n

where n 1is a positive integer.

Answers to Problems 11-7 Student Text Page 236
1. (@ 1:1;11; 110 2. (@) 7+1;0-71; 0:071

(b) 0-12;1-2; 12 (b) 10-°051; 1-0051; 0-10051

(c) 80-91; 800-.; 8001 (c) 0-0017; 0-00017; 0-00L017
3. (e) 0-038u8 4, (d) 1000

11-8 Decimal Places, Multiplication and Division

The purpose of this section is to show that multiplication and division

involving rational numbers in decime’ notation are the same as multiplication and

division of whole numbers in decimal notation, except that decimal places come
into the picture.
Start off by telling the pupils what is meant by decimal places and then have

them give orally the number of decimal places of some numerals such as the

following: 37°5, 0-24, 40-105, 0°:0056, 149-35043.
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The next step would be to pose the following problem: What is the truth set for

the following equation?
2:54 = 254 Xa

They should be able to give the answer { 1_15 } . From the above, they
4% ——

are able to see that we can write 2:54 as 25 Proceed to work 4 X 2-54

. 100 °
on the board as follows:

4x2-54=4x(254x—l-)
* 100

=1016 X 100 (Associative property of
= 1016 multiplication)

The pupils may now do 124 X 3°2 in a similar way. The work will tdke this form:

1.24 X 32 = <1z4x—l—) x(szx—l—)

100 10
1 1
= (124 X 32 —_ (Why?)
( 3 )><(100 X 10)
1
= 96 ———
3968 X 1000
= 3.968

Ask the pupils what they notice about the decimal places in the answers of both
examples and lead them on through inductive reasoning to the general statement:
"When we multiply numbers in decimal notation, we find the product as with whole
numbers and then fix the decimal point so that the number of decimal places in the

product is the sum of the number of decimal places in the factors."
Division
We go about division first by doing one or two division examples on the

blackboard with the pupils. The following will do:

0-23
47)10-81 0-0058
9.4 7Y0-0406

1-41
1-41

They see that division is easy with whole number divisors.
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The teacher may now ask them: "What should be done in a division like
10.81 + 4-7?" After some effort they might come out with the suggestion that if
4.7 were 47, the problem could be done easily. They may then be asked to put

the problem in a form such that the divisor is a whole number.

If 108-1 + 47 is suggested, ask for the explanation. This may lead to:

10-81 _ 10-81 10 )
10

4.7 4.7

We cculd now generalize by telling them that since it is easy to divide by

whole numbers, we try to obtain whole numbers for divisors as was done above.

Answers to Problems 11-8 Student Text Page 238
1, (@) 0-026248 (b) 0-0813
2. @ 65-62 (b) 1-3

3. 0-19525

11-9 Rough Apwnroximations in Multiplication and Division

This section may be introduced by a game in which the pupils make snap
guesses of products. After a number of examples a discussion may be started by
having the pupils whose approximations were good describe how they obtained
their answers. This could lead to a further discussion of the value of such

approximation.

The text does not attempt to give rules for approximations. A few examples
are given but each pupil should feel free to use the method easiest for him in the

particular example being tackled.

You are aware that almost always when we deal with decimal numerals we
are concerned with measurement. For example 2-5 is likely to have appeared as a
measure of length, weight, or capacity. In dealing with such measures we know

that there is no point in keeping decimal places beyond those which can be
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measured in the given situation or beyond those which are justified by the given
measurements. The number of decimal places which have meaning depends on the

accuracy with which the measurements have been and can be made.

In this section, we have not concerned ourselves with this aspect of decimal
numerals., You will find that some of the products have been taken to five or more
places. We have assumed that the given numerals are not the result of measure-
ment but that they are exact representations of numbers, from which products can
be found exactly. We are concerned now with the computation process with
decimal numerals and the "exact products" are given to help demonstrate the use-

fulness of the rough approximation as a check on the computation.

Discuss with the class the difference between computation with exact
numbers which we are studying here, and application to situations involving
measurement, Make sure that the pupils understand that in the latter we must

frequently throw away some of the last decimal places because they are meaningless.

Answers to Problems 11-9 Student Text Page 240
1. {a) Wrong (d) Wrong

(b) Wrong (e) Right

(c) Right (f! Wrong
2. Approximately 250 shillings. If we estimate 5 dollars as about 40

shillings, we get a satisfactory estimate of 280 shillings.
3. 6 hrs,, approximately
4. Between 35,000 and 25,000 sq. miles.

5. Ghana has approximately 150,000 sq. miles. Kenya has twice the

area of Ghana.

6. (c) 0-01136
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11-10 Rounding Off

Pupils may be asked to say whether the population of a country at 8 a.m,
on a certain day will be the same as the population of the country at 8 p.m. on the
same day. This should lead to the fact that the population may change at every
instant of the day, and that it is practically impossible to obtain the exact number
of people in a country at any one time, since difficulties may arise by some being
in the process of being born and others in the process of dying., Discussion on the
practical means of estimating the population of a country should reveal that an

approximation to the population is all that is really necessary or practicable,

Records of weights and measures are liable to error because of the nature of
the instruments., The measurement that we obtain for the length of a line segment
depends on the accuracy of the instrument used, which in turn depends on physical

conditions, Thus, the measurement we obtain for the length of a line segment can

be only an approximation.

Suppose that we wish to fird the area of a rectangle whose dimensions are
measured to be 12-5 inches and 9-8 inches, carried to one decimal place,
respectively. The statement that the length is 12.5 inches means that it is any-
thing between 12.45 inches and 12.55 inches. In the same way, the breadth is
between 9.75 inches and 9:85 inches. The area, then, is between (12:45 X 9:75)
and (12°55 X 9-85) square inches, or between 1215 square inches and 123°5
square inches. This demonstrates how the approximate nature of the measurements
affects the product. We cannot even say what the area will be to the nearest
square inch and certainly not to the nearest tenth of a square inch. The best we

can say is that the area is about 122 or 123 square inches,

We do not now go into this matter of computation with numbers which are
approximations, but it is a matter which should be studied later, and of which the

teacher should be aware now.

In talking about mathematics, most of us have acquired languac habits which
do not always describe accurately the mathematical situation they .eal with, An
example of this appears in the text in this section when we talk ,f measuring

a line segment, Strictly speaking, a line segment is an abstraction and
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cannot be scen and, therefore, cannot be measured. An alternative, rather long-
winded, but mnore accurate, description could be "measure the mark which repre-
sents the line segment”. Of course, a line segment has associated with it a
number which is its measure, but there is no physical measuring process for

obtaining it.

A question may arise as to how we know at which level a number like
85,000 has been rounded off. Has it been rounded off at thousands, hundreds,

tens or units? In our ordinary decimal numeral, there is no way of saying.

85,000 could be 85,251 or 84,763 rounded off at thousands
or 85,046 or 84,963 rounded off at hundreds
or 85,004 or 84,996 rounded off at tens
or 85,000°4 or 84,999-8 rounded off at units

If, however, we use standard notation to express the number, the accuracy
of the number can be clearly indicated. For instance, with standard notation we

know that 8-:50 X 104 has been rounded off at hundreds.

Not everyone uses the convention we have given for rounding off a number
such as 1-45 to one decimal place. Instead the agreement is often to keep the

nearest even digit in the last place retained. Thus

1-45 would be rounded off to 14
1-75 would be rounded off to 1:8
285,000 would be rounded off to 280,000
0°3615 would be rounded off to 0-362

This procedure is used only when the digit to be dropped is 5 and digits after that
digit are zero or not known. An advantage of this convention is that, in a large
number of computations with approximations, the errors caused by rounding off
tend to balance out instead of accumulating, as they can when the next higher

digit is always used.
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Answers to Problems 11-10 Student Text Page 243

1. (@) 6,123,000 (b) 5,432,000 (c) 1,236,000

2, (a) 625 (b) 97 (c) 8 (d) 8
3. (@) 25-2 (b) 6.5 (c) 620-0 (c) 8.5

4, Correct to 2 decimal places

(i) 1-23 (ii) 9652.85 (iil) 2615.21 (iv) 8965
Correct to 3 decimal places
(1) 1.235 (ii) 9652-855 (1i1) 2615.211 (iv) g8.651

5. Correct to 2 decimal places

(i) 0-33 (i) 0.17 (iit) 0-14 (v) 0.27
(v) 0.56 (vi) 0-20 (vii) 1-89 (viii)11.57
(ix) 7-54 (x) 5-32

Correct to 3 decimal places

(1) 0-333 (i1) 0°167 (i11) 0-143 (iv) 0°-273
(v) 0-556 (vi) 0.200 (vii) 1.889 (viii) 11°571
(ix) 7-538 (x) 5-316

11-11 Percentages

The aim of this section is to introduce that aspect of rational numbers which
we call percentages. The definition of the term percentage can be easily understood
by the pupils if they recall what they have learnt earlier about fractions. They

must have learnt, in particular, that means that a whole thing is divided into

I
10 7
ten equal parts and 7 of those parts are represented by the fraction 0 Every

part is a tenth part of the whole.

Explain that a "per cent" means a hundredth part. You might at this stage

ask a pupil to express "one per cent" as a fraction on the blackboard. He should
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write 1—%-0- . Then ask for some others such as 8 per cent, 30 per cent, 89 per cent,

etc, to be written as fractions,

To introduce the use of per cent in expressing a given ratio, you might talk

about the boy who got 7 sums out of 10 correct. They know that the ratio of correct

, 7 7 .
sums to total sums is represented by the fraction 10 To show that o is the

10
same as they multiply by one in the form T Then explain that if a fraction

70
100
is transformed into one with 100 as its denominator, it is said to be expressed as
a percentage; the numerator of the fraction is called the rate . In the percentage
75 1 .
60 75 denotes the rate, The symbol (% = 10—0) can now be introduced, Point
75 1

out clearly that 50 - 75 X 100"

the same number,

75%, and 75 per cent are four ways of writing

Some people think of the symbol % as representing 100 in other words,
part of the fraction symbo!l, Thus, 35% can be written as -1—0—0' , the number
in front of the symbol 9, being the numerator of the fraction, This is quite accept -
able and may be taught, Whatever concept is taught, however, it is desirable that
consistency be maintained throughout, If this second meaning is taught you would

want to change the wording in some of the examples, e.g,, "35 X I—é—(-)- would be

omitted in the first example,

Answers to Problems 11-11A Student Text Page 245
1. 90% = -2 = 90 x —= = 90 t. Similarly for the oth
. A 100 100 per cent, Similarly for the others,

Answers to Problems 11-11B Student Text Page 246
1. (a) 66 g % () 4009, k) 60%

(b)  50% (@ 333% (O 8%

2
(c) 75% (h) 166 3 % (m) 100%
I
d 133 % % W 20% M) 533 %

(e)  140% () 40% (©) 120%
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7 13
2. (@) 556 (c) 55
1 11
(b) 3 (d) 500
3. (@) £4.2s.6d. (d) £23 1s.0d.
(b) £4 4s,0d. (e) $187.57
(c) £50 8s.0d. (f) $12.48
11
- 33 = 100 X 300 = 11 per cent of 300
5. 16% 9. 18 %%
23
6. 67 3—1% 10. 522
4 13
7. 78.7%, 28, 11, 31 ﬁ%
8. 5,000 12.  50%

11-12 Percentages and Decimal Numerals

The pupils already know how to convert fractions into percentages and vice
versa. The aim of this section is to show how we can convert percentages into
decimal numerals and vice versa.

The conversion is easily done by using the fraction form as an intermediate
45 45
100 100
to 0-45. Point out the following pattern of converting back and forth between

step. Thus it is a short step from 45% to and another short step from

the different forms.

Percentage -=— Fraction with derominator 100 -—s= Decimal numeral

Answers to Problems 11-12 Student 'I'ext Page 248
1. @) 32:5% (d 0-8%
(b) 5% | @ 852%

(c) 230%
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2, (@) 0°33 (d) 0-125
(b) 0-005 (e) 2.5
(c) 0-015 () 0-75

11-13 Application of Percentages

You might begin by discussing why anyone goes into business. Many
reasons may be given for this, but it is generally true that a businessman wishes

to make a profit. He buys and sells, and hopes to sell for more than his cost.
You may wish to give some oral exercises in profit and loss:

(@) If I buy a dozen eggs for 1s, 9d, and sell them at 2d, each, how mucl:

doI gain? Since I sell the eggs for 12 X 2d, or 2s., I gain the difference
between 2s, and 1s, 9d, I gain 3d,

(b) If I buy six exercise books for 3s.6d., how much do I gain or lose if I

sell them at 5d. each? Ilose ls. since I sell them for 6 X 5d. or 2s.6d. and

3s.6d. - 2s.6d. is 1s.

Lead the class to the next topic by asking the class which is the better
transaction, buying a book for 10s. and selling it for 10s.6d., or buying a book

for 5s. and selling it for 5s.6d?

The person who invested in the first book could have used the money to buy
two of the second books and in that way gain ls. Thus, the second transaction is

better than the first.

Not every set of transactions may be so clear. Which is the best transaction,
buying a book for 9s. and selling it for 12s., or buying a book for 8s. and selling
it for 10s., or buying a book for 10s. and selling it for 13s.6d.,? We shall be

31
able to find the best transaction if we compare the ratios % . 52_; , and 7

10

Hence, the ratio of the profit to the cost price gives us an adequate basis of

comparison., We express this ratio as a percentage, so that comparison is easy.
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Answers to Problems 11-13A Student Text Page 250

1. 14$% 6. £150
1

2. 622% 7. £366 13s.4d.
3. 22 —29% profit 8. 1839

. 11 e Pro . a 0
4, £ 780 9. 4s.6d.

5. 85.7%d. 10. 2d,

Commissions and Discounts

The teacher may prepare for this lesson by obtaining local material on
commission and discounts, Shops or newspaper offices may supply this, It will be
of value if the students could have a practical notion at first hand of commissions

and discounts,

Answers to Problems 11-13B Student Text Page 252
1. £540 4, £900
2, shs.137,50 5. shs, 728,37
1
3. 600 —
£ 6. 14 16%

Simple Interest

Many boys and girls use the Post Office bank system. The Post Office uses
cor..oound interest to compute amounts. This interest system should be explained
to the pupils, and also the reason that simple interest is studied as a prelude to

compound interest,
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Answers te Problems 11-13C |

1.

Answers to Revision Problems

-

Student Text Page 253

(@) £45 (d) 56 dollars 25 cents = $56.25
(b) £73 lls.4§d. () 100 francs
(c) £62 10s.
1 year 9 months 6.  £675
3%% 7. shs.105
2 1
14—7— years 8. 12 ?%
shs. 3,000 9. shs.3, 666,67

1.

(a)
(b)
(c)
(d)

(a)

(b)

(c)

(d)

(e)

(f)

Student Text Page 254

35+ 63 (e) 9090-909
403-107 (f) 58-087
1.0103 (g) 105.0077
0-07705 (h) 3-001003
1+ 2(—1——2 + 4(%0 + 9(—1-;1

10 10 10

5 + 3(—1—2>
10

1

3(104) + 7(103) + 3(10) + 5(1) + 4(—) + 4(_1.2_> + 9(_l_>
10

10
7<—1§ + 5(-1—4)
10 10
1 /1 1
8(—) + ——) + 1(——
103 Z(104 10°

1(103) + 1<L)
4
10

103
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7.

10.

11,

12,

13.

14,

(@) x=1
(b) x=10%2 =100
11
(c) x= 03 1000
1
(d) X = -1—6
1 1
(e) x= o7 10000000
1
(f) x o4 10000
(9) x=10%= 10000
(h) x =102 = 100
(a) 2°2 inches (b) 2¢5 inches
£25 12s.6d.
220 yards

437 yards 16 inches

547 miles
(a) 8808:6 miles (b) 2602-9 miles
@@ 0-45 (b) 0-125
@@ 0-25 (c) 0-85
(b) 0-50 (d o0-025
504 cwt.
£9

3,280,000

(c) 10 inch

(c) 3714-1 miles
(c) 0.075

(e) 3-05
(f) 1-125
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CHAPTER 12

REAL NUMBERS

This chapter has a rather different emphasis from the others in the text,
There are fewer problems than usual and emphasis is more on ideas, The problems
are chosen to illustrate the ideas rather than to teach procedures which the pupils

will often use,

The pupil knows about the rational numbers, He has learned that these cor-
respond to points on the number line, But there are points on the number line which
do not correspond to any rational number, A non-terminating, non-repeating decimal
numeral like 0-1010010001,,, locates a point but it does not represent a rational
number, The numbers‘/_z—, '\/3_,-'\/5—, ... locate points on the number line but they are not
rational numbers, Ideas like these increase the pupils' understanding, They are
particularly imn»ortant if one goes on in mathematics because they form a good back-

ground for the idea of limit,

12-1 Decimal Numerals for Rational Numbers

a
In this section, the pupil will learn that a rational number, 5 (a, b integers
and b # 0) corresponds to a decimal numeral (or decimal, for short) which either ter-

1
minates (for example 211- = 0.25) or repeats without end (for example ;= 0-333,..).

Conversely, he will learn that a decimal that terminates or repeats corresponds
to a rational number, He-will enjoy the method by which the rational- fraction actually

can be found,

You should remind the pupils that the numeral 1 may be written as 1.000,,,

etc., and in general a fraction can be represented as a decimal numeral by dividing

L

the numerator by the denominator,
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Answers to Problems 12~1A Student Text Page 257
1. (@) 0-5 (d) 0-375
(b) 0-25 (e) 0-075
(c) 0-75 (f) 0-1625
1 14
2. () 3 (@ =
7 707
(b) 3 (d) 500

Repeating Decimal Numerals

Ask the class to find the decimal numerals for % and 51_; Ask the pupils to

give the digit in the 10th or the 20th position, Point out to the class that a decimal

is not completely known until it is possible to state the digit in any position

Now ask the class how they could indicate that a digit, or a set of digits, re-

peats indefinitely, that ic, how one might abbreviate the following:

0.333,.. (all the digits are 3's)
0.111,,, (all the digits are 1's)
0.232323,.. (all digits are alternately 2's and 3's)

The pupils may wish to invent their own ways of doing this, You may then use the

pupils' notation for a time before leading the class to the standard notation:

0-333... = 0°3
0-111,,. 0-1
0-2323,.. = 023

]

6 .
In the division for-3—7- we must come to the same remainder sooner or later, be-

cause the remainder must be less than 37, There are only 36 possible different

remainders,
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Of course it is possible that there will be some digits at the start of the decimal

478 : :
numeral which are not part of the repeating pattern, For example 130 = 3.6769230,

Answers to Problems 12-1B Student Text Page 259
1. O-i 5. ‘ 0-'.11428;

2. 0-0l 7. 0-09

3. 0-(.)0i 8. 027

4, 06 9.  0-027

5. 0-142857 10, 007317

Terminating Decimals and Repeating Decimals

Lead the pupils to see, by means of some examples, that terminating decimal:
are formed only from rational numbers whose denominators have no prime factors other
than 2 or 5, Give them examples of terminating decimal numerals like 0:58, 096,
and 0-43217, If these decimal numerals are expressed as fractions, their denomina-
tors will be powers of 10 and hence have only 2 and 5 as prime factors, When reduce

to lowest terms, one or the other of these factors may be missing, For example,
25 5 X5 1

100 “ 2 x5 X2 %3 = 5 x 2 . Inany case there will be no factors in the denomi-

nator other than 2 and 5,
The converse also is true, If a fraction has a denominator with no prime factors

other than 2 or 5, this denominator can easily be converted into a power of 10 so that

the fraction is represented as a terminating decimal,

_ 2
For example, > 17 I - 24 X 11 = Ax17 0-0068
2" X5 2" X5 lO4
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Incidentally, if a fraction has a denominator in which neither 2 nor 5 occurs
as a factor, and numerator 1, the decimal repeats from the beginning,

For example, L = 0+3 and = (0+142857

3

=

If the denominator has 2 or 5 as a factor and at least one factor other than

2 or 5, the decimal repeats but not from the beginning,

l L]
For example, i = 0-16

The fact that all rational numbers which cannot be expressed as_terminating

decimal numerals can be expressed as repeating decimal numerals has been explained

briefly above for Each remainder in the division process must be less than

6
37 °
the divisor, and since the divisor is finite, there is a finite number of different remain-
ders, For a non-terminating decimal the remainder cannot be zero, If the divisor is

n, there can be at most (n -~ 1) different remainders,

1
[1lustrate the discussion by expressing 5 as a decimal numeral, The remain-
ders, in order, are 3, 2, 6, 4, 5, 1 and the nex* remainder must be one of these

numbers; ii turns out to be 3,

Discuss carefully the ideas in Problems 16-1c, so the pupils will be ready to go on to

the following material easily,

Answers to Problems 12-1C Student Text Page 259
1. (@) 1o (d) 100000
(b) 100 (e) 1000
() 1000
2. (a) 3-45345 (b) 34-5345 (c) 345-345
3. (@) 9x (b) 99x () 999x

4, (@) 8 (b) 93476 (c) 7245 (d) 86,4
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The process for finding the rational fraction which corresponds to a repeating

decimal, strictly speaking, requires some justification,
Let us illustrate by an example,

In setting x = 0-11111,,, and multiplying by 10 to obtain

10x = 1-1111

we assume that even though the 1's go on forever, we can multiply by 10 by moving
the decimal point one place to the right, This is surely true when the decimal ter-
minates as we saw in the previous chapter, The justification can be given in the
case of a non-terminating decimal, but this requires some discussion of infinite

series, The pupil is unlikely to worry about this, If he does he can be told that
if he goes on with mathematics this matter will be treated fully; or you can observe

that

if 0-11111 < x < 0-111111
then 1-1111 < 10x < 1-11111

which should convince him.

Any rational fraction found by the method of the text can be divided out to
give the original repeating decimal so that in any particular case the pupil can

verify the correctness of his result,

The example 0.9 = 0-99999, ., is often puzzling to the pupil, He may
have difficulty in believing that this decimal represents 1, Of course, the method

of the text gives this result,

Thus
X = Ooé
10x = 9-é
9% = 9
x =1



It is worth pointing out that if

Wi L

0-333...

X3 =1=0999,,,

After studying Section 16-2, the pupil should be able to see that O-é would

not correspond to any point on the number line to the left of the point 1,

Answers to Problems 12-1D

L@ 5
® 3
© &

(a)
(e)
(f)

Student Text Page 261

W =4
o~

— |_4I
—
wm

(o]
(o]

12-2 Plotting Repeating Decimals on the Number Line

This section shows how a decimal numeral, even if unending, specifies a de-

finite point on the number line, It should stretch the pupils® imaginations.

12-3 Numbers which are not Rational

In this section, the pupil

do not repeat, Since they do not repeat, they cannot represent rational numbers, They

represent irrational numbers, They are called irrational because they cannot be written

as ratios of integers, These irrational numbers also correspond to points on the number

line,

will learn that there are unending decimals which
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12-4 The Square Root of 2

There is a definite point on the number line that corresponds to ¥2, If there

were not, the circle of radius /-Z_and centre O would not intersect the line at C,

We could draw the entire circle, However, we would then have to explain
the other point of intersection at -1/2—. It seems best to postpone negative irrational

numbers to a later section,

The method explained here of obtaining fractions which approximate /Z_is
widely used in programming computing machines. It rests, first of all, on the fact

that if a and b are positive numbers such that

aXb =2 = 1/7 ><1/2_

and a is less than 1/2_, then b must be greater than 1/2— Then with a too small
and b too large, when we take _.a_“ZL_b we find a number halfway between a and
b which is our next approximation to 1/2— Repeated use of this procedure narrows
down on 1/2—very rapidly,

This method will be used in the next section,

You may be familiar with another method of extracting square roots which has
been used in the schools. Very few pupils understand why this method works.

The present method is very effective and at the same time is easy to understand,

Answers to Problems 12-4 Student Text Page 267

1, The pupils will probably be unable to obtain the following degree of

accuracy, unless they use a very large scale. Accept the nearest tenth as a

satisfactory approximation,

V2 = 1-41 /3 =1-73 V4 = 2 V5 = 2.24
Vo = 2.45 V7 =~ 2.65 /8 = 2.83 V9 =3

This is a rather amusing geometric construction of 1/2_, 4/?3—, Y4,., in succes-
sion. Notice that 1/2, 1/9—, #16,.. are whole numbers. As we shall see in

Section 16-5, the others are irrational.



2. The particular fractions found will vary with choice of a first
approximation, In any case, the third approximation, when written

as a decimal numeral, may be correct as far as the fourth digit,

@) V7 l% % 1_2_2 24646
(b) 411 %§ , -l—;g , %%% 34317
© v 1, % W 5 606
@ #17: 2, =, E%g(l) 4123

12-5 Proof that 42 is an Irrational Number

We have given a famous proof. This is real mathematics, The good pupil

should get a stimulus from this proof, It is worth spending some time on it,

. a , .
The actual prooi begins with b = 4/2 and is fairly short, A good pupil
could perhaps begin there. It seems desirable however to begin with numerical

illustrations. If necessary the teacher can illustrate the argument by using other

fractions, for example if /2 were 19 e would have

7
10x10 _ ,
TX1

and 10X10 = 2X7X7

This is impossible since there are two factors 2 on the lefi-hand side and only one

factor 2 on the right-hand side.

The proof is based on the Fundamental Theorem of Arithmetic (see Section
4-5) which says that a given whole number which is not prime can be written as
the product of prime factors in only one way, apart from the order in which the

factors are written,
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Example: 75 = 5X15 = 5X5% 3
75 = 3X25 = 3X5X5
Answers to Problems 12-5 Student Text Page 270
a a2 2 2
1. (a)IfB=4/3_,3=-—2,a=3b,a><a=3><b><b.
b

On the left-hand side there would be an even number of factors 3 (zero, two,
four, six, ...). On the right-hand side, there would be an odd number of factors 3
(one, three, five,...). Thus a X a has an even number of 3'sand 3 X b X b has an

odd number of 3's,

Since, by the Fundamental Theorem of Arithmetic, a whole number can be ex-

pressed as a product of prime factors in only one way, a X a = 3 X b X b cannot be

true for any whole numbers a and b, The equation % = 1/3— therefore cannot be
satisfied by any whole numbers a and b,
a - a2 2 2
() If 3 = V5, b—z = 5 a“ = 5b° and aXa = 5XbXb,

Consider how many factors 5 there could be on the left and right-hand sides,
On the left-hand side the possibilities are: zero, two, four,..; on the right-hand
side: one, three, five,,, The equation % = 4/5 cannot be true for any whole num-
bers a and b,

= ﬂ we get

XbXDb

2, As before, if we assume that %
4

axa =

We do not count the number of factors 4 because 4 is not a prime number,

We write
axXxa = 2X2XpXhb

and consider the number of factors 2, This number must be even on both

1 everything works out, Hence we run

sides., Ifwetake a = 2 and b

into no contradiction and cannot prove that %4 is irrational.
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Another Example,

Prove that 4/6_ is irrational,

From % = 4/6_ we are led to

aXa = 6XbXb = 2X3XbXb,

We can consider either the number of factors 2 on both sides of the

equation, or the number of factors 3, and carry through the usual argument,

12-6 The Real Numbers

Every decimal corresponds to a definite point on the number line,

The terminating and repeating decimals represent the rational numbers, The
other decimals (non-repeating and non-terminating) represent irrational numbers, The

Ljnion of the set of rational numbers and the set of irrational numbers is the set of real

numbers

Does every point on the number line correspond to a single decimal? There

is a slight difficulty here. As we have seen 0:999... (or 0:9) and 1 locate exactly
the same point, Similarly 0-499,.. (or O-4£.9) and 05 locate the same point. If we
decide not to use unending decimals which ultimately have only 9's, then every
point on the number line has exactly one corresponding decimal. Decimals of this

type will not arise if we follow the procedure described in the text.

Answers to Problems 12-6 Student Text Page 271
Real Rational Irrational Positive Negative

4/3— yes no yes yes no
3 yes yes no yes no
-3 yes yes no no yes
4
7 yes yes no yes no
-0-8 yes yes no no yes
0-17 yes yes ro yes no
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12-7

Negative Real Numbers

167

We suggest that not much time be spent on this section, The problems can be

done orally in class,

We have used "opposite" in preference to "additive inverse" but you should

gradually accustom the pupils to the term "additive inverse" which they will meet in

later work,

Answers to Problems 12-7

1,

Note:

(@) -3-205
(b) 1-23
@ - g

(b) o0-111,,.

When we vrrite a number a with ,,

(d)

o7

Student Text Page 273

o

-0-2020020002...

-6

0-12345...

it is understood that in writing its

opposite =@, the dots stand for the same digits as before,

Addition of Real Numbers

Addition of real numbers is looked at from the point of view of:

1.
2,

Adding two rational numbers in decimal notation,

Adding numbers in decimal notation when one or both of them

are irrational,

Interpreting these sums on the number line,

Adding square roots on the numper line,

Considering whether a sum of real numbers will be rational or

irrational,
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Answers to Problems 12-8A Student Text Page 273
1. (@) 9.55 (c) 8.48

(b) 9:543 (d) 13-891

275 714 -
2. + = 289 0-989

999 999 999

Answers to Problems 12-8B Student Text Page 274
1, 4.1234567891, ., 3. 3-0101101110,..
5.8910111213,., 4-1020030004, ..
10.0144679104, .. 7-1121131114,,.

2, 3-1010010001,..
6:1525354555, , .,
9.2535364556, ..

Note: If the pupil finds some other pattern than the one intended here, his

results should be accepted,

Addition of Square Roots on the Number Linc

We point out incidentally the distinction between 4/ (2 + 3) and /2 + 1/3_
In 42 + 3) we add first and then take the square root, In /2_ + 1/3— we take the

square roots first and then add, The results are quite different,

Ariswers to Problems 12-8C Student Text Page 275

1. 1-4142 5.  No, 2.2360,,. # 3.1462,,,
2. 1-7320 6,
3,  3+1462
4, 242360
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The Sum of a Rational Number and an Irrational Number is an Irrational Number

We write 1/? = g_—_b%b

the integers are closed under the operation of subtraction, we know a - 3b stands

., Where a and b are integers and b % 0. Since

b

for an integer, Hence, is a rational number, being the ratio of two integers,

In general the sum of any rational number and any irrational number is

irrational,
The formal proof is as follows:

Let R be any rational number and I any irrational number,
Suppose I +R = R'

where R' is a rational number,

Then I = R -R,

But, the rational numbers are closed under the operation of subtraction,

That is, the difference of two rational numbers is a rational number, We have

a contradiction so I + R cannot be rational, It must be irrational.

Answers to Problems 12-8D Student Text Page 276
1. (a) 3, 5+ 4/5_
(b) =-0-000190001000001..., -1-000100001000001.,.,.

() -0-030030003..., -1-030030003...
@ ~/5, 1-45

(e) -0-123456..., ~-1-123456,,,

(f) -o0-789101112,.,., ~-1-7891011l2,,,

2. (a) 781 d  5-778
(b) 4-77 ) 10+43-45
) 9-7 (f) 5-4444,., = 5.4
3. () V3+5 #4/3+4/5, 3+5 = 48
) W/2+5 #4/2r45, 2+5 =1
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In general, Va+4/g # ¢/a+b unless a=0orb= 0

For example

/9 + /16 # v/25

3+4 # 5

1f we assume that

.,/5—+¢/b—=Va+b

and square voth sides of the equation, we obtain

a+2¢/a_><¢/_b_+b= a+hb

from which it follows that 2 X 1/5)( Vb = 0.

This is impossible unless a = 0 or b = 0 (or both).

4. 1f Y2 +1 were rational, its square (/2 + 1) would have to be
rational., This is impossible because we know that the sum of a rational number

and an irrational number is irrational,

12-9 Order of Real Numbers

The decimal representation of irrational numbers is infinitely long, To
compare two irrational numbers, and tell which is larger, we need not ordinarily
go far, Certainly 4°10100100001,., is less than 5°090090009,.. simply because
a number between 4 and 5 is less than a number greater than 5; and 0-4321,,, is
less than 0°435... because a number between 0+432 and 0433 is less than a

number greater than 0435 whatever digit comes in the fourth decimal place,

It is suggested in the problems that Property 3 can be used to help
compare two real numbers, If you so wish you can incorporate this idea in the
text discussion, Thus

a = 0-32842,,, = 032 + 0°00842,..
b = 0.32719,,. = 032 + 0-00719.,.
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0-00719,.. < 0-008
0-32 +0-00719,,.

We know

therefore <

Answers to Problems 12-9

171

42.-.

0+32 +0°00842,,, by Property 3,

Student Text Page 278

1, (@ 0-432,.. < 0-437, ., () -0-128.., < -0-123,..
(b) 3+824,.. > 3816, .. (d) -0-128... < 0-001,,.
2, Since 0-002... < 0-007...
0-43 +0-302... < 0-43+0-:007... by Property 3,
That is 0-432... < 0-437...
3. 3:824,.., = 3+8 +0-024,,.
3:-816... = 3-8+ 0-016..,
Since 0-:024... > 0-016
3-824,.,., > 3:816,..
4, (@) ~ i n—— ;:ﬁ(’};}
0 1/2 2
(b) i 4 —re—
=24 1 0
-v3

12~10 Multiplying Real Numbers

We observe the basic property of square roots that, for non-negative

numbers a and b, ¥a X4b =4ab .

We observe also that for real

numbers, just as it was for rational numbeis, the product of a positive
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real number and a negative real number is a negative real number, and

the product of two negative real numbers is a positive real number,

Proof that

/a3 XA/b =

Definition of Square

(vaxy/B)

Associative and

\/—b—-}commutative properties -
of multiplication,

Definition of square
root,

Since ('\/E-x\/g)z = a Xb
va xa/b = axD

by the definition of square root,

Proof that VA (— V2 )= -2
Addition property of
\/Zx L /\/2_ \'("I\/Z_)]: »\/Z_X 0 = 0 <opposites and multipli-
cation property of zero,
[ 2 xa/2 ]+ [(\/E) X (— :\/2-)] = 0 Distributive property,
2 + [(;\/E) X (-— ;\/E)] = 0 Definition of square root,
Therefore Uniqueness of the addi-
tive inverse, Any number
(v/Z) x(-1/2 )= =2 {which, added to 2, gives
zero, must be ths op-
posite of 2,
Proof that (- v2) x(-+32) - 2

(- = 0

(- v2) x (v/2) + I(- A/2) x (-4/2)] = 0
-2+ [(-0V2) x (-VZ) = 0

Therefore (- \/E) x (-\2) = 2
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Answers to Problems 12-10 Student Text Page 281
1. aXb > (0-1) X (0-3) = 0-03
> (0-11) X (0-33) = 0-0363
> (0+111) X (0+333) = 0°036963
aXb < (0°2) X (0°4) = 008
< (0°12) x (0-34) = 0+0408
< (0-112) X 0,334 = 0-037408
1 1 _ 1
2 g X 3 = 353 = 0°037037...
3. /2x¥3 > (1-414) x (1-732) = 2-449048
< (1+415) X (1-733) = 2452195

Vo6 = 2-44948,..

4. V3zr1) =[3xy2 45
= /6 +43

5. (W2-1x(/2+r1) = zx(vz+)]-[1 x (V2 + 1)]

= 2+/2-¥/2-1 =1

[VEx W5 - V2l x (/5 - V)]
5-4/10+4/10-2 = 3

6. (/5+42)/5-v2)

i

7. CHALLENGE PROBLEM

(ﬁ+24/2_-4/3-—24/2—)2

6-2#9-38
6-2/1 = 6-2 = 4
Since(V3+24/2— - ./;;-24/2_>2 = 4,
/3+ 2/2_ -KS —Zﬂ must be 2 or -2,

't must be the positive number because

3+2/2> 3-2/2, Hence /3 + 24/2 -3 - 24/2 = 2,

Il

3+ 24/2 - 2(ﬁ+ 2/2_)(4/3- z/z-:)+3— 242
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8. CHALLENGE PROBLEM

(V2+v/3+ /2 V3f

2+/3+ 22+ /3)x(2-/3)+2-43

4+24#4-3 = 4+4+2 = 6

Reasoning as in Problem 7 we see that 2+ 1/3 + 1/2 - Y3 = 4/6.

9. CHALLENGE PROBLEM

(/2+/_- »/z—‘/?)z 2+4/3-2/(2+/3)xC-V3)+2-43

4-2¢44-3 = 2

Reasoning as in Problem 7 waz see that 1/2 + 4/3—- ‘/2 - 4/3_=‘/2—

10, /Z_and 2‘/2 for example,

Their sum is 31/2—
Their product is 4,

12~-11 Absolute Value

Answers to Problems 12-11 Student Text Page 284

1, (a) 0-1234,.,

4 3— L
(b) |3 z\- 5

(¢) |(-0-111,..) -6-01001 ...

/

= |_0,12112.“ = 0.12112,,,

0-21| = 0.21

@) |-3-68 + 3.89] =

S
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-2 < x < 2

(a)

X < -2 or x > 2

(b)

Vi

Vi

(a)

=

-2 or X

X

(b)

-3
For lé - x| = 1 tobetrue, 6 - x hastobel or -1,

-1, x is 7.

1, xis 5; if 6 - x

If 6 - x =

Hence the truth set is {5, 7} .

(c) [1, 3}

(a) {5, 7}

6.

(d) {7, —3}

(b) f3, o}

4o o
fS +un
+N 4w
+v0 T+
40 —“ N
4+ 4~
+m 4o

%
1
I
-2

I

0

I
-3

¢
-2
*—
-5 -4

%
=3
!
-6

(b)
(c)
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12-12 More About Absolute \ ilue

If you are pressed for time, this section can be omitted,

AnSWQr_Sto Problems 12-12 Student Text Page 287
1 1 1 1
1, (a) a><b—8, |a><b|—§, |a|—-2-, |b|=;1
(b) axb = -4/6, laxb|=A/Z, la] = /3, |bl = 42
(c) axb = -2, laXDb| = 2, la] = 1+43, |b|] = 43-1
2, @ a = -2, b = -4, a+b = -6
la] = 2, |b] = 4, J|a+Db| =6
(b) a = 2, b = -2, a+b =20
la] = 2, |b| = 2, |a+b] =0
€ a=42-1, b = #/2+1, a+b = 2¢/2
la] = ¥2-1, |b| = #2+1, |a+b] = 2/2
la] +|b] = 242
2
3. 2P+ a4 |-2)f =4
Ial2 = a° because both of them are the non-negative number a X a,
If |a|2 = a2

then |a| = |/a"2 by the definition of square root,
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a = =5, a2 = 25,
4 1 16 L
9’ 81’

a = —A/3_, a2 = 3,

A‘A(-_Z‘ = |x| for all values of x.

x for x > 0,

Vx2=-x for x < 0.

CHALLENGE PROBLEM

|a><bl= 4,/(a><b)2= 1/a2x b2=‘/a7><4/1;2_= lalxlbl

CHALLENGE PROBLEM

]
]
(8]

B
=] @

]
Il

—
[op}

I

(o0}
—

3 8] 3 oo
- Wl Al

la-b] = Ja+ b < |a] +|-b] = [a] +|b]
@~ b)-al < |a-Db|+]al
|-b] < Ja-Db|+]a
|l < la-b|+]a]
la-b| > [b] - [a

177
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CHAPTER 13

INTRODUCTION TO GRAPHING IN THE NUMBER PLANE

There is provision for much student activity in this chapter, While such
activity is time-consuming and you will want to be careful not to spend too long on

it, the ideas being presented are significant and deserve careful attention,

13-1 The Number Plane

In the first part of this section the pupils can learn simply and quickly to plot
points on the number plane without any formal directions and without learning any new
language, The language follows later, This part will take only a few minutes of class
time,

For some classes a brief discussion such as that on the first page of this sec-
tion in the text will be enougt:, For classes which need more help you may want to

proceed somewhat as follows:
Second

number

1 Put this diagram on the board

(or use a graph board, if you have

one), First
number

2 Ask a pupil to name two

integers, not tno large,

3. Starting at the point where the

axes intersect, count over on the Second
number

first-number axis, saying "One" at

the first intersection, "Two" at the

second intersection, etc, For ex-

First
number

ample, if the student said "Three

and five", the o's in the picture

on the right indicate where you put
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your chalk (but not making a mark on the board), and what you say is written

below,

4, Holding your chalk where you said "Thrce", you might ask the student
what the second number he named was, (You may remember, but some of the
students may not,) After he has repeatad "Five", count aloud up the inter-

sections, When you reach the fifth Second
number

intersection, mark it with a solid ]
\‘F ' VE“
| |
"FOUR"
or "Eight" as one of the numbers, “THRE £

dot, If the student had said "Seven"

| | '
you can add a line or two so that ‘IW,O‘
. ) 1t N "
the point can be marked, but if he (PONE First
number

said "Twenty", you would probably

want to ask him for a smaller

number, Second
number

5.  Ask another student tc name i

another pair of integers, Repeat

the same process, starting where

the axes intersect, counting over

24
for the first number, and up for the | First
number

second, If the student said "Two 2

and seven", the picture would now

look like this:

Second
6, Then you can mark a point number

somewhere at an intersection, say ' l

P

at P, and ask,"What numbers go

with this point? " Check the two 2

numbers for the class by counting First
number

over and up as you did for the other

pairs of numbers,
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7 Mark a few more points and have someone in the class give you the pair

of numbers that goes with each point, checking each one for them by counting
over and up, Have one student name a pair of numbers and ask another to

come to the board and mark the corresponding point,

Note: The question of a point being marked on one of the axes, or one with
either one or both coordinates negative, probably will not arise, This is all right
because it can be introduced later, If it does arise at this time, it is probably
best to take care of it here, For example, suppose a student wants to know what

numbers correspond to the point Q, Ask

i - Second
someone what numbers he thinks corre number
spond to Q, You may get an answer of
"One, one", Mark "One, one"
correctly at P, and ask for another guess, P

Suppose someone says "One, zero", Q | First
__F_' number

Mark that correctly at R, The next num-

ber would probably be the one for Q:

"Zero, one,

Dots and Crosses

We describe here a game which you may wish to use with your class if they
need practice in associating points of the number plane with their ordered pairs of
numbers,

Game 1: Put this diagram on

the board:

Split the class up into two

teams ~-one can be the cross-team,

the other the dot-team, The easiest

way is to divide the class down the

middle; those on the left are the
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cross-team, on the right the dot-team, Tell the class that a team wins
when it gets five of its marks in a line, playing on the intersections in

the picture (the picture cannot be

made larger), For example, the *

cross-team would win this game: | )l(

X

T

The dot-team wins this one:

Have a person on one team, say the

cross-team, name two integers,

Suppose he says "Three, two", x

Count over three, up two, and

mark the intersection with X,

It is now the dot-team's turn, Sup-

pose someone on the team says

“One, two", Again, count over and —Q——x——-

up, and mark this point with a big,

heavy dot like this:

The game continues until one team sets five in a line, or neither side can get
five in a line, A team loses its turn if either number named is too large (for example,
the point that goes with "Seven, two" will not fit on the picture), or the choice of

numbers results in an intersection that already has a mark on it.

Comments: Having to get five in a line does not make for a very interesting
game after the children have had a little practice, Since one team needs four turns
to get four in a line, and the other team needs only one turn to stop them, neither

team will be able to win, Therefore, after one or two games, you should change the
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rule and say that four in au uninterrupted line wins,

Like this: Or perhaps this:

bR

This does make an interesting game, and one team is likely to win if it uses some
good strategy, The reason for playing at least one game with five in a line is to
force the caildren to figure out how to get a mark on one of the axes, If they have
to figure out for themselves that they need to name zero as one of :he numbers,

they are likely to remember it,

There is another variation that can be introduced after four or five games, or

perhaps earlier, Since the children have

learnt about negative numbers previously,

i
the following diagram can be used: I ’
1

Here, the dot-team has to figure

out that "negative one, negative one" is

the play that will win for them,

If the teacher does not say anything about negative numbers before the new diagram
is put on the board, the class will probably fill up all the intersections which do
not use any negative numbers, look a bit puzzled, and perhaps try to tell you "No,
I meant you to count to the left one place," You can refuse this by saying, "The
only instructions I can accept are the names for two numbers," Eventually, some
child will probably announce "negative something,, . ." and jet a point in another
quadrant, If they start to get discouraged by not being ‘able to do it, you may have

to give them a hint,

At this point, the children should be able to handle Section 13-1 in their

text, either in class or on their own,
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Answers to Problems 13-1 Student Text Page 289
1, The point I, (10, -4) Second
is included to remind the number
children thai the picture G
of a number plane can be
C Py J
enlarged, The point J , ?F
2
(2l , 3), is included to E ) —

2 H D First
remind them that the num- -2 - ._1, 2 number
bers are not restricted to 2
the integers, IJ

2. This question emphasizes the importance of the order in the ordered pair

of numbers.

3. P: (2, 3) T: (3, -3)
Q: (-4,3) U: (0,4
R: (-1, -1) Vv: (1,0)
S: (0, -2) WwW: (-5, —%)
4, (a) One
(b) One

You might let the children describe roughly the location of the points that

correspond to these ordered pairs;

(a) (-100, -100) (@ (/2 , /2 )
(b) (1000, -2) (@ (-1 50)
Coordinates

You might wish to point out to the children that it is a convention tc¢ call the

horizontal axis the x-axis; it could be called the y-axis, but it usually is not,
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13-2 Graphs as Pictures of Truth Sets Student Text Page 291

Much of the problem work in this section is referred to and used for further
developments in later sections of the chapter, Be sure that the pupils keep their

written work available,

Class Activity

The class activity can be done either on the board with the whole class, or

individually on graph paper, Perhaps a combination of the two would be best,

-4 -3 -2 -1 0 1V 2 3 4 5 6

-4 -3 =2 -1 0 1 2 3 4 5 ¢ 7

The hollow dots at -3 and 5 indicate that these numbers are not in the truth
set. You may need to remind the pupils that the domain of a variable is
the set of numbers from which values of the variable may be chosen., For
each of these numbers the sentence is either true or false, The truth set of

of the open sentence contains those numbers which make it true,

3, For y=x+3, if x is 2, then y is 5. The ordered pairs in (a), (b),
(d), and (f) belong to the truth set,

4, The table can be filled in on the blackboard with the pupils filling in two
or three more ordered pairs. The number of ordered pairs in the truth set is

unlimited,

5, For activities 5, 6, 7, and 8, some of the work should probably be done
on the blackboard with the whole class before they complete their own graphs
individually. For example, the axes can be drawn first on the board, and

several children can come up to the board to mark two or three points from
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the table, and then the rest of the

points can be marked individually Y

on their own papers, Then the 4
remaining points can be marked on +
the blackboard so that the children

can check their graphs for mis- —+

takes, The graphs may now look

something like this:

6. It is probably a good idea to have several points marked on the board
before the children go back to their own graphs so that you can be sure that
they understand what they are to do., Ask a pupil to come up and mark a point
that he thinks belongs to the truth set without doing any counting. Do not
be surprised if he marks one that is not or. the line suggested by the other
points already marked. Many children do not realize right away that there
is a pattern to see. Whatever point is marked, ask for the numbers that go
with it, and then go back to the equation y = x + 3 and check whether

the equation is true for these numbers. This last step is important because
a child should realize that he has his own way, independent of the teacher's
help, of finding out whether a point belongs to the graph, When several
points that belong to the graph have been marked, then the children can mark
more on their own graphs, As soon as a child has maiked a point on his own
graph and checked that it belongs to the graph, he can come up and mark the

point on the blackboard graph,
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7. Not all the ordered pairs V4
in the truth set can be shown; l/
the line runs off the grargh paper, 7/
»
,/

8. There are two things that we wish to give the children an opportunity to
discover in the class activity., The first is that the graph of the truth set for
some equations is a straight line. This the children found when they finished
the graph in 7., The second thing is that the coefficient of the x term for
equations of the form y = ax + b determines the "up and over" pattern in
going from one point of the graph to another, Many children can discover

this for themselves, and for those who do not, it is not necessary to tell them
at this point; the subject is dealt with more formally later in this chapter in the
section on slope, It is often valuable for children to gain informal experience

with a concept before they even know the name attached to the cancept.

For the equation y= 2x + 3, (1, 5) and (2, 7) belong to the truth set,
Have these points marked on the board (perhaps in a different colour if you have
coloured chalk). We ask the children to guess where the third point goes even
though they may put it in the wrong place, If they do, let them find out for
themselves by testing whether the coordinates make the sentence true,

Mauny of them will have discovered by now that the points may be expected to

be on a straight line, Some of the children will notic= the relation of "up and
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over" to the coefficient of x,
Again, a few more correct points
for y = 2x + 3 can be marked,
and the children can complete
the graph on their individual
papers, Their papers should look

like this:

9. This time we let them try to

guess a second point after having

located only the single point (1,6).

Some will recognize the pattern of
behaviour quickly and will know
that bzcause of the 3x in

y = 3x + 3, the line will climb
three units for an increase of one
in x, Others may have to do more
experimenting before they see the
pattern, Their graph paper when

y = 3X + 3 has been completed
will look like this:

AT
Y4
/C
/
7/
7l
Pard

[~y
™~

el

4




Chapter 13 189

Answers to Problems 13-2A Student Text Page 294

1, Yy

k !

)

¥ A

(al|(b) {c)

You may want to ask the pupils after they have finished the above graphs to

point to where they think the graphs of the following would roughly be:

(@ y = -10x+3 (¢) vy = 100x + 3
1 _ 1
h) vy = - 5% +3 (d) y = 3x+3

2, Until this point, the children have graphed only straight lines which
intersect the y-axis at (0, 3 ), This exercise ;s designed so that the
chiluren have an opportunity to discover what role the constant term of a
linear equation plays in the graph, This idea is introduced formally later
in the chapter, so there is no need to use the definition ~f y-intercept

here,
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—\——x

(b

~—

L (a) (d) (c)

Class Activity

1 This exercise may be a guessing game for the children who have not

yvet noticed the relationship between the coefficient of x and the "up and
over" pattern from one point to another, Accept whatever answers the children
give, and have them check the two points to find nut if their value of a is
correct, They will get the correct value 2 for a sooner or later, and it is
good practice for them to test ordered pairs to see whether they make the
equation true, If they have a good deal of trouble obtaining the correct value
for a, you may wish to do the first two or three of Problems 13-2B in class,
Some pupils nay be clever enough to see that, since the point (1, 3) is

on the line, the equation 3 = (a X 1) + 1 must be true, and this will be true

only if a is 2,

2, Yes, all the points on the line have coordinates that make y=2x +1

true, Have the pupils check two or three of them,
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Answers to Problems 13-2B Student Text Page 295

For the first two problems, the children are asked to find only the coefficient

of the x term; for the rest, they are asked to find the constant term, also,

1, a=1 5, a==2; b=2
1
= - = =] = =1
2, a > 6, a i b
3, a=3; b=1 7. a=5; b=-3
4, a=-1; b=0 8, a=0; b=1
13-3 Guessing Rules
Class Activity Student Text Page 297

The purpose of this section is to approach linear equations and straight line
graphs from another point of view, The children have already had some experience
with graphing a linear equation of the form y = ax + b; they have also reversed
this process, i,e,, starting with two points marked in the number plane, they have
written the equation that goes with the line through the points, Two points are
determined, however, when you know the ordered pairs that go with them, This

section is aimed at having the children find the lincar equation determined by two

ordered pairs of numbers,

1, John's rule is: Multiply by 0 1
5 and add one, 4 2l
10 51

If other rules are suggested first, have the children decide if it works by

chiecking several of the pairs in tne table,

2 Tunde's rule is: Multiply by 1 7

seven, 3 21
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0 0
3. "Divide by four" does work; the rule 1
2 -
Edison was thinking of is "multiply by one- 2
fourth" (or perhapg it was "multiply by two 3 i
and divide by eight"), 12 3
4, The variable x represents the number which you tell John and vy

represents the number John tells you after using his rule, Tunde's rule can

be written as q = 7p, if we assume that p is the number you tell Tunde,
1
and g 1is the number Tunde tells you, Edison's ruleis y = ix, or q = ap,

etc,, depending on what two variables are chosen, John would write the rule

X . :
as y = =, The two equations arec equivalent, of course,

Before going on to Problems 13-3, the children may enjoy making up and

guessing their own rules, For example, you can have two children go outsidz the

room, agree upon a rule, and then let the rest of the children give them numbers

on which to work the rule, (You can write the table on the board,) The first child

who can guess a rule that works for any number (it may not be the rule the two child-

ren were actually using) and write it correctly on the board is allowed to pick an

assistant and make up the next rule to be guessed by the class, (The reason for an

assistant is that he can act as a checker for the arithmetic involved in using the

ruie,)

Answers to Problems 13~3 Student Text Page 298
1| x y 2.0 w z 3. s t 4| p q
- - -4
5 12 0 4 1 . —.l
1 -3 0 -1 &1
10 17 101 492
7 3 5 14
7 20
1
y=x+7 z = w=-4 t=3s -1 q:zp_l

(There are other possibilities for the form of the rules that the children may

find that might also be correct,)
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5, The point of this problem is to have some of the children figure out by

themselves the following:

a. If the rule is of the form "multiply by a number and then add a

number", the rule is an equation of the form y = ax + b,

b. Only two ordered pairs are necded to determine the equation,
(They may even associate the equation with its graph and the ordered pairs

with the two points needed to determine the line.)

c. Knowing y when x is 0 tells me the constant term in the equa-
tion. The coefficient of the x term can be obtained by subtracting the
second coordinate for 0 from the second coordinate for 1. (This actually
determines algebraically the slope and Y-intercept of the linear equation,)
Some of the children may discover these two things by examining the tables
and rules they have already guessed; some of them perhaps have already

realized it when they were guessing rules made up in class.

The four rules Sonko guessed:

@) y=2x+3 (c) y=%—x
(b) y=x-1 d) vy=4x+5

6. The purpose of this question is to indicate to the children that knowing
only two ordered pairs determines exactly one equation of the form y= ax +b
but there are other equations of different forms which will also have the two
ordered pairs in the truth set, In Problem 7, the children may begin to
realize that equations of the form y = ax + b  have straight line graphs, but

equations of different forms may not, Edward's rule is; y = xz +1,

7. How the children decide whether the graphs of the rules are straight lines
or not does not matter at this point; they will probably decide in different
ways. Some may just "know", others may actually draw each graph to decide,
All the rules except the last one, y = x2 + 1 , have straight line graphs. It
is not necessary to complete the graph of y = xz + 1 (plotting three points

will indicate that it is not in a straight line) unless the children are curious
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to find out what its graph looks like, It is perhaps helpful to graph in class
one or two of the rples from Problem 5 by plotting the two points given so
that the children have another opportunity to assoclate the algebra they did
to guess the rule with the geometry they did when they were finding @ and

b fory= ax+ b from the two points marked in the number plane,

13-4 Equivalent Equations in Two Variables

Thus far the children have met linear equations of the form y = ax +b, The
purpose of this section is to introduce them to linear equations in different forms,

The pupils should find that any ordered pair that makes y = %x -1 true

also makes 2y -x + 2 = 0 true and the converse also is tiue,
Answers to Problems 13-4 Student Text Page 301
1, Equivalent
2, Not equivalent

3. Equivalent

There is a variety of ways in which the equations in 1 and 3 can be proved
equivalent. You might ask the children if it matters with which equation you begin

the proof.

13-5 GCraphs of Linear Equations in Two Variables

We are turning now to consideration of more general equations of the first

degree in two variables - equations of the form
ax +by+c =0

In this section we observe informally that the graphs are straight lines, We mention

the name "linear equations",
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Answers for Class Activity Student Text Page 302

1, (4, 4), (-2, -5), and (0, -2) belong to the truth set of 2y-3x+4 = 0,

2, 3. )4
X Y
o ya
1 ! ¢’
- _3Z /l
0 -2 /
1 -1 i__ﬁ/
2
2 1 -2 -1 I_, ?; 2 3
4 4 }2
/
ﬂf

4, <3, z%) (5, 5§> (-4, -8), (-6, -11)

Answers to Problems 13-5 Student Text Page 303

1, 2,

]
L -2 - 1 2 3T

X=Yy X-2y-3:0
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x=4

13-6 The Slope of a Straight Line.

Again we are very informal in our approach to the idea of slope, It may be
helpful to speak of slope as a convenient measure of the direction of a line, This
number is convenient because, as we see later in Section 13-7, it appears in one

form of the equation of the line,
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The idea that the slope is the same number, no matter what two points on the
line are chosen to determine it, is basic, The pupils discover this idea inductively
here, No proof is given at this time, Proof of it comes in a later year when the

pupils return to the idea of slope from a more formal viewpoint,

Other possible words to use in defining slope are

change in v rise
; or .
change in x run
Answers for Class Activity Student Text Page 303
K Yes, the children should finish at point F, The ratio is g or -, The
ratio g should be obtained for all the pairs of points in (a) - (f),
4, Count down 3 units; count to the left 2 units; vertical increase is -3,
horizontal increase is - 2; ratio is -_—-—3 or %
5. The vertical increase is -1 %; the horizontal increase is -1; the ratio is
1
-1- 3
2 or 5
-1
. . 1 1
6, Vertical increase: (-3 E) -(-2) = -1 5
horizontal increase: (-1) -0 = -1

ratio:
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Answers to Problems 13-6

Student Text Page 305

1, (a) (b)

y
|
\
T — . i W— ’ - .
X -
| \3k T

)

o1

+ —

e 2

Y
4
\
2y +3x+4=0
|

L1 1]

Pl 25739

Slocpe is - % Slope is 2,

(c) (d)

}

Same as (c)

panny X
; . |
_..__.?...__.4 g

Slope is 2,
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2. Line Slope 3. 1, 1 5. -2
y=x+3 ! 2, 3 6. -1
y=2x+3 2
y=3x+3 3 * 3 7. >
y=5%x+3 5 4. -1 8. 0
y=10x+ 3 10
y=-2x+3 -2

1 1
y—zx+3 5
4, Each of these can be done in two ways, depending on the order in

which the points are taken, For example, in Problem 1, one could have

gone from (2,4) to (1,3)and obtained these results:

vertical increase: 3 -4 = -1

horizontal increase: 1 -2 = -1

-1
slope is =7 orl,

13-7 The Slope of a Line from its Equation

Sections 13-7 and 13-8 may be considered optional and omitted if time is
limited or if the ability of the class is such that these sections are too difficult

at present,

In this section the pupil learns that if the equation of a line is in the form
Yy = ax + b, the slope of the graph is a and if the equation is not in this form,

it can usually be put in this form with the help of equivalent equations,

Exceptions are lines parallel to the y-axis for which the slope is undefined,

Be careful that the pupils do not confuse lines with slope zero (horizontal lines)

with lines which have no slope (vertical lines),
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The student is led inductively to discover the ideas in this section. The

proof that a is the slopein y = ax + b comes later in a more formal treatment,

Proof of equivalence:

(c) 2y -4x-2 =0
2y = 4x+2 Added 4x + 2
l(Zy) = -1-(4x + 2) Multiplied by L
2 2 2
(d) y = 2x+1
The proof can be reversed if you start with (d),
Answers to Problems 13-7A Student Text Page 306

1. vy increases 5 as x increases 1. (The 5 x tells us this,)
y increases 15 as x increases 3. The slope is 5,

The coefficient of x is 5.
2. The slope and the coefficient of x are both 7.

3. 4, 1 5, -4 6. 1000

You have a chance fcr a little review of equivalent equations,

3x4+4y-5=0 is equivaientto 4y =~ 3 x+ 5 because adding the real

numbers - 3 x and 5 on both sides does not change the truth set,

4y=-3x+5 is equivalentto y = - —i’— X + % becaus¢ multiplying on
both sides by the non-zero number 1 does not change the truth set,

4

The slope is - % .
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Answers_to Problems 13-7B.

1, 5y-3x+1=0

3 x -

l.<

5y=
3
y=3gX

Slope is %

1
1
5

Check: y
3 j
2
5
11 2,1)
pmosmpmnsy X
3l | 1 2
-1
(-3,-2)-4-2
5y—3x+|:0
3. x+3y-5=0
3y=-x+5
N -
Y—-sx 3
Slopeis--:lg-

Check: Depends on what two points the

children choose.
to (5, 0):
y - increase:; 0 - 2= -2

X - increase: 5 - (-1) = 6
- 1
Slope is , or - =

3

Example; From (-1, 2)
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Student Text Page 307

2, 3 y+4x-5=0
3y=-4x+5
R

Slope is - —;} .
Check: y
|

:

4, 3y-7=0
3y=17
Y=l

3 7

or = —_

Y 0x + 3

Slope is 0,

7 ) 7
Check: From <0, 3 to (1, 3>.

Y - increase: 0

X - increase;: 1

Slope is (1)— ;,or O
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5. 2x-6=0,
This presents a special problem since the line does not have a slope, It

is discussed in the text immediately after this problem,

A Spccial Case

An equation of the form x=c, or ax + b= 0, has no slope, All lines which
are parallel to the y-axis have no slope, Do no confuse these lines with
lines which are parallel to the x-axis, which do have slope; their slope is

the number zero,

Answers to Problems 13-7C Student Text Page 309

1 Slope is a negative number,
Slope is a positive number,
Slope is a negative number,
Line has no slope,

Slope is zero,

Line has no slope,

13-8 The Intercept on the y-axis

If x is 0, vy -2. The coordinates of the point of intersection with the

y-axis are (0, -2),

In referring back to the problems in Section 13-2, we find that the second
coordinate of the point where the line crosses the y-axis is the same number as the
constant term in the equation of the line when the equation is written in the form
y = ax + b, For example, when the equation of the lineis y = ¢x + 5, the

coordinates of the point of intersection with the y-axis are (0, 5),
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The first coordinate is 0 for every point of intersection with the y-axis,

In the proof, you may wish to discuss the number of points of intersection of

a line with the y-axis, If the line is parallel to the y-axis, there is no point of

intersection; if the line is the y-axis, then every point of the line is in the inter-

section; for any other line, there is exactly one point in the intersection,

Answers to Problems 13-8 E Student Text Page 311

1,  (a)

- I
2y +3%-6 =0 /r

l y—intercept
. . is —3
y -intercept is 3 M—I*
[ I B B 1 I
Check: 2y +3x-6=0 Check: 3x-y-3=0
y=-3%x+6 3x -3 =y
y=—%x+3 y=3x-3

The y-intercept is 3, The y-intercept is -3,
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1
ax-3y-9:0 | /

4 L
y-intercept |
is —3

RN

Check: If x = 0 and y =
4x -3y - 9= 0 becomes
[4 X0]-[3%(-3)]-9=0
which is true,
3. If a pupil estimates (-3) for
the y-intercept, he would try

(0, —2) in the equation,

[7><(—:3;)] -[14X0]+6=-=+ ==

b

For (0, -0-8) we have

[7X (-0-8)] -[14X0]+6= =56+ 6
= 0.4

This is a closer estimate,

, @s can

The exact intercept is —g
be found from the y=ax + b form or
by letting x be 0 in the given equa-

tion and solving for vy,

(b)

<<

2y + 6x-5:=0 "

y-intercept
B . 1
1S 2-2-
| | |
5
Check: If x = 0 and y = 5
2y + 6x -5 = 0 becomes

<2><§>+(6><0)—5=0

which is true,

1




Chapter 13

5.

(a)
(b)
(c)
(d)

Slope is - g; y-intercept is 5,
Slope is 100; y-intercept is -3,
y = 5% + 4,

v=-2,
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Yes, any cquation x =c (c# 0) gives a line which is parallel to the

y-axis, and therefore has no y-intercept,

6

(a)
(b)
(c)
(d)

(a)
(b)
(c)
(d)

8.

9.

Slope y -intercept _
0 2
no slope no intercept
2 3
1
-5 -1
Slope y-intercept
—éf or 6 1
0
— or 0 -3
3
-2
— or -2 0
1 o
3 4
2

Let x be 0 and solvez for vy,

5vy+35=10
5y=-35
y=-1

Use the method of Problem 8, but do it mentally,

(a) 4
(b)

8
(c) —74-

Whenx=0, y=-7, sothe Y-intercept is - 7,

(d) -15
() =
(f) 4

Equation

y =2
X=-3
y=2x+3

1
= - -=x -1
Y 3
Equation
y=6x+1
y=-3
y=-2%X
3

= — 4
vy 2x-!-
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10, CHALLENGE PROBLEM, The intercept on the x-axis is the x~coordinate

of the point where the graph intersects the x-axis, The y-coordinate at this

point is O,
(@) 12 (a) 322
8
(b) - 3 (e) -;-
1 8
(C) - -2' (f) - 5.

11, CHALLENGE PROBLEM, Since the point with first coordinate 0 is not

given, the pupils will be looking for some other way to find the intercept on
the y-axis, Some may find it by drawing the graph, Some may see that y
goes from 7 to 4 (a change of -3) as x goes from 2 to 1, so y mustgo
tiom 4 to 1 as x goes from 1 to 0, Some may write y = 3x + b (they have
found that the slope is 3) and say thet the coordinates (1, 4) must make this

true, This gives them an cquation which they can solve for b,

The equationis y=3x+ 1,
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CHAPTER 14

USING STRAIGHT LINE GRAPHS

14-1 Systems of Simultaneous Equations

The purpose of this section is to illustrate graphically the solution of systems

of simultaneous linear equations, and to give examples of the special cases that

arise.

Answers to Class Activity Student Text Page 315
1,

% y

o~

"

I

2
I h,
1

2 ( -71 '2' )
3 (-7, % ). The three lines intersect at the same point.

4. Yes, if the straight lines intersect, they will do so at the same point.
This should not surprise the children since the coordinates of the point of
intersection ot two lines is the solution to the corresponding system of
simultaneous equations, and if two pairs of simultaneous equations are

equivalent, they have the same solution.
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5. (-7, %— ). The children should realize that the solution of the system
of simultaneous equations is the pair of coordinates of intersection of their
graphs.
Answers to Problems 14~1A Student Text Page 316
1. y Check:
2 X (-2) +3 x3 = 5 is true.
-2 +3 =1 is true.
o
R (-2, 3)
3
1
-2 -1 | 3 _)L
2 2
-1 \37(‘3
}y\\s
-2 + —
x_; \
’
2. y
AJ’*%S
\{:0
2N
1
X Check:
e A
-2 '1_1 1 2 3 \\ 3IXT+ 5X(-2) =11 is true,
2 — S2=1 X7-3is
1 _______-——" 7
y=7,,—3 fomeert (7,~2) \‘ true,
e i ™|
|
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3. A problem where the solution involves fractions was included to
illustrate to the children the difficulty in obtaining the solution from a

graph; if accuracy is desired, the algebraic method shouid be used,

{ X +4y = 11

l4x + 3y = 12 ¥ y
{ 14x + 8y = 22 \

1l4x + 3y = 12

5y = 10 \4 |
y:Z 3
3
{ X + 4y = 11 2 (%,2)
1
y_z X

—

ke + XV LA
+L

P
Il
~J}jw w
[ |
J/,{'v,

Tx+4x2 = 11

X =

rA\

b
]
N W
€
,/‘\

There are two cases where a pair of simultaneous equations does not have a

unique solution. The truth set of
3x-y+1 =20
2y - 6x -7 =0

is the empty set. The children will discover that their graphs are parallel lines
which, of coursé, have no point of intersection. This explains why the truth set

is the empty set.
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The system of equations

—-1-x-2
YT 3

by -2x+12 =0
has many solutions, in particular (3, -1), (0, -2), and (9, 1). Since two
distinct lines cannot intersect in more than one point, some of the children may
be able to predict that the two equations have the same graph before they actually

draw their graph in Exercise 1 of the Class Activity.

Answers to Class Activity : Student Text Page 317
1. You may wish to ask the y
pupils if they can prove the two
equations equivalent without using
the graph.
2
1
X
1 2 3 Lo
2. An equivalent system can be obtained in which the two equations are
identical.
1
§X-2=Y 3y-x+6 =0
6y -2x+12 = 0 by - 2x+12 = 0
X-6 = 3y by - 2x +12 = 0
6y -2x+12 = 0 by -2x+ 12 = 0
3. The children may need to discuss this question before they decide on

an answer. The truth set can be described using the graph as the set of

ordered pairs that correspond to the points on the line; or algebraically as
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14-2

the set of ordered pairs satisfying y = %x -2 for 6y -2x+12 = 0); or

211

as the set of ordered pairs of the form (x, %x - 2).
Answers to Problems 14-1B Student Text Page 317
1. {(-3, 5)}
2. { } (the empty set)

5
. { (. >}

1 2

4, {(x, Ex + z >} or the set of all ordered pairs of numbers which

satisfy either one of the given equations.

Proportionality

Answers to Questions in Text Student Text Page 318

1. (b) and (c).

2. 7 for (b); :11 for (c).
3. @ vy =x+7 (c) y=211-x
®) vy = 7x @ y = x> +1

(b) and (c) show proportionality because the rule can be written in the form

y kx; (a) and (d) cannot.

4, The pupils should realize that the graph of an equation showing pro-

portionality must be a straight line (which (d) is not) and it must pass through

the origin (which (a) does not).

5. Yes, the equation is linear with slope k and intercept 0 on the

y-axis. The point (0, 0) will be on the graph of y = kx for any k.
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Answers to Problems 14-2 Student Text Page 31_9_j
1. x is proportional to y with constant of proportionality }% . The proof

of this is simple:

If y = kx, k # 0
Then }l( y = i— (kx), Multiply by the non-zero number %
1 1
= (= X
and }%y = X
7
2, (b) k = 3

3, (b) and (d), since they both contain the point (0, 0) and do not have

slope zero. (a) and (c) do not contain (0, 0). The assumption that the rule

2
is a linear equation is important, since other wise (d) might be v = x .

For (b), k = 100; for (d) k = -2,
4, (b) with k = -1

!

(c) with k = 3
5. (@) For g——i = T%ﬁ , x = 80, and 80 is the grade put on the paper.
23 X . 5 ,
—_— = o= = = d 65 is the paper grade.
For35 1O,X 657,an6 paper g
(b) For y = Z—S w14, y is 40, and 40 is the paper grade.
20 _ 3 ‘s th d
For v = = X 18, y is 515 , and 50 is the paper grade.

(o
(c) SCORE out of 100

100
90
80
70
60 ~ /,
50

40

20
30 y = 29x

20
_
I T T O B SCORE out of 35

O 5 1015 20 25 30 35
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t
Number correct‘ lOI 34] ZOl l7| 30 I 26 ‘ 4 llz |31:
Grade |30‘95|55| 50185‘75.10]35'90‘70

14-3 A Practical Application

Introduction

This section is an optional one. Although there is no necessity to take up
this material, it nevertheless provides a variety of interesting problems and these

problems can provide the pupils with better understanding of lin~ar equations.

We give here a brief introduction to what is known as linear programming,

The problems are of a type which manufacturers meet when they try to make or
distribute their products in the.most economical way. The central mathematical

topic is that of linear inequalities and the first objective is to show that a line

(such as x +y = 3) cividas the plane into two half-planes (given by x + y > 3

and x+vy < 3).

Not all pupils should be able to carry out a problem on their own. This does
not matter. The purpose is to develop insight into linear equations and inequalities

and to show the usefulness of inequalities.

1. Graphs of Inequalities

As mentioned in the introduction, the aim here is to show that a linear equa-
tion gives a line which divides the rest of the plane into two half-planes, each

given by a linear inequality.

After completing the discussion in the text of the graphs of x+y = 3,

x+y > 3, and x+y < 3, you may wish to review the ideas with the follow-

ing Class Activity,

1. Have a pupil draw the graph of 2x +y = 10 on the blackboard.
2, Is the point (4, 2) on the graph?
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3. If the point (4, y) is in the half-plane above the graph, what numbers
can y be?
Show all points (4, y) such that y > 2.

What values can 2x + y have for these points (4, y) above the graph?

4,

5

6. If 2x+y > 10, where is the point (4, y)?

7 If x = 3,what must y be to give points (x, y) in the upper half-plane?
8 What inequality will describe all points in the upper half-plare?

9

What inequality gives all points in the lower half-plane?

Other questions at this point might be:
10. What inequality describes the half-plane
(@) to the right of the graph of x + 4y = 127
(b) to the left of the graph of x + 4y = 12?7
(Examine the point (x, 2), for instance, for values of x which put the
point on, to the right of, or to the left of the given line.)
11. Draw the graphs of the inequalities (on the same axes) x+y > 2

and x + 3y < 6. Name four points whose coordinates satisfy both inequalities.

2. An Application (Linear Programming)

It is not necessary to make a point of introducing the name "linear program-
ming"”. Some classes may be put off by the name while others may be stimulated

by it.

The first task is to establish the inequalities. This does not differ in any
way from the methods used in working problems earlier in the ceourse. It should

not present much difficulty if it is not rushed.

When graphing the lines which give the half-planes, the easiest way will
usually be to find where the lines cut the axes. These two points should be all
that is necessary to draw the lines. The important thing is to be able to draw the

lines quickly.

The polygon containing the points whose coordinates satisfy all the

inequalities, will be built up step by step. The order is not important.
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To indicate the half-plane given, for instance, by 5x + 6y < 60, we
shade the region for which this is hot satisfied. This is not the usual practice,
but it gives a clearer diagram eventually. You may find that a coloured pencil makes
the shading more clear. We eventually have an unshaded region which is the set
of points whose coordinates satisfy all the inequalities. This is shown in the figure

on page 324 of the Situdent Text,

Having drawn the polygon, we must now find the point (x, y) within it which
makes (x + y), the number of books, as large as possible. That is, we want the
line {with equation x +y = c¢) which cuts the polygon and has ¢ as large as
possible. This is most easily found by using a set square and ruler. Arrange the
instruments so that one edge of the set square gives lines parallel to x+y = c.
It is then easy to see, by sliding the set square along the ruler, that the required
line is the one which passes through B. This is x+y = 11. The solution is

X = 6, y = 5, that is, 6 books from Nazarili and 5 books from Shariff,

It will be necessary to point out that x and y must be whole numbers. We
obviously cannot buy 7% books. This problem was made easier by the fact that
the point B itself has whole number co-ordinates. This does not always happen.
Consider the case when x < 9. B 1is now the point (9, 2% ) and the required
line thrcugh B has the equation x+y = 11 % . Since x +y must be a whole
number, we use the line x+y = 11. We see from the figure on the next page that

chere are {our points on this line with integral coordinates and which are contained in

the region OABC, They are (9, 2), (8, 3), (7, 4) and (6, 5).
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1
B(9, 25)

- N
AN
O 1t 1 11 1 TALINNL L1
2 4 6 810\1\2 14

N

Any of these, then would be a solution, There is one more factor to consider,
Although it is not so stated in the question, we should expect the cost in this case
to be kept as low as possible, That is, we want 5x + 6y to be as low as possible,
The four points make 5x+ 6y equal to 57, 58, 59, and 60 respectively, so the

best solution is x = 9,y = 2, thatis, 9 books from Nazarili and 2 from Shariff,

If Nazarili had 5 books, one should buy 5 books from Nazarili and 5 from-.
Shariff, If Nazarili had 4 books, one should buy 4 books from Nazarili and 6 from

Shariff,

3. Another Application

Very little additional comment is needed on this second example, The
method is exactly the same. The unit "ton-miles" will need careful explanation,
Reference should also be made to other compound units such as man-hours, machine-
hours, etc., The manufacturer should makev10 tons perday of A and 15 tons per
day of B. If the profit were £2 per ton for both A and B, he should make 8% tons
per day of A and 17 tons per day of B,
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Answers to Problems 14-3 Student Text Page 328
15 15

1. =, =

@ (6, 2) ® (5. 5)

(c) (6, 6)

(d) Any point on the line 2x+ 3y = 30 between the points (6, 6)
and (2, 2)

4 ' 2

2. The inequalities are

5x + 5y > 50
15x + 5y > 60
You may wish to point out that these are equivalent to
x+y > 10
Ix+y > 12
but this is not necessary.
The cost, 2x + vy, is to be a minimum.
The solution is 1 oz, of "X" to 9 oz, of "Y",

3. This table shows the number of units transported,

From o Thompson Falls Nanyuki
Nairobi 15-x 20 -y
Nakuru pe y

Number of units sent from Nakuru is x +y. Therefore x+vy < 20.
Number of units sent from Nairobi is 35 - (x + y). Therefore
35 - (x+y) < 25
or 10 € x+vY Subtract 25 from both

sides and add x+ vy
to both sides.
Also, 15 units go to Thompson Falls and 20 units go to Nanyuki.
Therefore x < 15
y < 20

The system of inequalities is
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The cost of transport will be
[36(15 - x) + 45(20 - y) + 30x + 42y] shillings
or (1440 - 6x - 3y) shillings

We want this to be as small as possible so we want 6x + 3y to be as large

as possible. The solutionis x = 15, y = 5, So numbers of units sent
are:

From o Thompson Falls Nanyuki

Nairobi 0 15

Nakuru 15 5

4, The completed table is:

To
Frw P1 P2 P3
S, X y 9- (x+y)
5, 5- X 6 -y 6-[(5-%)+(6-y)] or
x+y) -5

The inequalities are

X <5 (from 5-x > 0)

y < 6 (from 6 -y > 0)
x+y < 9 (from 9 - (x+y; » 0)
X+y > 5 (from (x+y) -5 > 0)

Cost of transport in shillings is:
6x +3y +4[9- (x+Yy)] +4(5-x)+2(6-y) +6[(x+y) - 5]
or 4x + 3y + 38

4x + 3y must therefore be as small as possible.

The solution is:
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The table indicating the number of tons delivered is:

From fo P1 Pz P3
S1 0 5 4
SZ 5 1 0
5. Let the mine at A operate for x days per week.

Let the mine at B operate for y days per week.

The following table helps to clarify the information:

Min& Grade 1 Grade 2 | Grade 3 | Cost per day
A 3 1 2 £ 40

B 1 1 6 £30
Orders for 6 4 12

The system of inequalities is:
(3x+y > 6
x+y > 4

The cost per week of running the mines is £(40x + 30y), that is,

10(4x + 3y). We therefore want 4x+ 3y to be as small as possible,
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The solution is; x =1 y = 3

Mine A works for 1 day per week.

Mine B works for 3 days per week,
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CHAPTER 15
OTHER GRAPHS

Much of this chapter may be considered optional if it is not appropriate for your
pupils at this time, Look ahead through the chapter and plan in advance what parts

of the chapter you want to emphasize,

15-1 Non-linear Graphs

The purpose of this section is to acquaint the children with some graphs which
are not straight lines. Since all these graphs will be considered at a more advanced
level in later years, how much you do with this section should be determined by
time and the children's interest, If time is short, you may wish to spend only 15 or
20 minutes in class on the two graphs in the class activity, and either omit the rest
or assign the problems as long-range individual projects or perhaps as extra-credit
work for interested children. If vour class has much difficulty doing the graphs, or
finds them uninteresting, then it is probably a good idea to umit most of the problems,
You may find, however, that many children get considerable enjoyment from discover-
ing that graphs of open sentences can be circles, squares, parabolas, etc. as well
as straight lines, If the class seems to enjoy the section, it is suggested that you
spend a part of class time on Problems 15-1 for several days, as you go on into other

sections,

Teaching Suggestions for Class Activity Student Text Page 331

The graph of v = Ix| .. The graph may be done either on the black-

board with the class working together, or on graph paper with each child
y

making his own graph.

1 x{0[|112 13415 000 S O I O
: v| O0f{1l]21{3}4]5
21-¥ |}
1
3 x|-1]-2]-3]-4]-5 )
y 1 2 3 4 5 2112l ] L
4, y = -X

5, Completedgraphof y = [X]
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6. The graphs y = |[xI and y = x are the same for x > 0; the

graphs of y = |x| and y = -x are the same for x < 0.

7. This question's purpose is to have the children notice the connection
between the graph and the equation. Since x| = x for x > 0 and

Ixl = -x for x < 0, the children should not be surprised that the graph

of y = |[|x| is made up of parts of the graphs of vy = x and y = -x.
Additional questions you can ask: "According to your graph, what are the
possible values of y?" Answer: y > 0, i.e. y cannot be negative.
"Could you have predicted this before you drew the graph?" Answer: Yes,
Y cannot be negative because the absolute value of any number cannot be

negative,

8. (@) The graphof y < |x| is the region below the graph of
Yy = |x| . In the picture below, the rays are dashedto show that these
points are not part of the graph; the shading is used to show points that do

belong to the graph.

I
5.3 Vi
[
p)=g=
//,I - 1 g
o - 2 V2 ,/7‘
-l i - 1
LA )% 1A P
'1 "‘. - 1L’ 3
1A P :71 # A
A ]
o= A =
P Pt o
P A s
2 A A A
- //P' 1/ ,// //
y
|
=
> - "~
e ) -1 4
(b) The graphof y < |[x| o<P 4
<. =eLr 1A %
is the region below the graph of g ’;, 1 ///f;
> < 1’ x
Yy = |x| and the graph of /;/’ /-;K"‘ A
/, ~ /,/ ///
y = Ix|, A A7 =P
,/ ,4/' //' //‘;
% % =y
LA A A 1A
//' / /r L~
P .
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() The graph of y > |x| is the region above the graph ot

y
= |xl . u
y /]V./z /// ,J/
n AT
/,4/ ,4 ] ]|
-1~
Lt
A
L1 1]
d
-}
X
-1] 1

(d) The graphof y > |x| is the region above the graph of
y = |x| , and the graphof y = [X].

> b
v -

7a WA
\
\\
A
\

\
A\ \
A

The graph of v = x2

1. (x|-2|-1}0}1]2]3|4}{5
vy 4] 1J]0}J1]4]19][16]25

3. This section needs to be haﬁdled with care. If the class is doing the
graph on the blackboard, you can ask someone to come up and complete the
graph as he thinks it should be. If the children are making their own graphs,
you can have all the different ways they have completed the graph put on the
board. They should realize that the graph is symmetric about the y-axis,

and therefore, since (3, 9)is in the truth set, (-3, 9) is also, It is likely that
many, or even all, of the children will complete the graph by connecting the
points by line segments, which is not surprising since their previous

experience has not included curves. If no one objects to the line segments,
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you can direct their attention to the

J
piece of their graph for x between
0 and 1, perhaps drawan enlarged /
1 .
picture on the blackboard, P

y 4
4

and ask the following questions:
(a) What is the equation of the line that contains OP? [Ans: y
o1
(b) If x is 3, ]
1

(c) Is (%, 5 ) in the truth set of y = xz? [Ans: No, (
y

and y = x, whatis y? [Ans:

o

LS
Ha =

At this point in the dis-

and (1, 1) by a line segment will

cussion, the children should \
understand that connecting (0, 0) ¥

not give a correct graph of

2
y = X , and that they need to \

find more ordered pairs that be-

long to the truth set, It is pro-

bably a good idea to find pairs

7
.l

[ ————

1 1 2 3
for such x-values as 313733 \

After the points have been

plotted, someone can come up

and mark a point that he thinks \ /

belongs to the graph, estimate — \

the ordered pair that goes with \ 2 /

it, and check it in the equation

to see how close it is, Points

can then be marked for other

parts of the graph, and finally

the curve drawn,
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2
Some questions you can ask when the graph of vy = x~ is completed

are:

1, Looking at the graph, do you find any points with a negative y-coordinate ?
[No,] Could you have predicted this before you drew the graph ? [Yes;

y cannot be negative because the square of any real number cannot be nega-

tive, ]
2. Have the children draw the graph of y = x on the same axes as

2
Yy = X,

y
X
-4 1
and ask:
2

(@) For what values of x are the y-values of y = x~ greater than

the y-values of y = x? [For x > 1 and x < 0; from the graphs we see
2

that y = x~ is above y = x; from the algebra we know that the square

of any number greater than 1 or less than 0 is greater than the number, ]

(b) For what values of x are the y-values of y = x‘2 less than the

y-values of y = x? [For x between 0 and l; the graphs show that

2
y = x is below y = x; also the square of any number between 0 and

1 is less than the number, ]

2
(c) For which values of x are the y-valuesof y = x~ and y = x
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equal? [For x = 0 and x = 1; the graphs intersect at the points

(0, 0) and (1, 1).]

3. For v = x, if x increases one, how much does y increase? [1].
2 , ,
For y = x, if x increases one, how much does y increase? [It depends

on the value of x.]

4, Is (12, 144) in the truth set of y = xz? [Yes.] What other ordered
pair do you then know is in the truth set? [(-12, 144)] Is there a line of
symmetry for the graph of y = xz? [Yes, the y-axis.] What is its

equation? [x = 0.]

Answers to Problems 15=1 Student Text Page 332

1. This problem you may wish

to do in class right after doing the

graph of v = x2 if there is time, N
Additional questions you might §

ask when the graphs to the right y

have been completed:

——

(a) without drawing the

R
[y

graphs, how could you describe

2
the graphs of vy =-x

-

!

2 2 \
Yy = -10x , Y = —%X ? y
[ Several answers are possible; AL

ot

N
]

for example, the graph of ) x

y = ~10x* could be described 7t

2
as the graphof y = 10x

"flipped over" the x-axis; or the

graphs of all of them can be ob~ ys-2x

tained by turning the paper up -
side-down and re-labeling the
axes, |

(b) Would y = lOOx2 be thinner

or fatter than y = XZ? [ Thinner]
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How about“y = —lxz? [ Fatter.] Can you name an equation of a parabola

10
that would be very fat? [y = TO%XZ’ = 1,2

(c) When x > 0, for which graph does the y-value increase faster,
2 2 25 . _ 1 2 _ 5 _ 2
y = 100x" ory = x ? [y=100x],y———100x ory =x 2?2 |y =x .]

(d) If the children can use variables well, you can describe all the
2
parabolas whose turning pointe are at the origin by the equation y = kx ,

where k is any real number, and then ask the following questions:

(1) For what values of k does the parabola open up? [k > 0.]
For what values of k does the parabola open down? [k < 0.] What
happens when k = 0? [y = kx2 becomes y = 0. The equation

for the x-axis.]

(2) For what values of k is y = kx‘2 thinner than y = xz?
[k > 1 or k < -1,) For what values 0% k is y = kx2 fatter
than y = xz? [-1 < k < 1.]

2. mos
+ 4+ 1
NKNxNx
y ~ =
1A |
U
1]
A\ J
A
\ I
1 |
\\ mup [
\ \% /
\ 2 ]
\ NWAN/
\ 19
A
-3 -a4-1 1.3 X
\/l
|
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Additional questions you can ask when the above graphs are eompleted:

(@) Without graphing, can you describe the graph of y = x'2 +1?
2 2
of y = x“+100? of y = x> - 1007 of y = -x>+ 1002 [The first

2
three yraphs have the same shape as y = x, but have been moved up or
down the y-axis so that the turning points are at 1, 100, and -100

respectively; the last one is the graph of y = x2 "flipped over" the x-axis

and moved up the y-axis 100 units, ]

(b) Without graphing, can you describe the graph of y = sz + 57
2 . 2
[Same shape as y = 2x°~ (thinner than y = x°~) but moved up the y-axis

5 units. |

(c) Again, if the children can handle variables well, you can now
2
discuss the graphs of y = x 4 p, for all real numbers p, The ordered

pair (0, p) gives the parabola's turning point, In addition, the graphs of

2 ,
y = kx 4+ p can be discussed, The children may be able to give rough
descriptions of the parabola for various values of k and p; for example,
2
they might describe the graph of vy = -100x + 10 as: A parabola much
thinner thany = xz, opening down, with turning point at (0, 10), An in-
teresting special case occurs for k = 0, The graphs are a family of straight
lines y = p parallel to the x-axis,
3.
y
3 —
.
!
o]
1y
T2 131415 X

1N

-2 o~ s

-3 ™

2
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Additional questions similar to those in 1, 2, and 3 can be asked when this

, 2
granh is completed, For example, describe the graphs of x = -y,
2 2 .
x =y +3, x = =10y + 2, etc. If the children happen to ask how you
can get a parabola whose graph has its turning point off the axes, you can
. . 2 . .
have them try something like y = (x + 1) - 2, whose turning point is at
(-1, -2).
4,
(a) y y
& I a9z9 . YR
0 S oo o
A T AT A 1A
”d PT P TP
P T 7 1 PT
+ 5 > > : 5
]
Ve Pa L
] ] P W v ] P ]
10115 5 TR e 3= T3 8= 0% = B= gy pLBh, ik
g AT 1 A A A
P r/ /r //r /r g ,/ ]
r/ ,/r///— // /I ,/,‘/c/
-5 - - r/r - - 5' > r/' /r/
TP T 7 g N~ r/r/r
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(b)

104

57,

.
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(d) y y
] 1
10 10
]
/4/1
> w > '/'
apd PP P 3
A » ¥ | P = <
= - *  FI0NdErs I T s T Po ] -
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_5 L . 5“,
|
e
Ao 10
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IX1+1yi=40 Ixl+1yi<10
(e) y y
l l = o -
10 10414
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= A
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5 5 d 4:
pZ
//1
X - X
-4 4 -5 51110 L-10 -5 511110
= ]
- ] » -
5 - 5
- 1
< /'
<l P /' P
e e
- wo -
Ix+yl =10 Ix+yl>10
5, Since this is an identity, the graph is the number-plane; i.e., every

ordered pair of numbers is in the truth set,
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8. CHALLENGE PROBLEM

(@) oy
-4 -3 -2 -1 0 ¢
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(b) y x=4
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(c) The children have already gone from the number-line to two inter-
secting number-lines to get the number-plane; it is hoped that they can figure
out that if they consider three mutually perpendicular number-lines intersecting
at one point, they can describe any point in space by an ordered triple of
numbers, They can have practice visualizing this by using a corner of
the room and describing points in the room by an ordered triple of numbers.

The first coordinate can be the distance of the point from the left side wall,
the second coordinate its distance from the floor, and the third coordinate

its distance from the front wall, (The distance can be measured in
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units of feet, yards, etc, as long as the same unit is used,) The children

might describe the following points by ordered triples:

(1) Onecorner of the teacher's desk,

(2) Thetop of someone's head.

(3) A point marked with chalk on the blackboard, (If

the board is at the front of the room, the third coor-
dinate will be zero.)

(4) A point somewhere on the floor. (The second co-
ordinate will be zero.,) You can ask someone to find a
point whose first co-ordinate is zero, (Any point on the
left-wall ) You can ask where the origin, (0, 0, 0), is,
and then where the three axes are, and which is the
x-axis (first co-ordinate), which is the y-axis (second
co-ordinate). They will need a third variable, say z,
for the third axis, They should now have this picture

in mind:

Front wall

Ask the ci*ilaren how they could describe with an ordered triple of numbers a
point which is 2 units in from the left side wall, 3 units underneath the floor,
and 5 units in from the front wall, [(2, -3, 5)]. They should realize that

the three axes extend to include the negative numbers too,
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For the graph of x < 4, if they have trouble seeing what it would be,
start with x = 4, i,e, all the points whose first co-ordinate is 4, Since
y and z are not limited in any way, this graph will be the whole plane of
points 4 units to the right of the plane determined by the y-axis and the
z-axis, The graph of x < 4 in the number-space consists of all points to the
left of or on this plane, The children can visualize this by thinking of putting
up a partition in their room which is four units from the left side wall, The
points on one side of the partition will have the first co-ordinate bigger than

four, on the other side less than four,

9. (@) -2
(b)
(c)
(d)
{e)
(£)

10, CHALLENGE PROBLEM ,

IN

< 3

x
v

X
2
2

S >
v v A
X
+
[\ %]

In
]
%

Lines of Symmetry

1, All parts x = 0 (y-axis)
2, All parts x = 0 (y-axis)
3. y = 0 (x-axis)
4, (a) y = x+ k for any k
(b) x = 0 (y-axis)
(c) y = 0 (x-axis)
(d) x = 0 (y-axis) andy = 0 (x-axis)
andy = xandy = =X
(e) y = x+ kforanyk and vy = -x
5. Any line
6. y = X,y = =X
7. (a) None
8. (b) x = 0 (y-axis)
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15-2 The Graph of v = x2 and Tables of Squares and Square Roots

Answers for Class Activity Student Text Page 335

1. x5 -a]-3[-2]-1]o]1]2]3]4]5
vi2sl16] 9| 4] 1o |1]4]|9]|l6 25

Any value of x and its opposite correspond to the same value of vy.

2 The children should realize from looking at their previous sketch of

y = X2 that the x-axis should be placed at the bottom of their graph paper;
because of symmetry, the y-axis should be down the middle of the paper, The
scale to be used on each axis will depend on the particular graph paper ycu
have, and the class should discuss this before they put the scales on the axes,
The reason for including negative values of X for the graph is that we wish to

have a graphical illustration that a positive number has two square roots when

we come to this section later in the chapter,

3. The purpose of these questions is to remind the children that the
2
graph of y = x is a smooth curve, not a series of line segments.
X {0°5 15 2*5 3*5 45

y {0.25] 2425 | 6425 | 1225 | 2025

A Table of Squares

The children will find that reading squares from their graphs does not give great
accuracy. They can estimate to only one decimal place, and this may give a
rel atively large error even though they have drawn their graphs carefully, The

children may have a variety of answers for how to obtain greater accuracy, A few of

the possibilities are listed here,
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1, Use a larger scale, This will mean a larger piece of graph paper will be
needed to show the values of x from -5 to 5, oronly a portion of this range

can be shown on the paper,

2. Use a pencil with a very sharp point,

3. Plot more points before completing the curve,

4, Compute the squares arithmetically, (This, of course, will give the exact
square,)

A Printed Table of Squares

The students should be encouraged to decide where the decimal point belongs by
estimating the size of the answer, The method illustrated in the examples should
give the students some help in locating the position of the decimal point, In all

cases, the student should look at the size of his answer to make sure the answar is

reasonable,
Answers to Problems 15-2A Student Text Page 338

(a) 5-76
(b) 57,600
(c) 50,410,000
(d) 0.005041
(e) 86.49
(

f) 0.0000008649

A Table of Square Roots

The purpose of the discussion in the first paragraph is to lead the children to see
that since y = xz and ¢y = | x |are equivalent equations (and therefore have the
2
same graphs), they can use their graph of y = x  to find square roots of numbers from

0 to 25,



238

Since 1/}7 represents only the non-negative square root of vy, /y_ X is true

only when x > 0, If x < 0, we must take the opposite of x to obtain a positive

number, so if x < 0, ﬁ = =X, Both these cases are included in the statement

vy

Ix 1.

2
Yes, = X

Y and y/y = |x| are equivalent equations,

Answers to Problems 15-2B

Student Text Page 339

1.
y 12 3 4[5 6 |7 8 9710 |11 [12 |13
fv'= Ixl|| 1|14 1+7]2|2:2|2°4|2°6]|2:8[3|3¢2[3:3]|3-5]3-6
y 14 [ 15 [16]17 [ 18 [19 [20 |21 |22 |23 | 24 | 25
Iy = |x|| 37| 39| 4 |4°1| 4°2| 44 | 45| 426 | 427 | 4°8| 49| 5
2,
y 0°1 [0-2 [0-3 [ 0°4 |0+5 | 06 [0+7 |0-8 | 0-9
v = |x]|| 0°32{0°45| 0+55| 0+63 | 0-71 | 0-77| 0-84 | 0-89 | 0:95

A Printed Table of Square Roots

This part may be omitted, especially if the children are not yet ready to handle

the necessary work with radicals,

The children should find that the square roots of 400, 4, and 004 are 20, 2, and

0-2, all having the same digit 2,

the square root of 0+4 is about 0-63, which has entirely different digits,

The children should be able to find values for only part of the table.

They can see from Problem 2 of Problems 19-2b that

n | 3600 360 36 3:6 0:36 | 0036 | 0-0036
vn 60 6 0:6 0:06
When they have found that Y360 =~ 18:97, they can find values for the rest of
the table,
n | 3600 360 36 | 3+6 0:36 | 0-036 0-0036
¥Yn 60 | 18-97 6 | 1-897 | 0-6 0-1897 0:06




Chapter 15 239

Answers to Problems 15-2C Student Text Page 341
1, (a) 3-873 (d) 2757

(b) 12-25 (e) 2757

(c) 1-225 (f) 0:02757

2. CHALLENGE PROBLEM
A table of cube roots can be constructed either graphically or arith-

metically. The graphical method is much easier, the arithmetic more
accurate, but very time consuming. Probably a combination of the two
would work best - the graph for a first approximation, and then arithmetic
to get the accuracy needed. The graphical readings would require a graph

of vy = x3.

3. CHALLENGE PROBLEM

Any real number has exactly one real cube root. The student should
be reminded that this is not the case for square roots, where no negative
number has a real square root, zero has one square root, and any positive

number has two square roots.

4. CHALLENGE PROBLEM

3 3
The cube root table would need three columns, namely 4/n—, 4/10n, and

¥To0n.

%/57 can be read in the %column.

%/Ezﬁ is m and can be read in the m column,
m is 34/32—>—<——IT)_6 and can be read in the mcolumn_

337 - 3,/3z><1oo><1 5 = 332X100 x %
Y032 = 33z><1o>< 34/3‘.>f T -lio

1

3
v0-032 = #32X 1000 X 15

/320,007 = 432 X 1 X 1000 = * m X 10

Bm and %/W have the same digits, namely 317...

:}/320 , %/0'32, and 2/5_207)0—0 have the same digits, namely 684, , .
m and %—2 have the same digits, namely 1474, ..

IH

o
o

OIH
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15-3 Other Graphs

This section, as was 15-1, is optional and should be done only if time

permits and the children seem to enjoy graphing,

Teaching Suggestions for Class Activity Student Text Page 342

One of the purposes of this section is to have the children realize that they can
find some information about a graph by first considering the equation, The graph

and work can be done on the board or individually as you choose,

1. y2 becomes smaller.

2 2
The smallest either x or y can be is zero,

4%}

3. The largest x2 can be is 25, It cannot be 100 since y2 cannot be
negative.
4, The possible x-values are from -5 to 5; same for vy,
6. b'e -5 -4 -3 -2 -1 1 2 3 4 5 0
vy 0 3 4 4+6 4,9 4:9 4:6 4 3 0 5
-3 -4 ~46 |-4,9| -4-9 -4+6 -4 | -3 -5

r. Yes: additional ordered pairs:

X 46 -4-6 4-9 -4-9
Y 2 2 1 1
-2 -2 -1 -1

The children wili probably realize that from one ordered pair in the truth set,
they can get others without doing additional arithmetic. It should now be

obvious from the points plotted that the graph is a circle.

8. A circle is the set of all points at a given distance from a given point,

You might ask the children what the centre and radius are for their graphs,

9. (@) The points in the interior of the circle,
(b) The points in the exterior of the circle,
(c) The circle and the points in the interior of the circle,

(d) The circle and the points in the exterior of the circle,
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Student Text Page 344

Answers to Problems 15~3

(a)
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(b)

X2+ y2< 100

x2 + yaz 100
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15-

————

6. 1, (@) circle
2, ellipse,
3. ellipse,
4, hyperbola,
5. hyperbola,

Additional questions you may ask after graphs are completed: Suppose you have
just finished the graph in Problem 2 and you feel lazy, how could you obtain the
graph in Problem 3 with very little effort ? [ Turn the paper through 90° and re-
label the axes.] How could you obtain the graph in Problem 5 with very li.tle

work ? [Turn the graph in Problem 4 through 90° and relabel the axes, |

7. For the graphs in Problem 1, any line through the center of circle is a line

of symmetry, Since the center is the origin, the family of lines of symmetry can

be given by y = ax, where a is any real number,
For the graphs in Problems 2-5, the x-axis (equation y = 0) and the
y-axis (equation x = 0) are lines of symmetry,

More Ways of Picturing Numerical Information

The main aim of this section is to show clearly the difference between a discrete

and a continuous variable, These terms need not be mentioned to the pupils,

lo

Scatter Diagram: As mentioned in the student's text, this helps us see whether

there is any relationship between the two sets of data, the heights and spans of boys,

The name "scatter diagram" comes from the fact that the points are scattered on the

graph paper,

The construction of the scatter diagram should be explained (or discussed) fully,

There is no special significance in putting the heights on the horizontal axis,

Questions such as, "What is the greatest (smallest) height (span) we have ?" should

help the pupils see why we start labelling our axes where we do (around 60) and stop
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where we do (in the seventies). This should also bring out the reason wii, *»= scaleswe
have shown have been used. In response to the question, "What do you think . e
diagram tells us ?" you should expcct quite a number of answers, Here you should
consider each answer given and in turn try to ask the child who gives the answer why
he thinks the diagram tells us what he says it does, The diagram indicates that the
span of @ boy 66 inches tall may be anything from 63 inches to 67 inches. You might
ask the pupils whether they can name some factors which contribute to such a wide

scatter, Included in these might be errorsin measurement and different arm lengths,

At this stage, the pupils should be familiar with the two scales of temperature
o)
from their geography and science lessons, They should know that 320 F and 0 C rep-

resent the same temperature,

The difference between this scatter diagram and the one of heights and arm spans
is that the former shows much more scatter than the latter, The formula F = % C + 32,
if not already learnt in the science lessons, should be introduced. The pupils should

be able to see that it is an equation of a straight line,

The points of the scatter diagram only approximate a straight line, again because
of errors in reading our thermomecter scales, Let the pupils draw what they think is the
"best" straight line connecting the points, and then ask them why they think the line

they have drawn is the best,

The points do not all lie 2xactly on a straight line because of our errors in
measurement, in this case errors in reading the thermometer scales, If there were no
such errors all the points would lie on a straight line. The pupils may be familiar with
experiments in physics such as Hooke's law from which scatter diagrams may be drawn
whic h approximate straight lines, You may want to seek out and refer to such experi-

ments if they exist in your school,

Class Activity Student Text Page 348

In doing the exercises in measurement, it may be a good idea to divide the
class in groups of about four each, Methods of measuring the diameters and cir-
cumferences of the circular objects should be explained, One method for measur-

ing the diameter is shown in the figure below,
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Set square /—\ Set square

Object

O O

llllllllll'lllllll Iflllllllllfﬁfl
. Ruler

Diameter

For the circumference a number of ways may be used. Some of these are

illustrated below:

(a)

-/

/

A piece of string is wrapped tightly round the object, Each complete turn

represents the length of the circumference of the object. Wrapping ten
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turns and dividing the total length by 10 gives a good approximation to the

circumference,

(b)

Paper

Hole
®

A piece of paper is wrapped tightly round the object until it overlaps, A
pin is then pushed into the paper_so that it makes a hole right through the
paper. When the paper is unwrapped, the distance between the two pin
holes is the measure of the circumference,

(c) Another method is to roll the object on a ruler, A point is marked on
the circular edge of the object, The marked point is placed on the ruler
and the object is rolled carefully along the ruler (without slipping) until
marked point is again on the ruler, The measure of the distance between

the two positions is the measure of the circumference.

For the measurement of heights, use a vertical scale graduated in
inches on the wall or blackboard, The pupils then stand against the wa}l
(with their backs to the wall), A ruler on their heads helps to read the
scale to the nearest inch, For the spans, use a horizontal scale on the

blackboard, again graduated at one inch intervals,
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2, Continuous Line Chart: The rainfall chart is an example of a quantity which is

not varying continuously, The rainfall for the entire month may have fallen entirely in
one, two, or ten days of the month, Some days may not have had any rain at all,
Therefore we are able to say from the graph only that the accumulated rainfall for the
month was so much, We can plot only twelve points on the graph, representing the
twelve months of the year, The chart cannot tell us what was happening on various
days of the month, With the temperature figures, we could have as many points as we

please by reading the thermometer more frequently, The temperature is continuously

changing., We therefore join the points we have decided to plot by a continuous free-
hand line, There is no equation that we know of which connects the temperature and
the time. Therefore we do not need to use a ruler to draw straight lines connecting
the points to get the pattern of the changing temperature, From this kind of graph we
could estimate the temperature at any given time during the day. For example, if we

had read the temperature at 11:00 a.m, it is likely that it would have been about 7701".

The pupils should be asked to draw the continuous line and then estimate from
the graph what they think the temperature might have been at times other than the ones

at which it was actually read and recorded,

Other examples of data suitable for this kind of graph are:
(a) the weight of a child at different ages,
(b) the temperature of a cooling body at different times,
(c) the girth of a tree at different ages,

(d) the height of a child at different ages,

The pupils should be encouraged to give a number of examples and the examples should

be discussed to see whether they are suitable,
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