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PREFACE
 
This Teachers' Guide accompanies the text which was 

prepare(d at a study and writing workshop held during the 
summer of 1965 at Mombasa, Kenya, in which mathematicians 
and teachers from most English-speaking countries of Trol)ical 
Africa, the United States an(d the United Kingrdom participate(. 

Th is material is intended Lo follow Sccndar Thrcc, 
Secomlary Two, and Sc'cowthirl One of the Entebbe Mathe
matics Series which were )repared at similar workshops 
(luring the summers of 1964, 1963, and 1962 at Entel)l)e, Uganda. 

I. Preliminary Nature of This Material 
The material must be considered to I)e preliminary until 

it has )en rie(d out in class-rooms and mo(difie(d in acco'oance 
with the eXl)erience gainel from this expevrimentation. The 
Student Text and Teachers' Guide for -,'(E'NI)ARY FOUIR 
A',IEBIl. and (,()MiE'Tr'Y of the Ent e)l)e Mathematics Series 
will he subject to correction and im)rovem'nt in the light of 
suggestions from the teachers who use them. 

This means that the teacher who uses this material has 
the responsi)ility, in alddition to helping initerl)ret the new 
material to stu(lents, of helping identify the areas where im
provement is nee(le(e. To gui(le us in future revision,, we hope 
that teachers will fill out Secondary Chapter Reports. (See 
sa'ml)le Report on pages ix, x, xi, xii.) I, partial reward for this 
burden, the teacher will have the satisfaction of knowing that 
he or she is taking part in an experiment which is of great 
potential value. 

II. Emphasis on Mathematical Ideas 
In recent years there has been accumulated much evi

dence that young students are far more interested in mathe
matical idcas than they have usually been given credit for, 
and that they are far more competent to deal with such ideas 
than the current curricula would suggest. A presentation of 
mathematics which puts its emphasik on concepts rather than 
the rules of manipulation is likely to lead to far greater satis
faction on the part of the student, and wi!l also lead to greater 
mathematical competence. 

III. Content of the Text 
The subjects of algebra and geometry are treated in two 

volumes; one i., devote( to algebra an(d the other to geometry, 
a, in Sc.condar!/ Thr c. The m terial is arranged so that there 
is consi(lderale flexibility in the ordc r in which the tcpics can 
be stu(die(, although Chapter 1 of AI(;I:mo\ should be studied 
1efore beginni ig Chapter 6 of'( )MT.Y. 
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The treatment of algebra continues the start made in 
Secondary One, Two, and Three to develop algebra as a unified 
structure. All five chapters are about functions. Chapter 1 
treats the general concel)t of function. In Chapters 2 and 3 
the pupil studies some of the most important ty)es of functions;
the rational functions an(1 the exponential an(l logarithmic 
functions. As a result of having studied the polynomial functions 
in Sccondar1 7hreC and the functions in Chal)ters 2 and 3 of 
this volume, the pupil will be familiar with all the basic ty)es
of elementary functions except the trigonometric functions 
which will be studied in Seuon da,'h*/ Fi'c. In ('hapter 4 the 
domain is narrowe(d to the set of positive integers, with em
phasis on two of the most important ty)es, arithmetic pro
gressicns which are really just linear functions with the (omain
restricte(l Lo the positive integers, and geomet:'ic progressions,
which are really just exponential flunctions viti the domain 
restricted to the positive intcgers. Finally the central ('oncept
in Chapte, 5 is that oif a function whose domain is a finite set. 
These functions are stUdied in tl I Context of (les('ril)tive
statistics. The finite set is cal!e I a population andt the fuoction; 
are called popuLtion functions. Chapter 1 should )e d(,ne first, 
so that the student will see the other four chapters as the study
of special types of functions. The remaining tour (chat)ers are 
independent of each other and may be studied in any order. 

As the pupils will have studied formal, deductive geometry
in Sccond(t!l Thrc, there iS now no need to he so formal in 
SEC()NI)ARY F()uiR (i:i] :my. ite will have alrea(ly heen ex
posed to formal proofs anti will by this time have an i(lea about
rigour in these )roofs. Therefore, Chapter 1 of S1K ()NIARY 
F()iHt GE()METIY in(licates how much loosening ul) froim ,S, ol/
ar Thre occurs in this volume. The pupils howe ver, are now 
equipped to he able to take any of the theorems or examples in 
the text and write out as formal a proof as they wish. Chapters 
2 to 5 follow the pattern of Scheondary Thrcc excej)t that not 
so much time is spent on the formal aspect of deductive 
reasoning. Chapter 6 is quite different both in content and 
spirit from the other chapers. The treatment of rigid motion 
is informal and intuitive. This approach avoi(ds the comlplica
tions of establishiiu, a set of axioms from which the basic 
facts aiout rigid mot,'n can he deduced. It should be mentioned 
that it is quite possible to develop all our geometric ideas by
starting off with rigid motions. Except for Chapter (i which
could be studied any time after Chapter 1 of AL(;Iu:IuRA, the 
chapters are best studied in the or"er in which they ai)pear.
Teachers who prefer tile informal, intuitive treatment of 
geometry may wish to spread out the study of Chapter 6 
throughout the school year. 

vi 



IV. The General Approach 
As in previous texts we try to be mathematically sound 

but at the samne time the development is gradual with an 
effort, to involve the pupils actively. Instead of just telling 
the ideas to the pupils outright, the teacher should use prob
lems and carefl class discussion to hell) the pupils recognize 
the ideas for themselves. 

The best education is the education that the p)upil creates 
from his own (lirect efforts. The teacher should resist the 
teml)tation to tell the class exactly what to (to anl how to 
(10 it. It is indeed a great temptation, for by such means a 
class will appear to be proceeding at a ,apid pace. If the 
teacher takes the time and effort to lead the pupil to think 
through the ideas himself without telling him outright, there 
isconsi(crally more assurance that the idea will he mastered 
andI retained by the pupil and will hecome truly his own. 

Here agjain the demands on the teacher are reater. The 
teacher, like the student, must be thinking at every momnent, 
for it takes far nmre insight to lead than to tell. This Guide 
isintende(I )rimarily to assist the teacher in the actual con
duct of tihe class. Meth((ds are sugg t which will encourage 
stu(len, imagination an(! generate sI udent interest. In a(lition 
the Guide contains mathematical backgroundI and explanatory 
materials heyond thit given in the Text. Answers to the 

)rol)lems are lrovile(l. 

V. Relationship to Other Materials 
This Text is hasei on the assuml)tion that the pupil has 

studie(d from the l)reviols Texts in the Entebbe Mathematics 
Series. Ifa pia )il ias not studie(l all of the earlier texts it 
may be neces,;ary to go Iack and study portions of Scconmhm 
TIwo and Scu'uvtr Thrcc. Ilmever, the pupil can make good 
progress in the present Text without having a complete 
mastery of these previous Texts. 

This Text is designc-d to prepare the pupil for further 
mathematics; in either the conventional school curriculum or 
in curricula evolving from tl is an(I similar experimental pro
grammes. It is also lesigne(d to conform to the reluirements 
of the l'esent examinations. 

It shoulI Ie cm phasizeI that this modified curriculum 
represents a great ol))ortunity for teacher and plupil alike. 
In making use of it the schoel l)articil)ates in a great ex)eri
ment to helpl develol) a strong,, African e(lucational system of 
which we can be proud. It is a ma; joint undertaking,y;ve in 
which plupils and teacher, work side by side with mai hema
ticians of international eminence, from their own country and 
from a dozen others, to create within Africa something that 
will be of 'llajr significance for Africa itself, and in a larle 
measure for dl the world. 
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Please respond to all parts of this report. 
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Name of School 

School Address 

Date 
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STUDENT TEXT 

Please indicate the specific sections which need improvement and how Y', would recommend 
improving them. 

Questions 	 Comments 

1. 	Should this whole chapter be
 

omitted? Why?
 

2. 	 Name specifically any ideas 
which you think ought to be 
in this chapter but which are 
rot there. Why should they 

be 	 included? 

3. 	Nar.e specifically any topics 

in th'is chapter which you 

thinic should be omitted. Why 
should they be ornitted? 

4i. Give the section and page 
number of any part of this 

chapter where you think the 
explana ion is not clear 
enough. What suggestions 
do you h ive on how to make 

it more c.e.ir? 

5. 	 Indicate which sets of prob

lems ne I more problems to 
give adequate practice. What 
kind of problems are needed? 

6. 	 Indicate by page, ard number 

any problems wLi-lch you 

think are too difficult and 
problems which you think arc 
too is . 



Questions 

7. 	 Indicate any problems or il

lustrations which are inef
fective because they use 
words or ideas wxhich are un
familiar to your students. 
For in stance, a child who 
had ne.er been to sea in a 
sc0ooner would not nuch ap
preciate a problern about the 
area of the jib and the fore
sail and the mainsail. For 
the examples which are in
.ippropriite for Your children, 
can you sugges. local situa
tions which woild be more 
appropriate in the example. 

Questions 

1. 	 In what parts of the chapter 

were the suggestions on how 
to teach the material not suf
ficient to help you teach it 

effectively? What sugges

tions have you for improving 
those parts? 

2. 	 In what parts of the chapter 

were the suggestions on 
teaching the material trivial 
and unnecessary? 

STUDENT TEXT 
(c'onfinuecd) 

Comments 

TEACHERS' GUIDE 

(omments 
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TEACHERS' GUII)E 
(cnntintl('/ 

Questions Comments 

3. In some places in the Teach
ers' Guide there are discus
sions for the teacher of the 
mathernatira i background, 
going more deeply into the 

ieas th1an one would with 
the students. Indicate by 
sectien and page number: 

(a) which of these discus
sions were not clear 
enough to be helpful, 

(b) which were too brief and 
need to be expanded, 

(c) which were unnecessary 
for you and might be 
omitted, 

(d) where no such discus
sion was given where it 
was needed. 

4. Indicate any answers to 
problems which were not suf
ficiently clear or complete. 

Would you please write any other comments which you believe might be helpful in rewritinp 
this chapter. 
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Chapter 1 
ANOTHER LOOK AT THE 
DEDUCTIVE METHOD 

The purpose of this chapter is to refresh the pupils' understanding of 

inductive and dedaictive reasoning and to provide another criti al look at the 

deductive method now that they have had substantial experienue in Secondary 

Three. Much of i:he material is written for self-reading, and it is not ex

pected, therefore, that more than four or five lessons be spent on this 

chapter. 

The effect of this chapter on the pupils should be a de-emphasis of the 

postulational approach to geometry. Although it might appear that the geom

etry of Secondary Three was largely interested in such an approach, it actu

ally had three main goals in mind: 

(1) the discovery of new geometrical facts (through inductive reasoning), 

(2) tbh pupils were to learn to use deductive proofs as a means of con

vincing trienselves and others of the truth of these newly discovered facts, 

and 

(3) geometry was to be revealed as a deductive science, all of its 

thaorems being obtained by deductive arguments fron a small number of 

initial statements called postulates. 

The first two of these goals are by far the most important at this stage 

of the pupils' development. The third is largely of historical and aesthetic 

interest. Unfortunately, due to the large amount of detail and care required 

to achieve the third goal, it is frequently the case that the first two are ob

scured. There is also danger that the pupils may lose confidence in their 

own geometric intuition because of the fact that they spend a long period of 
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time proving theorems that they were already convinced of anyway. And they 
may come to feel that deductive proofs are something peculiar to geometry 
and that they are somehow inseparable from the postulates and long chains 
of theorems. 

In studying this chapter, the pupils should be reassured that their
 
common sense, imagination, and geometric intuition 
are supreme when it
 
comes to discovering new facts. 
 This is inductive reasoning, and they should 
not become bogged down in minute details during this activity. Only after 
they have discovered a new idea which they think likely to be true should 
their thoughts turn to constructing a proof to convince themselves and others 
that it is really true. And then they should realize that a deductive proof is 
nothing more than a reasonable, common sense argument that starts with 
certain hypotheses and shows why the conclusion should be believed if the 
hypotheses are believed. 

In each of the examples of this chapter, the particular geometrical 
problem chosen for the example is inessential. What is important is the way 
in which inductive and deductive reasoning work together and the reduced 
emphasis placed on the postulational structure of geometry. The methods 
and attitudes and not the results should be emphasized. Only a few of the 
specific theorems are used in later work, although several of them are inter
esting in their own right. This is especially true of the discussion of Euler's 
formula and its application to regular polyhedra in Sections 1-5 and 1-6. 
These two sections provide an excellent opportunity to see inductive reason
ing and deductive proofs used in a more relaxed context that cannot be con
fused with the narrower purpose of the postutational development of geometry. 
In this respect, these two sections are much more typical of more advanced 
mathematics as it is done today than is most of the geometry studied so far. 

1-1 WHY DO WE PROVE THEOREMS? 

This section is written for the pupil to read himself. The amount of 
discussion in class can be varied according to the amount of time available. 

One of the main points of the section is that the pupils already have had 
enough experience with circles, triangles, and other geometrical objects to 
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discover and prove new theorems without being ovc -burdened with new 

definitions and postulates. In studying geometry it is n)t necessary to be so 

highly organized and to prove theorems in exactly the right order as must 

be done when the postulational approach is the main item of interest. To 

make this point strongly, it is helpful to point out that the argument about 

the angle-in-circle theorem which accompanies Figure 4 can be made per

fectly convincing to pupils who have studied only the geometry of Secondary 

One and Two but have not studied the geometry of Secondai-y Three at all. 

It would be interesting to have the pupils pr2pare a list of additional 

geometrical facts which they feel are so natural and fundamental that they 

could be used without proof in starting the study of geometry. The postulates 

of last year will likely be placed in such a list, but in general so will many 

other facts w;hich were proved from the postulates as theorems. This is the 

time to point out that one may choose as many statements to use as postu

lates as he wishes. But of course only those persons who accept these state

ments as true geometrical facts will necessarily be convinced that his 

theorems are also true. 

In discussing the main example of this section, it is interesting to have 

several pupils measure the angle BCA in Figure 2 and to have several others 

measure the angle BOA. It is unlikely that they agree exactly on their meas

urements or that the first group finds BCA to be exactly half as large as 

BOA. The need for a deductive argument becomes very apparent. 

Some pupils may recall the exterior angle theorem from Secondary 

Three and may want to use it in the proof that nm(BCA) = n(BOA). This is 

very good, and the opportunity should be used to emphasize that different 

proofs may be given depending on the experience of the audience. 

The essential ingredient of a correct proof will be discussed in Section 

1-2. 

Answers to Student Text Pages 3-5 
S T P 

PROBLEMS 1-1 

1. This is a numerical exercise using the result of the text. It should not 
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be emphasized. 

(a) m(BA"c = ; (105) 

(b) wn(BOA) = 180-105 

(c) 'm(BCO) = i (75) 

(di) '(CB'O) = m(BICO) 

(e) ni(OB'A) = ui(BAO) 

= 52.50 

= 75' 

= 37-50 

= 37.50 

= 52.50 
(f ) In(BA) = )I(CBO)+ ;n(OBA) = 375 + 525 = 900, or
 

i(Ch'A) 180 - nz(BAO) 180
-(BC-O) = 37"5 - 525 900 

2. 	 The angle CBA is, of course, a right angle. This follows from the
 
following computation: (this is a proof)
 

(a) ui (B-C) x 

(b) m(BAO) : x 

(c) jn(Bb\A) 180 - x 

(d) ni(BCA) = 2 (180 - x) = 90 - 2- x 
(e) m(CBA)= 180 - m(B&A) - n(BAO) = 180 - (90 x) (x) 

= 90 	- 1 x + x = 900. 

3. 	 This result follows by adding the measures of the angles B2 D and DAC. 

4. 	 Again, this is a numerical exercise and should not be emphasized. 
(a) m(CAD) = l(C&D) = m(CBD) = 370 

(b) mn(COD) = 2 m(CBD) = 2(37) = 740 
(c) nI(OCD) = n(ODC), therefore m(OCD)= (180 - m'n(CoD)) = 

l-(180 	 - 74) - 530 

Angles ACB and BDA are congruent, because the measure of each is 
half of the measure of AOB 

(draw the segments AO and BO). 

5. 	 The reasons to be given are the following. (the wording may vary, of 
course) 

1. The base angles of an isosceles triangle are congruent. 
2. Definition of congruence of segments. 
3. Two right triangles are congruent if a leg and an acute angle of one 

are congruent respectively to a leg and an acute angle of the other. 
4. Corresponding parts of congruent triangles. 
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5. By 	definition, the conigruent angles BAD and CAD have the same 

measure.
 

The hypotheses used in the argument are 1 and 3.
 

6. 	 The triangle which is suspended by the trisectors is equilateral. A 

routine proof using trigonometry or coordinate geometry can be given

but it is quite lengthy. Emphasize the use of inductive reasoning to 

dis'cover this fact. It is hardly an obvious fact and should motivate the 

need for the stronger tools of coordinate geometry and trigonometry. 

7. 	 The triangle is equilateral. Again-a routine proof (although lengthy) 

can be given using coordinate geometry. It is important that students 

realize that there are many facts that they can discover easily but 

which are not readily proved with the tools they presently have avail

able. Tbis is one of the reasons why mathematics continues to grow 

and develop. 

1-2 WHAT IS A CORRECT PROOF? 

The pupils have written many proofs in Secondary Three and are ex

pected to have some feeling for the nature of correct proofs. But this is the 

time to re-emphasize that the main purpose of a deductive proof is to con

vince. There is no set format, style, or rules that must be followed, and 

giving deductive proofs does not require the context of postulates. Never

theless, all correct deductive arguments have two main features: 

1) There are certain statements, called hypotheses or assumptions, 

which are accepted to start with, and 

2) There is an argument which proceeds to show in a step-by-step 

manner why the conclusion must be true if the hypotheses are true. 

In order that the proof be convincing for a given individual, he must 

accept the truth of the hypotheses and must understand and believe each step 

of the argument. Certainly both of these things depend on his experience and 

maturity. A proof that is convincing to a mathematician may not be at all 

convincing to the pupils. And similarly, a proof that is convincing to the 

pupils this year may have been incomprehensible to them last year. 
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The two-,column form of proof is frequently used to teach pupils how 
to write proofs. It has the advantage of 'remindig the pupils that they nmst 
be 	able to give a reason for every statement that they make and that they 
must know clearly what hypotheses were used. But they should become 
aware that writing proofs in this way is largely a teaching device and that
 
they should be able to carry over 
the same clarity and orderliness into a
 
good English paragraph. They should 
 learn to use discrimination as to which 
of the reasons to emphasize and which ones to leave for the reader to fill in 
for himself. And they should be reassured that there is no easy path to skill 
in writing proofs. It is very similar to learning to write good English-only 
practice and criticism and niore practice lead to a good sense of proof. 

Asiwers to F student TA 
PROBLEMS 1-2 Text Pages 8 j 
1. The reasons to be filled in are the following (the particular wording is 

not important). 

1. 	 Construction. 

2. 	 Both are right angles by construction. 

3. 	 Definition of length of a segment. 

4. 	 Two sides and the included angle of PRIIA are congruent respec
tively to two sides and the included angle of ,PiIB (SAS Postulate). 

5. Corr esponding pairts of congru ent triangles.
 
The only hypothesis is reason number 4.
 

2. STA TEIENTS R EA SONS 

1. 	 09,2 is perpendicular 1. There is a unique perpendicular that 
to line C can be drawn from a given point to a 

griven line. 

2. P is different from Q 2. Construction: OPQ is not a right 

angle. 
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3. 	 'n(QPO)+ ,(POQ)+ 

(PQO) = 180 

4. 	 m(QPO)+Am(POQ) = 90 

5. 	 n(QPO) < 90 

6. 	 OQ < OP 

7. 	 Q is inside the circle. 

8. 	 C intersects the circle 

twice 

3. 	 The sum of the measures of the 

angles in any triangle is 1800. 

4. 	 Follows from 3 and the fact that 

II(PQiO) = 90. 

5. 	 Follows from 4 and the fact that 

nI(POQ) > 0. 

6. 	 If two angles of a triangle are 

unequal, then the lengths of the sides 

opposite these angles are unequal, 

and the larger side is opposite the 

larger angle. 

7. 	 The inside of a circle is the set of 

points whose distance from the 

centre is less than the radius. 

8. 	 A line which passes through a point 

inside a circle must intersect the 

circle twice. 

The hypotheses in this argument are 1, 3, 6, and 8. 

1-3 AN EXAMPLE OF AN INCORRECT PROOF. 

As 	is often the case when we are learning about new methods and ideas, 

it is instructive to see what can happen when the methods are misused. The 

example in this section should help the pupil to understand the importance of 

knowing what all of his hypotheses are. 

The configuration in Figure 5 is impossible, but it is not immediately 

obvious that this is the case. Drawing such a figure involves making certain 

assumptions, in this case the false assumption that the angle bisector and 

the perpendicular bisector intersect inside the triangle. 

It is excellent exercise for the pupil to examine the proof carefully, list 

the hypotheses upon which the proof was built, and decide which hypothesis is 

at fault. The given proof contains, in fact, a perfectly correct deductive 
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argument But one need not be convinced that the corclusion is true unless 
he is convinced that all of the hypotheses are true. 

In the arg-ument accompaning Figures 5 and 6,the triangles ADEA
 
and ADEC are congruent because two 
sides and the included angle of one are 
congruent respectively to two sides and the included angle of the other. The 
triangles ABD(; and AID,"are congruent because they right trianglesare 

with the hypotentse and an acute angle of 
one congruent respectivelv to the 
hypotenuse and an acute angle of the other. And, finally, the triangles AADG 
and ACDI," are congruent because they are right triangles with the hypote
nuse and a le,, of one congruent respectively to the hypotenuse and a leg of
 
the other. 

Anses o [ Student Text Pages 10- -1 
PRJOBLEMIS 1-3 

1. 	 The point of intersection will lie outside the triangle. It is worth men
tioning that the two bisectors coincide if the triangle is isosceles but 
do indeed have a unique point of intersection otherwise. 

2. 	 The same proof holds verbatim. The false assumption made by the
 
figure this time is that G is between A and 13' and 1 is between C and
 
B. One of these po)ints must fall on the exlension of the side rather 
than on the side iiself. 

3. 	 This time the figure hides no false assumptions. But one line of the 
proof 	is now false. Namely, after showing that AG = CF and GB 
FIB as before, we cannot add these equations to give 13 and CID. For 
AB = AG - GlJ)whereas CL? = B .-CF. The fact that one of the 
points (; and T' *s on a side of the triangle AABC and the other is on 
a side extended is the key to explaining the "false proof'. 

1-4 	 ANOTHER EXAMPLE. 

There are two main points to be made in reading this section. The 
first is to emphasize that inductive and deductive reasoning work together to 
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discover and then to establish a new theorem. And the second is that the 

deductive method depends in no way on the development of geometry from 

postulates. 

Each individual, through his study and experience, has acquired a 

reservoir of geometrical intuition and knowledge in which he has confidence. 

The usual strategy for constructing a deductive proof of a new theorem is to 

work backwards from the theorem to be proved to statements in this reser

voir, the latter statements being the hypotheses of the proof. It is in general 

a poor strategy to start with hypotheses from this reservoir and to try to 

"work up" to the theorem. 

After having studied Secondary Thr'ee, the puimls have gained quite a 

bit of knowledge, and so it will be easier to construct proofs than it was a 

year ago. The geometry of Secondary Three began with a very small re

servoir of only 26 statements, the so-called postulates. But it is essential to 

realize that all that was really required of this initial reservoir of facts was 

that they be acceptable as true and fundamental geometrical facts to as large 

a group of people as possible. 

In the example, the pupil discovers, of course. that the medians are 

concurrent, that is, they meet in a single point. As is often the case in 

mathematics, it becomes even easier to prove this fact by discovering still 

more facts which make the theorem to be proved even stronger. In this case 

the new discovery is the fact that the intersection point 0 divides the medians 

in the ratio 1:3. After this discovery it is quite natural to try to construct 

parallel lines which cut TA- into three pieces, one of them intel secting AT' 

at the point 0, and to show that these parallel lin2s are equally spaced. 

The constructed segment ! -' is parallel. to the base of L AIBC and is 

half as long (this is used as a hypothesis-it was proved last year, of course, 

as an easy exercise in congruent triangles). Thus the quadrilaterals B 'A 'EA 

and B 'A 'DB are parallelograms because opposite sides are parallel. Then 

AE = BD because they are both equal to B 'A , and El = B'A' because each 

of them is 2 of AB. Thus AE = EB = BD. Since the four parallel lines (, 

FE, BIB, and A 'D cut the transversal AD in three congruent segments, they 

will cut any other transversal in three congruent segments (again, this state

ment is used as a hypothesis). Thus AA' is cut into three congruent pieces 

as desired. 
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The proof will be conlvincing for anyone who is familiar with the geo
metric figures involved (triangles, parallelograms, parallel lines) and who 
accepts the two hypotheses. 

Although the median concurl ence theorem is interesting in its own
 
right, the methods used to discovei and prove it are 
the real points of
 
emphasis.
 

Ansif 	ers to 
PIROBLEM1S 1-4 	 I Student Text Pages 14-17] 

1. 	 The hypotheses used in the proof are: 
1. The various parallel lines of the proof can be constructed, and they 

intersect the lines AB1 and AC as stated. 
2. The line segment connecting the midpoints of two sides of a triangle 

is parallel to the third side and is half'as long. 
3. If 	a set of parallel lines cuts off congruent segments on one trans

versal, then it cuts off congruent segments on every transversal. 

The first hypthesis is easily accepted by beginning students of geom
etry. The third is readily accepted after experience with the construc
tion of parallel lines. The second hypothesis is accepted by pupils who 
have had more experience, for example, by those who have studied 
Secondarv Thr-ec geometry. 

2. 	 The perpendicular bisectors are concilrrenl. A more observant pupil 
may also discover that their common point of intersection is equidis
tant from the three vertices of the triangle. The point of intersection 
may fall inside, on, or outside the triangle, and in the case of a right 
triangle it lies on the hypotenuse. 

3. 	 The altitudes are concdurrenl. For a right triangle the common point 
of intersection is the vertex of the right angle. The point of inter
section may fall either inside, on, or outside the triangle, this is the 
reason for defining the altitudes here to be lines rather than line seg
ments. 
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4. 	 The angle bisectors are concurrent. Again, an observant pupil may 

also discover that their common point of intersection is equidistant 

from the three sides of the triangles. 

5. 	 The triangle A 'B 'C' is equilateral. A proof may be given using the
 

methods of Chapter 6.
 

6. 	 (a) The two perpendicular bisectors intersect because they are re

spectively perpendicular to non-parallel lines and hence are not 

themselves parallel. 

(b) 	 Any point on the perl)endicular bisector of a segment is equidis

tant from the end points of the segment. 

(c) 	 Same reason as (b). 

(d) 	 Follows from (b) and (c). 

(e) 	 Any point which is equidistant from the endpoints of a segment lies 

on the perpendicular bisector of the segment. 

7. 	 Three parallelograms in the figure are A3AI'C,, IC 'IC and AI3CB '. 

(a) 	 AHb and -I'C are opposite sides of a )arallelogram. 

(b) 	 1T and TINC are opposite sides of a parallelogram. 

(c) 	 The point C is the midpoint of A 'BI and the altitude of ,_AiC 

through C is perpendicular to AB and hence also to A 'B'. 
(d) The remaining two altitudes of AABC are also perpendicular bi

sectors for the remaini, two sides of AA 1'1 'C'. 

(e) 	 The altitudes of ,,ABCare the perpendicular bisectors of the 

sides of .A 'B'C'. They are therefore concurrent by Problem 6. 

8. 	 (a) If the angle bisectors of A and B were l)arallel, tWen the sum of 
the measures of A and B would be 3600. 

(b) 	 Any point on the bisector of an angle is Q 0 

equidistant from the two sides. This is 

easily proved by showing that the right P 
R

triangles OPQ and ,AOl'Rshown in the
 

figure are congruent.
 

(c) 	 The point 0 is equidistant from sides BA and BC since it is on 

the bisector of angle B. It is also equidistant from sides AC and 

AB since it is on the bisector of angle A. It is therefore equidistant 
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- - -

C 

from the sides of angle C. But it must 
A'therefore be on the bisector of C. This 

may be proved by showing that the tri

angles ACOA' and ACOB' are congruent. B, 

1-5" EULER'5 FORMULA. 

*This section can be considered as optional. 

Euclidean geometry is primarily interested in the size and shape of 
geometrical objects, the basic relation between objects having the same size 
and shape being that of congsruence. In Section 1-5, however, we are con
cerned with a quite different property of geometrical figires, namely the 
way in which they are put together from simpler figures. 

In the case of polyhedra, for example, the two objects shown in the 
figure are very different from the view
point of Euclidean geometry. But they ', 

are both constc'ucted from six quadri
laterals, three of which come together 

at each of the eight vertices. They
 
have much in common-the same number of faces, the same number of edges,
 
the same number of vertices. And the quadrilaterals are fastened together in
 
the same way in each figure. Only the shapes and dimensions of the quadri
laterals differ.
 

It might seem that there is very little left to say once size and shape 
are overlooked. This section and the next, however, contain examples to 
show that this is not the case. And indeed a whole branch of modern mathe
matics-topology -has had its beginnings in just such considerations. 

The table which the pupils are asked to complete is given below. It 
is immediately noticed that V - E + F = 2 for each of these polyhedra, and 
the main result of Section 1-5 is to prove that this formula, called Euler's 
formula, holds for any simple polyhedron. The additional example given in 
Figure 11 of the student's text also satisfies this formula, for the number of 
vertices, edges, and faces are given by V = 12, E = 28, and F = 18. 
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Name 

(a) tetrahedron 

(b) cube 

(c) hexagonal 
pyramid 

(d) square 
pyramid 

(e) pentagonal 
prisin 

(f) no name 

(g) octahedron 

V 

4 

8 

7 

E 

6 

12 

12 

F 

4 

6 

7 

(V-E+F) 

2 

2 

2 

5 8 5 2 

10 15 7 2 

10 

6 

17 

12 

9 

8 

2 

2 

The sihple polyhedra are exactly those for which the trick of remov
ing one face and flattening out the remainder into a network can be accom
plished. It takes some practice to visualize the appearance of the polyhedron 
after it has been flattened into a plane network. The examples in Figlre 13 
will help. It is rather easy to see the correspondence between the vertices 
of the polyhedron and the vertices of the network, and similarly for the edges 
and faces. The correspondence between the faces is indicated on Figure 
13(g) of the text by means of numbers. Notice that in each example, the 
outside edges of the network correspond to the edges of the face that was 
removed, and this face in turn corresponds to the infinite region of the plane 

outside of the network. 

Anzswers to A Student Text Pages 21-22 
PROBLEMS 1-5 A 

1. 
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2. 	 l) E I" V-E+F 

(a) 11 15 6 2 

(b) 10 15 7 2 

(c) 19 33 16 2I 

3. 	 Making several of these polyhedra is an entertaining activity if mater
ials are available and time nermits. 

4. 	 Note the picture of the icosahedron in Figure 25 of the student's text. 

The content of the two experiments which show that edges can be added 
to a network without changing the value of I - E + I" and that outer triangles 
can be "peeled away' without changing this value is most easily demonstra
ted at the blackboard with a single example. For example one could begin 
with the network shown in Figure 14 of the student's text and add edges one 
by one (as in Figures 15 and 16), pausing after each addition to recount the 
number of vertices, edges. and regions. The pupils can easily see that each 
time an edge is added, the number ' remains unchanged and the numbers 
E and F bolh increase by 1. The value of ' - E+ F does not change, 

therefore, since 

V - (E + 1) + (F + 1)= ' - E + I. 

Now, using the eraser, begin removing triangles as described in the 

text. 
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By examining the number of vertices, edges, and i egions removed at 
each 	step, the pupils can see that V - E + F does not change, because the 

sum of the number of vertices and regions removed is always the same as 

the numbe. of edges removed (see the table on Page 21 of the student's text). 
The procedure described above for beginning with a polyhedron, re

moving a face and flattening it out, "triangulating" the regions, and peeling 

away 	the trian.;les, shows why the value of V - E + F is the same for the 

polyhedron as for a single triangular region. Thus it becomes clear that 
V - E 	+ F must be 2 for the polyhedron. 

Answers to Student Text Page 25 
PROBLEMS 1-5 B t 

1. 	 V = 28 and F =27 

Therefore 28 - E + 27 = 2, and so E = 28 + 27 -2 = 53. 

2. 	 Since the polyhedron is constructed from 20 equilateral triangles, we 
know that F = 20. If V = 12 and E = 28 as the pupil's friend suggests, 
then V - E + F = 12 - 28 + 20 = 4 and this violates Euler's fornula. 

The correct value of E is 30. 

3. 	 V = 21, E = 30, and F"= 11. Thus V - E + F = 2 as 

expected. Note that removing (or adding) a vertex in 
the middle of an edge does not change the value of 

I - E + F , for this would decrease the values of both
 

E and 1' by 1 and does not change F at all.
 

4. 	 V = 16, E - 32, and F = 16. Thus the value of V"- E + F is 0. Note 
that the "interior'' of this polyhedron is shaped like a flat slab of 
stone with a square hole in it. It can be proved in general that if the 
interior of the polyhedron has p holes through it, then V"- E + F = 2 

- 2p. When / 0, the polyhedron is called simnple and this equation 

reduces to Euler's formula. 
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1-6 * REGULAR POLYHEDRA. 

*This section can be considered as optional. 

The fact that there are only five kinds of regular polyhedra was already 
known to the ancient Greeks. The derivation of this fact from Euler's form
ula, however, came much later. It is an interesting example of proving a 
theorem in geometry using methods quite different from the traditional ones 
of postulational geometry. 

It is, of course, not possible to construct a regular polyhedron from 
congruent squares by joining four squares at each vertex. For the sum of 
the measures of four right angles is 360, and hence the four squares would 
lie in a single plane. Similarly one cannot construct a regular polyhedron 
from congruent regular hexagons, because the measure of each vertex angle 
of a regular hexagon is 120, and thus three of them when joined together 
would lie in a plane. 

Two equations relating the number of vertices, edges, and faces of a 
regular polyhedron are derived in the text. They are E =." and E n,T 
The first is explained in the text, and the second follows from the observa
tion that . V is the number of "ends" of edges, and since each edge has two 
ends, the number of edges is .;nV. 

Using the inequality n < e - 2 which is derived from these two equa

tions together with Euler's formula, we find that: 

When e = 3, n is less than 6. 

When e = 4, a is less than 4. 
When e = 5, 1 is less than 3-. 
When e = 6, n is less than 3. 

When e = 7, n is less than 24. 

But it is impossible for a to be less than 3 since it is the number of faces of 
a regular polyhedron which are joined at a vertex. Thus it is impossible for 
e to be greater than 5. This leads to the five cases listed in the student's 
text and consequently to the conclusion that there can be at most five kinds 
of regular polyhedra. 
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The table listing these five cases is easily filled in. 

e n E V F name 

Case 	1 3 3 6 4 4 tetrahedron 

Case 	2 3 4 12 6 8 octahedron 

Case 	3 3 5 30 12 20 icosahedron 

Case 	4 4 3 12 8 6 cube 

Case 	5 5 3 30 20 12 dodecahedron 

In each case (except 4) the name of the polyhedron is derived from the 

number of its faces. The cube could, of course, be called a regular hexahe
dron. 

Answers to Student Text Pages 30-31 

PROBLEMS 1-6 

1. 	 There is an interesting duality between the cube and the octahedron. If 

one connects the midpoints of adjacent faces (that is, faces that have a 

common edge) of the cube as shown in the figure in the text, a regular 

octahedron results. Conversely, if one connects the midpoints of ad

jacent faces of the octahedron, a cube results. (Recall that the mid

point of a triangle is the point where its medLans intersect.) 

2. 	 The tetrahedron is "self dual". 

3. 	 Connecting midpoints of adjacent faces of a dodecahedron results in an 

icosahedron, and conversely. 
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Chapter 2 

AREAS OF POLYGONAL REGIONS 

The subject matter of this chapter is the traditional one of areas of 
triangles, parallelograms, trapeziums and other plane regions bounded by 
segments. We also treat the very important theorem-Pythagoras' Theorem. 
We begin with an informal discussion of the idea of area (Sections 2-1 
through 2-4). The discussion is a continuation of work done in earlier years, 
and is meant to develop further the pupils' intuitive understanding of the 
subject. 

The viewpoint adopted in the formal treatment differs in certain es
sentials from the traditional one. First. we state explicitly as postulates
 
the properties of area which we assume. 
 This is much in keeping with the 
spirit of the geometry of Secondary Three. 

The second point of difference is the introduction and the definition of 
the term '"polygonal region". This certainly requires some explanation. 
One would expect such a term to refer to a region bounded by a polygon. 
One, however, soon encounters difficulties if one adopts this approach. It is 
fairly straightforward to define the concept of a polygon. The definition of 
the interior of a convex polygon does not present much difficulty either. But 
when one tries to define the interior of a general polygon, one faces an en
tirely different situation. It is not at all easy to define this more general 
concept. Moreover, the boundaries of the regions we study will not always 
consist of single polygons. So, if our definition of "polygonal regions" were 
to apply only to such regions, we would have to find a more general term to 
apply to the wider class of regions we study here. The definition we give in 
Section 2-5 avoids these difficulties, among others, at the cost of a feeling 
of strangeness, admittedly. But this feeling should wear off with usage. 

Our definition allows such regions as depicted in Problem 2(d)-(f) of 
Problems 2-5 to be called polygonal regions. So, you will observe, does 
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it mit certain regions which are totally disconnected. The union of the 

two totally disjoint triangular regions shown below is a perfectly good ex

ample of a polygonal region. 

DA 

B c E F 

Thirdly, in the development of the theorems (and these are basically 

those covered in a traditional course), the sequence adopted here is differ

ent. Traditionally, one first derived the area of a parallelogram, and from 

this deduced the area of a triangle. A main criticism of this approach is 

that the proof usually given for the area formula of a parallelogram is in

complete-only one out of four possibilities is treated. We reverse this 

particular sequence of derivations. In fact, we deduce the area formula for 

a parallelogram as a corollary of the theorem giving the area formula of a 

trapezium. We also give in the Appendix to this chapter two alternative 

sequences for the derivations of the various area formulae. 

Some.furlher rci(irks on 1he area pos/ulales: As stated in the Student 

Text, we already have enough postulates to develop our theory of area. We 

assume as postulates the statements contained in the Area Postulates 1 to 4 

only because it would be too difficult to prove them as theorems. Observe 

that the area postulates are similar to the postulates we assumed for dis

tance and for angle measurement. 

The question might be asked why we define our basic unit in terms of 

a square region, and not, for instance, relative to a triangular region

especially, since we define a polygonal region as the union of certain trian

gular regions. This is partly a matter of convenience. The area formula 

for a triangle (given in Theorem 2-3) is, in fact, equivalent to our Area 

Postulate 2. One could start by assuming that the area formula for a triangle 
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of base b and corresponding altitude h is bh. One then has to show that 

the product "bh" is independent of the particular base chosen. The proof of 
this is simple, but involves a knowledge of similar triangles (Chapter 3). 
We give the proof in the Appendix. 

The last result also provides us, incidentally, with a convenient start
ing point if we wish to prove the statements contained in the area postulates 
as theorems. The area formula for a triangle may then be taken as the 
definition of the area of a tri-ngle. 

It is, nevertheless, an interesti,, exercise (for the brighter pupils) to 
derive area formulae for various polygons, using as the unit of area an 
equilateral triangle, an isosceles right triangle, a rhombus, a regular hexa
gon, etc. 

On the question of the area of a polygonal region being independent of 
the method of triangulation, it may help to convince the pupils of the truth of 
this if they consider specific examples. For instance, a quadrilateralA.IBCD 
may be triangulated in each of the following three ways: 

(1) by drawing the diagonal AC; 
(2) by drawing the diagonal BD; 
(3) by drawing both diagonals AC and BD. 

A B
 
A 
 B A 

D : L: C
ccDDDL : 

(1) (2) (3) 

It is L ien pointed out that each of the triangulations (1) and (2) may be ob
tained by suitably combining in pairs the four triangular regions given by (3). 
So that, in a sense, triangulation (3) is the "sum" of triangulations (1) and 
(2). 

Finally, the rather minor point may be made that whereas we may, in 
theory, compare the lengths of any two segments without "breaking up" 
either of them, we cannot, in general, compare the areas of two regions 
without in some way cutting Up at least one of them. (Consider, for instance, 
the triangle and the rectangle in the figure.) 
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A
 

S R 
BC 

2-1 INTRODUCTION. 
PROBLEM Student Text Page 32 

PROBLEM: Su 

The area of the first piece is 9 x 6 sq. ft. = 54 sq. ft. 

The area of the second piece is 8 x 7 sq. ft. = 56 sq. ft. One would 

choose the second. It is a better value for one's money! 

2-3 AREAS BY SUMMING UP SQUARES. 

Azswcers to 
PROBLEs 

Student Text PageIPROB3LEMS 2-3A._ 33 

Each square should be divided 

into unit squares. (d) is illustrated 

in the figure. In (a) - (c), make 

sure that the units given in the 

answers are correct. 

(a) 9 sq. cm. 

(b) 64 sq. in. 

(c) 196 sq. ft. 

(d) S2. 
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________ 

The method for dividing the rectangles into unit squares is essentially 
the same as that for squares. 

Answers: 15; ab 

Answers to 
PROBLEMfS 2-3B Student Text Page 34 

The point to note in these problems is that the unit square has to be 
divided into suitable congruent squares. These congruent squares we use in 
(ii) to (vi) to cover exactly the given region. 

(i) (ii) 

r/3
 

I
 
'/ 

10 / 
It
 

I 

1/ 
I II 10 

3 1 

'/ 1/3 143 '/ V/3 * V 
10 

Area =1~sq. ft. 3 =1x 

diid__erctnleitosqaesecho_______t 

noiaosi 


---------- e 
) r- q.if.Atraey Area= 100 xlsq. cm. f e 

emywr - inyrs 

(..M 111 sq.cmn. 

We divide the rectangle into squares each of sid2 1 ft. (L.C.M. of de

nominators is 6). Area = sq. ft. Alternately, we may work in yards. 

Area = 1. sq. yd. 

(iv) Divide the rectangle into squares each of side L mile. Area= sq. 

mile. 
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(v) 

(vi) 

t 
Divide the rectangle into squares each of side -(.km. 

ki. = 10 4 sq. km. 

Divide the rectangle into squares each of side 1
t-1 qs 

Area 
54 

=  sq. 

Area - /)).(Is 

Ansit,ers lo 
Student Text Page 36

PROBLEMS 2-3C 

1. 	 (a) 2 NF (b) / -6 

2. 	 Yes; 3. 

2-4 	 APPROXIMATIONS TO AREAS OF SOME PLANE REGIONS. 

I Student Text Page 36
CIASS ('I "1Y 

1. 	 By calculation, the area is 8J3 sq. cm. z 13"85 sq. cm. 

2. 	 The length of the other diagonal is 4 in. Hence, by calculation, the 

area is 6 sq. in. 

Accuracy is important, but the real point of the exercises is to teach 

the method whereby we obtain successive approximations to the area we 

want. Note that the actual position of figures on the squared paper will affect 

the results obtained. It may be pointed out that this becomes less and less 

important with successive approximations. 
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2-5 	 POLYGONAL REGIONS. 

Answe-s to 
PROBLEMS 2-5 Student Text Page 40 

1. 	 It does not, because the two triangular regions ABC and DEF have the 
triangular region DPQ in common. 

A 

D 

B P Q C 

E 	 F 

2. 	 General remark,: Each region may be subdivided into triangular re
gions in an infinite number of ways. (This 	is the answer to Problem 
4i). Ask the students to subdivide each region in different ways. They 
may also try to discover the minimum number of trin gular regions 
into which each region may be subdivided. 
(a) 	 (b) 

242
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(c) (d) 

'RZ' 

2/N 

8//7/ 

2-6 AREAS OF POLYGONAL REGIONS. 

Student Text Page 43PROBLEMS 2-6 

1. Yes 2. No 
3. Yes; (according to the convention stated in the text.) 

4. No. 5. False 

SuetTx ae42-7 SOME AREA FORMULAE. 

Reasons for the statemients in the proof of Theorem 2-2 
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1. 	 EFDF' is a parallelogram (L-I I F'D and -F' D, by construction) 
and the angle at F is a right angle. 

2o 	 SSS
 

3. 	 Area Postulate 3. 

4. 	 Area Postulate 4 and statement 3. 

5. 	 Statement I and Theorem 2-1 

6. 	 Statements 5 and 6. 

Ansiiers to Su 
PROB3LEMS 2-7 Student Text Page 50 

1. 	 Triangles AABC and ADEF 
with altitudes AC and TII A D 
respectively such that 

A G = 	 D)11. 

ABCBABC' 2 AGXBC
 

DEE I r
 
-DIIX ENEF 	 B G C E F H 

1)C 
E F 

2. 	 Slatement: If two triangles have equal bases, the ratio of their areas 
is equal to the ratio of the altitudes to these bases. The proof is sim
ilar to that given in Problem 1. 

3. 	 (a) The ratio of the areas is equal to the ratio of the bases, BC and 
EF. (The triangles have equal altitudes.) 

A 	 D 

B C E 	 F 

(b) ABC = DEF 
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4. Let a 	be the constant area. 

(i) P is a 	point on either of the two lines parallel to BC and distant 

2a from it.
BC 

(ii) P is a point on the cylinder with BC as axis and radius BC 

stretching 	infinitely in both directions. 

5. 	 (i) 30 
(ii) 604 	 8 

6. 	 (a) 168 =618 

2 25 

(b) 7 
(c) 24 (Note that this is just the given leg!) 

7. 	 10 

8. 	 96 93 

10 5 

9. 	 156 

10. 	 58 yards 

1 . 5 ft.
 
18
 

12. 	 This may be considered as a special case of Problem 3(b). A direct 

proof may be griven, of course: 

ABD 1BD 

ADC DC 
=1 

.. ABD = ADC. 

No; 
The triangles will be congruent only if i ABC is isosceles, with base 

BC. 

13. 	 By the mid-point theorem, 

B'C' = BA' A'C
 

C'A' = C' B 'A
 

A'B' = AC' C'B
 

A A'B'C' AAB'C' SSS
 
- ABC'A' SSS
 

A CA 'B' SSS
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A'B'C' 

A rB'C 

= AB'C' 

= BC'A 

= CA'B 

-1 (A'B'C' +AB'C' +BC'A' +CA'B') 

1 (ABC) 

14. AEC 

AFC 

AEC 

= 

1 

ADC 
2F 

AEC + AFC 

1- 1 (ABC' + A.DC) 

11 ABCD 

A 

a 

E 

C 

15. AO is a median of the 

AADR, Hence 

ADO = A11). 

Similarly AR() = BCO 

and BCO = DCC), 
D 

A 

C 

B 

16. ADJD =- A() x RB)2 
BCD = 1 C*() K R) 

2 
ABCD = A13D + BCD 

1 1 
- AO x 131) + C) 

2(A + C()) BD 

1 RA= A C x BD 

BD 

B 

A 

c. 

D 

B< 
D0 

C 
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16. 	 Cont. 
Yes. (A rhombus is a quadrilateral satisfying the condition of the 

theorem.) If di , d 2 are the lengths of the diagonals of a rhombus, the 

area 	of the rhombus is I d1d,. 

17. 	 (i) S2 

(ii) _I 	 (12 (using the result of Problem 16). 

(12 = 	 2S2 or (I = s vr2. 

18. 	 (i) azV

(ii) 	 112a" 

(iii) 	 a 

Student Text Page 52
2-8 	 PYTHAGORAS' THEOREM. 

Reasons for the statements in the proof of Theorem 2-6. 

(1) 	 The four triangles AtlEP, AEFQ, AFGR and AGIS are each congru

ent to the original triangle AABC. Hence HE= EF=FG=GH= AB =c. 

Also, from the congruent triangles AHEP and A EFQ, we have 

PIlE QEF 

Again ,u(PHE) + ,m(PEII) = 90 

and n;1(PEJI) + IN(QEF) + n(lJEF,) = 180. 

m(HEF) = 90. 

(2) 	 Area Postulate 2. 
(3) 	 Area Postulate 4. 

(4) 	 Statement 1 and Area Postulate 3. 
(5) Theorem 2-2.
 
Reasons for statements (4) and (6) in the proof of Theorem 2-7.
 

(4) 	 From statement 3 and the fact that both c and c' are positive 
numbers. 

(6) 	 Corresponding angles of the congruent triangles AABC and 

AA 'B'C'. 
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Answers to 
PROBLEMS 2-8 Student Text Page 55I 

a 	 b c 
1. 	 (i) 12 5 13 

(ii) 7 24 	 25 
(iii) 16 	 20 4 V-i" 

(iv) 9 	 9 9 V2 

(v) 15 	 254 4 
(vi) 8 	 15 17 
(vii) 6 2 Vr7 	 8 
(viii) 0.9 4 	 4.1 

=2. 	 QR QN + NR 

= 10 + 18 

= 28 3. 15 feet 4. (b), (d), (g). 

We use both Pythagoras' Theorem and its converse. More pre
cisely, we conclude from Pythagoras' Theorem that if c2 a12 + b2 , the 
triangle is not right-angled (at C); the converse tells us that if c2 = 

a 2 ,+ b2 the 	triangle is right-angled (at C). 

5. 	 (p2 + q2 )2 pP4 + 2p 2 q2 +q4 

= (p - 2p 2q2 + q4 ) + 4p2 q2 

(p2_ q2 )2 + (2pq) 2 . 
(The numbers involved are all positive.) p2 + q2 . (This is the largest 
of the three numbers.) 

26. 	 p q p2 -q 2pq p2q 

2 1 3 4 5 
3 1 8 6 10 
3 2 5 12 13 

4 1 15 8 17 
4 2 12 16 20 
4 3 7 24 25 
5 1 24 10 26 
5 2 21 20 29 
5 3 	 16 30 34 
5 4 9 40 41 

There are 10 such triangles. 
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If n is a positive integer, there are 2102 1) such triangles where 

the hypotenuse has length less than or equal to n2 + (n - 1)2 = 2 2 - 2Z 

+ 1. 

7. 	 {3, 4, 5 }; {5, 12, 13 }; {8, 15, 171; 
{7, 24, 251; {20, 21, 291; {9, 40, 41}. 

HF 2 + BF 28. 	 BH 2 = (AHFB is right-angled at F) 
HG2= = 202 	+ 212 (HF 2 + GF 2 

= 122 + 162= 292 


BH = 29 = 202)
 

9. 	 DElI CA, since each segment ±DC. 

AABC= ABED 

ABC - BED 

m(DBE) + )e(BED) = 90 

.n(ABC) + m(DBE) + e(ABE) = 180 

,m(ABE) = 90
 

ACDE = ABC + ABE + BED
 

1 	 1 
2
Va+b) (a+ b) -labc2 +I
 

= 2ab +a2 + 2ab + 
2 

a 2 	 b2 = c+ 

10. 	 Each of the triangles AEAH, ADEG, ABDFis congruent to the triangle 

AABC (the hypotenuse and an acute angle of each of them are congruent 

to the hypotenuse and an acute angle of AABC). 

CH = AC - All 

=b -a
 

Similarly, fIG = GF = FC = b - a.
 
Moreover, the angle at C is a right angle.
 

ABDE = ABC + BDF + DEC + EAH + CFGH 

c2 = 4(iab) +(b-a)2 

2 + b2= a 

11. (1) SAS (CAE =IAB, the measure of each is 
90 + n,(CAB)). 

(2) Statement (1) and Area Postulate 3. 

31
 



(3) The square CAItJ and the triangle AABHI have equal bases (AH) and 
P eual altitudes (CA).
 

(4 Similar to reason for statement (3)
 
(5) From statements (2), (3) and (4). 
(6) The steps involved are similar to those used in proving statement 

(5). 

(7) Statements (5) and (6) and Area Postulate 4. 

12. 	 SAS
 

Mid-point theorem applied to AABD.
 

1CE 	
2 AD 

1
-1 AI (AB -AD, corresponding segments of congruent triangles 

AACB and AACD). 

13. 	 InAACD, AD =CD and ni(A) 60. Hence AACD is equilateral and 

AC =AD = AB. 

14. 	 s 232 

4 

15. 3 sq. cm. 

216. 	 s S 2 
T- A
 

:3 S2 =1h 

4 -S
 2 ~~~ 	 _:Lh 

3B 	 -AN C" 

Area= 

17. 	 6, 60 4.813 	 13 
_288 

18. 	 ABX = ABCD AN 288 
2 25
 

=72 
 13 
BX = 12.5 
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PR 2 = 	 pQ 2 + QR 2 
19. 

= 52 + 	 122 (PQ QS 5) 

PR = 	13 

=PSR I×5x
2 

35 
2 

_ 35 
SN=
 

13
 
29	 A- D 

20. 	 AABP AADQ 15 

BA P - QAD 

,)1(BAP) In(QAD) Q 

145 
- (90 - n(PAQ)) 

15 
=15
 

in(BPA) = 45
ni(C 	 P) 75 
75060 

70450 

PQC is an isosceles right triangle. B P 

Let AB = s and AP= fl. Then s . 2 

CP= - and BP=s -

Apply Pythagoras' Theorem to right triangle AABP to give 

j2 =s	 2 + (s- r) 2 

k 2 = 	2 v2 s C- 4S2 = 0 and the quadratic formula gives 

= (-2i v±f)s 

' - = r-v ( > o) 

[Alternately, we may use 

ABCD = ABP + PCQ + QDA + APQ.2 ks)-+ 7 + s s - k 	 + --vr 

s +(v+ 1)
V4 

S J-3+i1 

= vF2 	 ( vr- -).] 
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----

21. XL = a vA 2c D 
XN = a(2 + 

(xc)2 = (XA)" + (NC)2 

-Ul (2 + 4+ o"-a 2 (8 + 41 /J) x ------ L. 	 N L 

a2 
- (8 + 2 N/T2-)
 

XC = a ( + /2) <6 


22. 	 ADE = ADB + 13DE B C 
= ADB + DCB 

= ABCD D 

23, Yes. 

ADE 	= ADB - BDE
 

= ADB - DCB 
 A 

= ABCD 

24. 
A\ 

B 

/\ 

/\\
 

/\\
 
// \ -

I 	 I D, 
\ \ 

I - -- IThr 	u dra le--itrs c C i ...... 

GD 

Through If draw BCii;]Al), and let BC( inter'sect I)C in (;.
 

Through 13 draw 13' 
 AC. and let 1B1," intersect DC in 1.
 
AAF; is the required triangle.
 

25. We use the "'angle-sum" theorem to deduce that IIEF is a right angle. 
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APPENDIX
 

A. 	 Alternative sequences for the derivation of the area formulae given in 

Theorems 2-1 through 2-5. 

FirstSequence-Theorem 2-1': Same as Theorem 2-1. 

Theorem 2-2': The area of a parallelogram is the 

product of any base and the corresponding altitiude. 

Given: A parallelogram ABtCD with base DC b and 

corresponding altitude AE = h. 

Prouve: AJJCD = bh 

P;-oof: Draw the altitudes AE and BF 

b B A 	 B 

hZI h 	 h 

O E 	 C F D E b CF 

(1) 	 (2) 

A 	 B
BA 

h i 

GI' 

- 1L 	 JLJ 
D 	 b C E F D CE F 

(3) 	 (4) 

As shown in the figure, there are four cases to consider: 

Case 1: (E lies between I) and C.) 

1. 	 zADE 13CF (hypotenuse and one leg of right 2 ADE are 

congruent to hypotenuse and one leg of right 

2. 	 ADE = BCF (Statement 1 and Area Postulate 3) 
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3. ABCD = ADE + AECB (Area Postulate 4) 
= BCE + AECB (Statement 2)
 
= AEFB (Area Postulate 4)
 
= bh (Theorem 2-1': AEFB is a rectangle)
 

Case 2:
 
E coincides with D. Parallelogram ABCD is a rectangle and the 
re
sult follows immediately by Theorem 2-1'. 

Ca-,? 3:
 

E coincides with C.
 
The proof is the same as for case 1.
 

Case 4: 
Both E and F fall outside the segment DC. 

1. 	 AADE ABCF (hypotenuse and one leg of right triangle ADF 
are cong ruent to hypotenuse and one leg of 
right triangle ABCF.) 

2. 	 ADE = BCF (Statement t and Area Postulate 3) 

3. 	 ADE =:ADCG + GCE (Area Postulate 4) 

4. 	 BCF = BGE, + CCE (Area Postulate 4) 

5. 	 ADC'G + CUE L'GEF f GCE (Statements 2 to 4) 

6. 	 ADCC = 14L-EF (Statement 5) 

7. 	 ADC' + ABG 13(;El + ABG (Statement 6) 

8. 	 ABCD = ABEF (Statement 7 and Area Postulate 4) 
9. 	 ABEl = bi (Theorem 2-1'; ABEl is a rectangle) 
10. 	 ABCD = bih (Statements 8 and 9) 

Theorem 2-3': The area of a triangle is half the product of any base 
and the corresponding altitude. 
Gi'c): A triangle AABC with base BC = b and corresponding altitude 
AE = h. 

Prove: ABC = 2 h 
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Pr'oof: 
A D A AD 7D 

/ /
/ / I / 

I/ , / I 

///1
// ' h 

I / / / l 
I ~ / / / I 

B-1 / //7 I 

E C/ 

B C-E B C E 

Through A we draw AD IBC and through C we draw C - I. 

1. ABCD is a parallelogram (Construction) 

2. AABC AADC (SSS) 

3. ABC = ADC (Statement 2 and Area Postulate 3) 

4. ABCD = ABC + ADC (Area Postulate 4) 

5. ABCD = bi (Theorem 2-2') 

6. ABC = 1 b/h (Statements 3, 4 and 5)2
 

Theorem 2-4: Same as Theorem 2-4.
 

Second sequence: 

Theorem 2-1": Same as Theorem 2-1 

Theorem 2-2": Same as Theorem 2-2 

Theorem 2-3": The area of a parallelogram is the product of any 

base and the corresponding altitude. 

Given: A parallelogram ABCD with base BC = b and corresponding 

altitude I. 

Prove: ABCD = bh
 
Proof:
 E A 

D 

B bC F 
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If ABCD is a rectangle, the result follows immediately from Theorem 
2-2. Otherwise we choose the opposite vertices B and D which are 
such that the two altitudes BE and DE lie entirely in the exterior of the 
parallelogram, except for the end-points B and D. 

1. AABE A CDF (hypotenuse and one leg of right AABE 

are congruent to hypotenuse and 
one leg of right ACDF.) 

2. ABE = CDF (Statement 1 and Area Postulate 3) 

3. BEDF = BEA + ABCD + DCF (Area Postulate 4) 

4. BEDF = (b +AE)h (Theorem 2-1": BEDF is a rectangle) 

5. BEA = 1 AE X h (Theorem 2-2")2 

6. DCF = - AE x h (Statements 2 and 5) 

7. (b +AE) h AE X h + ABCD + AEI h (Statements 2 to 6) 

8. ABCD = bi (Statement 7)
 
Theorem 2-4": Same as Theorem 2-3'
 
Theorem 2-5": Same as Theorem 2-4. 

B. Theorem: In any triangle, the product of a base and the corresponding 
altitude is independent of the choice of the base. 
Given: A triangle AABC with altitudes BHD and CAT.
 
Prore: AB X CN = AC X BAJ
 

M:A:N 

CC 
BA 
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If A is a right angle, Ml = A = N, and the result is trivial. Suppose 

now that A is not a right angle. Then Al A and N A. In triangles 

A AMB, A ANC, 

A-AA - A 

AMB ANC (each is a right angle) 

AAMBA AANC (AA Similarity Theorem) 
A B BMV 

AC CN 

AB x CN = AC x BM. 
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Chapter 3 
SIMILAR TRIANGLES 
AND POLYGONS 

3-1 INTRODUCTION. 

Your pupils will have done some work with similar polygons in Sec
ondary Two and therefore will have some understanding of what is meant by 
two figures having the same shape but not necessarily tile same size. They
will already have had considerable experience in drawing scale models of 
larger figures. They may not have been aware at the time that the figures
they drew on their papers (if they were drawn to scale) were exact models
 
of larger figures. You should remind them of this fact here and perhaps
 
pursue the idea a little further by asking them how they would draw on their 
paper a picture of a triangle whose sides are 10 ft., 12 ft., and 15 ft. 

In similar triangles, as in congruent triangles, the notion of a one-to
one correspondence between the vertices is important. We call the pupil's

attention to this correspondence 
here by repeating the definition of congruent
triangles so that later, when similar triangles are formally defined, he will 
have a basis for com)arison. Actually, we could define congruent triangles
in terms of similar triangles by observing that when two similar triangles
have the ratio of their corresponding sides equal to 1, the triani-les are con
gruent. 

Comml s On Student 
CLASS ACT'IVITtu Text Page 

You may want your pupils to do more of the kind of activity suggested
hiere. It is important for them to realise that one way of classifying geomet
ric figures is by similarity and in order to make this classification easy and 
exact we need a precise definition of similarity. 
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In Problems 1 and 2, of course, all circles are similar to each other 

as are squares. In Problem 3 some of your pupils may have been fooled by 

their pictures into thinking that all rectangles are similar. Once they have 

seen an example of two rectangles like the figure in the text they should be 

convinced of the error in their thinking. 

3-2 RATIO AND PROPORTION. 

Ifyour pupils have studied Rational Functions in Secondary Four -

Algebra, they will have already done considerable work with ratios and you 

may want to omit part or all of the exercises in Problems 3-2A. The only 

thing new here is the word ratio and its representation by the symbol 2:3 or 

the words 2 to 3. Be sure that your pupils understand that a ratio is a 

number and that it is usually described as the quotient of two numbers, even 

when the denominator is 1. Thus if k is a number, k can be expressed as a 
I,

= -.
ratio since k 

We have defined ratio in terms of positive numbers for two reasons. 

The first is that the numbers used in geometry represent measurements 

and are therefore positive. The second is that it eliminates the necessity of 

always having to restrict our denominators to non-zero numbers in our 

discussions and problems. We adopt this same convention later, when we 

define proportion. 

Answers lo 
Student Text Pages 64-65PROBLEMS 3-2A 

1. (a), (c), (d) 

(c) 17 bc2. (a) 5
1 23 

(d) x- 1(b) 14- X + 1 9z 

(c) x= 13. (a) x=9 

6 2(b) x (d) x=73 
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4. (a) 	 =4 (c) x 3 
y 3 	 J 2 

(b) 	 x (d) y
 
y b -5
 

5. 	 (a) (c) 

(b) 2 	 (d) 2v+ 35 	 1 

6. 	 Two such sequences might be 9, 15, 21 or 15, 25, 35. (Any sequence 
which is a multiple of 3, 5, 7.) 

7. 	 4s _ 4 
s 1 

8. 	 Since the length of the diameter of the circle equals the length of the 
side of the square, the area of the square is given by (2r) 2 = 4r 2 . The 

ratio of the area of the square to the area of the circle 	is then --- 2 -

Answers to 	the 
PROBLEM (Page 66) 

I3; 3 

We have treated proportions rather extensively in this section. Your 
pupils may already have a fine understanding of the algebra of proportions. 
If this is the case, you may want to skip over this section rather hurriedly, 
concentrating on the clefinitions, but omitting many of the exercises-es
pecially if you are faced with a shortage of time. On the other hand, here is 
a good example of how algebra and geometry are interrelated. If your pupils 
are weak in the algebraic manipulation of fractions, the exercises here should 
provide ample revision for them. 

By a mean Proporlionalbetween a and c or a geomne1ric niean between 
a and c we mean ano number 6 for which a:h = b' c 	is a true statement. 

Since - b2= ac, we get two numbers, b = /a-7 and b = - V7, as 
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possible geometric means between a and c. We have defined the geometric 
mean or the mean proportional between a and c to be the positive number 
1(-tc-. Perhaps the phrase "between a and c" for the geometric mean is not 

a wise choice of words since the word "between" implies that Faf7- is between 
a and c: that is, a < vf7 <c or a > VdiT > c. ff a and c are positive and 
a / c, this is actually the case. However, if a = c, then \Tac = a = c and the 

point representing the geometric mean is not between the points representing 
a aud c on the number line. If your pupils are not confused by this use of 
the word between, I would not bother them with the above discussion. The 
word "between" arises from the fact that, when writing the proportion 
a : b : c, b appears in order between a and c. 

The basic theorem on proportions is Theorem 3-1. There are many 
other theorems concerning, proportions which are consequences of Theorem 
3-1 and the laws of algebra. We list the more important of these in Theorem 
3-2 following Problems 3-2B. 

Answers lo 

PROBLEMS 3-2B Student Text Page 

1. (a) I *-a 'then ad bc 

Proof: 

By hypothesis, b = 7. Multiplying both sides of this equation by bd 

(bd 0 because b 0 and d / 0) we get ad = bc.
 

bc, then a =
 (b) If ad = 

Proof: 

By hypothesis, ad= bc. If b 0 and d 0, we can divide by bd 

t
obtaining a = 

2. No; i obecause 2X20X5X6. 

3. (a), (c), (d). 

4. (a) x= 6.3 or 6 3 
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4. Cont. 

(b) x = 6. (As agreed in Problems 3-2A, the letters in this Problem 

set represent positive r'umbers, so x - -6 is not a permissible 

solution.) 

(c) x = or 13 . 

(d) x = 4. 

5. 4vr3. 

6. x _ 10
3y 3' 

7. If a = a and a 0, we have by Theorem 3-1 ax = a, and, dividing by
x 3y 

a, x =y. 

8. x = 3 = • 

a c 

The equivalent forms of the given proportion = c listed in Theorem 
0 

-

~b dlitdiThoe 
3-2 are often very useful and if the pupil recognizes how they are obtained 
from the given proportion he can save himself many steps in the proofs of 

certain theorems involving proportions.
 

Prior to discussing Theorem 3-2 you might want to give your pupils
 

the proportion = - and ask them how they would obtain other proportions
b 
-

dI 
from it by rearranging the order of the terms a, b, c, d so that the cross

product ad = bc is retained. This should produce parts (a), (b), and (c) of 
Theorem 3-2. You could then ask them to try to discover other proportions 
whose cross-products are reducible to ad = bc by using only the four terms 
a, b, c, d and the operations of addition and subtraction on them in setting 
up the proportions. Once they have discovered parts (d), (e), and (f) of 
Theorem 3-2 you could ask them to use these results to generate even more 

proportions equivalent to - = c . This kind of pupil activity should makeb ( 
them thoroughly familiar with the various equivalent forms they will find 
useful in later work with proportions. 

44
 



Answers to 

P Student Text Page 68 

1. 	 (a) is obtained by interchanging the first and fourth terms of the
 

- "
 
proportion (I 

b d 
(b) is obtained by interchanging the second and third terms. 

(c) is obtained by inverting the Lwo ratios. 

(d) is obtained by denominator-addition. 

(e) is obtained by denominator -subtraction. 

(f) is obtained by numerator-denominator-addition. 

2. (a) 13. 355' 

(b) 9-; 

3. 	 If - b = - , then by an extension of Theorem 3-2(f) we get
 
a' b' c''
 

a+b+c a 	 P a 
and hence-a'+b c' =a' 


4 IfDB _ECADD A+C
 
then by Theorem 3-2(d) 	we AD AE By4. if E 	 get + DB + EC. 

AD AE'ADE 
one of our segment measurement postulates AD + DB = AB and 

AE + EC = AC. Therefore, AB AC
 
AD AIE
 

3-3 RATIO AND PROPORTION IN GEOMETRY. 

Be sure that your pupils understand Definition 3-2 and the discussion 

that follows it. There is nothing new about the algebraic properties of 

proportions in this section, but the agreements made in Definition 3-2 and 

the paragraph that follows it are important to the work that comes in Sections 

3-4, 3-5, and 3-6. 
Stress the importance of two segments being measured in terms of the 

same unit before a number can be obtained for their ratio. It would be 

absurd, for example, to 	say that the ratio of ARB to CD is -2 if the measure of
3 

AB is 2 	feet and the measure of CD is 3 inches. When we say that the ratio 

of two segments is we 	mean that the first segment is 2 as long as the 
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second, and, of course, this would not be true at all about the two segments 
ab ve. 

The answer to the question posed on page 69 is important and it may 
seem obvious to some of your pupils while others may not be so certain. 
Some may feel that since measuring two segments with different units gives 
different numbers for their lengths, it may also give a different number for 
their ratio. A little thought and some discussion of examples like those in 
the text should convince everyone of the truth of Theorem 3-3. Once the 
pupils have arrived at the statement of Theorem 3-3 through looking at 
examples, there is not much to be gained by discussing the formal proof as 
given in the text. It is sufficient for the poor pupil to know that if one seg

ment is 2as long as another, it remains so regardless of what unit is used 
to measure them. It is more important for the good pupil to recognise the 
need for Theorem 3-3 than it is for him to be able to prove it. 

Answers to 
PROBLEMS 3-3 Student Text Page 71 

AB BC AC 
FD DE FE 

2. B'C' = 27. 

A'C' = 39. 
242 

3Theirratio isT-= regardless of whether they are measured in 

inches, feet, yards, oi miles. 

4. AB BC 
x iY YZ 

7 
3' 

3-4 THE BASIC PROPORTIONALITY THEOREM. 

THEOREM 3-4. If a line parallel to one side of a triangle intersects 
the other two sides in distinct points, then it cuts off segments which are 
proportional to these sides. 

Given: A ABC with points D and E on AB and AC respectively 
such that DE BC. 
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Prove AB AC 	 A 

AD AE • 

Proof: 

(1) 	 Draw DC and BE. 

(2) 	 In AADE and ABED let 

us regard AD and BD as B c 
the bases. The triangles 
have the same altitude, A 

namely EF. Therefore F 

by Corollary 2-3-1 the 

ratio of their areas is 	 D 

the 	ratio of their bases, 

and we have 	 B 

Area A BED BD 
Area AADE AD' 

(3) 	 In AADE and ACED let 
A 

us regard AE and CE as 
G

the 	bases. -

The triangles have D)
 
the same altitude D...
 

Therefore by Corollary 

2-3-1 we have as before 
CArea ACED CE 

Area AADE AE' 

(4) Now ABED and ACED have the same base DE and equal 

altitudes. 

.*. Area ABED = Area A CED. 

(5) 	 Combining the statements in (2), (3) and (4) we have 

BD CE 
AD AE' 

(6) BD I CE BD + AD CE + AE 
SAD 
 AE AD AE 

(7). AB AC 
;"AD AE 

The 	proof of this theorem is mainly based on areas. 
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COROLLARY 3-4-1. 

The first part of the corollary follows by inverting the result obtained 
in step 5 of the proof of Theorem 3-4 which gives 

AD From this we getBD CE 	 Fro ,-A == ChswEgtBDand from Theorem 3-4 we get 
AB AD ARB B)
AC -AE" 	 These last two results giveC- CE 

AB- ACTherefore, 'BD CE ' 

which is the second part of the corollary. (We have used Theorem 3-2 in 
transforming these proportions.) 

COROLLARY 3-4-2.
 

There are two cases as indicated in the two figures.
 

A 	 E D 

B \ A \-

C B\ C 

D E B C 

In both 	cases draw BE"and D)C. 
The proof to the first case follows directly from the proof of Theorem 

3-4 by interchanging B and D, and C and E respectively. To prove the 
second case we use Corollary 2-3-1 on the proportionality of the ratio of 
areas of triangles to the ratio of their bases. We get 

(1) Area A ED 1.Area A BED _ BD They have the same base and equal altitudes. 

(2) Area AADE AD Corollary 2-3-1.TAr'ea -Z-A E -DC 

(3) 	 Area A AED - CE Corollary 2-3-1. 
AraAADE E-,A 

(4) Combining (1), (2) and (3) gives the required result. 
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C 

ATHEOREM 3-5 

In the construction for the proof of the D E
 
theorem we assumed that F lies between A and C.
 

Obviously it is impossible for C to be be
tween A and F. It can be seen that if C lies be- B 

tween A and F then 1)1" cannot be parallel to BC' 
since it intersects it. Now suppose I" is such A 

that A is between F and C. Then since DF IIBC 
it follows that D E 

(1) DF(; BCA by corresponding angles. C 

B 
(2) m(DF,) > m(DAG) by the Exterior ' 

Angle Theorem. F 
G 

(3) i(DI) > m(BCA) by the Exterior F\ F 
Angle Theorem. AI",A 

(4) m((DFC) > m(BCA) by Statements DI E 

(2) and (3). 

This leads to a contradiction of the fact B
that D-F lS' 

Hence if DI I BC then F must lie between A and C. 

There should be a short discussion on "the method of indirect proof" 
to refresh the notion in the minds of the pupils. ,E----

NOTATION: The notation B D for AB I[ CD must not be 

A C 

confused with the notation for rays. The arrows on rays are at the end of 
the segment: 

Ans-wers 
So 

PROBLEMS 9-, Student Text Pages 75-78 

NAM LZ XY XM X Y X Y 
1.Y ' LX' XZ' XL' M Y' XZ 
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2. AC = 5. 

AE 
EC' 

AB 
AD' 

AB 
AC' 

AE 
AD' 

4. (a) QT= 4, (b) P? = 18, (c) PS= 7. 

5. (a) CE = 8, (b) FG = 6. 

6. AIQ = 6, BAI = 185" 

7. From AADE and AABC AE _ AD 
EC BD 
AE X F" 

From ACEX and ACA F --EC' CX 
XY AD __ - . I"=. 

CX 131) "" 

8. (1) In AOAI, -E oF Theorem 3-4 

(2) In A OOBC-
; 0Cii 

Theorem 3-4 

(3) In AOCD, OC - Theorem 3-4 

(4) OE - OI Statements 1, 2 and 3 

(5) ------It7---
In A 0)A, lE 1 1) Theorem 3-5 

9. Let DA and lE intersect in the 

point 0. 

(1) From A OA.F and A 0BF 
0 

(2) 

(3) 

()E El 
From A OAE and A OCG 

0A _ AC 

OE EG 
From AOAE and AODHI 

OA _ AD 

OE Eli 
c 

A1 
1

B 

2 

-2E 
2 

F 

G 

(4) 

(5) 

From statements (i) and (2) 
AC AB. 
EG EF "'C=6andFG=4. 

From statements (1) and (3) 
AB.ADAD ..Eli =12 and iIG=6. 

ELI E F 

D H 
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10. 	 (1) Since A BDE and A CDE have the D E 

same base and equal altitudes their 

areas are equal. A 

Area ABDE = Area A CDE 

(2) 	 Area AAEDE AE Corollary 2-3-1. 

Area AADE CBC3Area A CDE CArea ACDE 
_AD

CD Corollary 2-3-1. 

(4) Combining statements (1), (2) and (3) gives 
BE 

_AD 
CD" 

E--> --> <-

11. Since, by hypothesis, EB l=],') and EB P'D it follows that BF ] ED. 

Therefore in A C(;D and A ClI" by Theorem 3-4, 

CII ('F," 
GII I) . 

•. CII =c(;I. 

Similarly 	in AABII and AAEG, 
A G AE 
(I1 EB 

SAG =GIL. 

Hence AG (;II IIC. 

Hence G and II trisect AC. 

For the last part consider AAEG and ACDG. By hypothesis, AE CD. 

Therefore by application of the result of Problem 10 we have 

_AEG G 1 

GD (;c 2 

EG 	= GI) 

.. EG = 	 (ED - EG) 

.. EG 	= 1 ED 

3
 

3-5 SIMILAR TRIANGLES. 

The definition of a similarity, like the definition of a congruence, re

quires two things: a congruence between corresponding angles and a pro

portionality between corresponding sides. For similar triangles we could 

have based our definition on either one of the two conditions, and proved the 

other. However it is better to define similar triangles in a manner that can 

be generalized to other polygonal figures. 
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Two triangles are similar if they have the same shape but not neces
sarily the same size. If two triangles are similar it ought to be possible to 
''magnify" or "stretch" one of them, without changing its shape, so as to 
get the second triangle. Also the second triangle could be "shrunk" or 
"diminished", without altering its shape, so as to get the first triangle. 

The setting up of the correspondence between two similar triangles 
must be carefully dealt with. A lot of diagrams should be drawn to explain 
how the corresponding parts of two 

sinilar triangles can be picked out.
 
For examp~le, in AISC, by inspection A
 

m(B) > m,(A) - n(C). InA 'B'C' A' 

'
by inspection m(1') >m(A') > m(C'). 
B

Hence if AAI3C AA'B'C'we should BI 

expect that A -', 1D-3' and ' -C1. 

Some pupils may tend to think C 

that corresponding angles in two 
similar triangles are the ones which occupy the same relative position on 
the blackboard. It is necessary to give several examl)les to dispel this idea. 

It must be stressed to the pupils that the notation for a triangle sim
ilarity must be such that letters representing corresponding vertices in the 
similarity are relatively situated within the expressions denoting the tri
angles. Thus if A < X, 13 Y, and C-
 - Z, then AAB( - AXYZ. 

Answer;s loI 
PROBLEMS 3-5PROBeEMs 3o IStudent Text Page 80 

1. A - ', B ,.4A C AB <---' <->C ', B 'A ' 
- - .
B C < A 'C ', CA -C 'B 

2. DE = 3; DF = 5. 

3. Since A ABC - A A'B'C' 
AB BC CA
 

A'B' B'C' C'A'
 
.. AB =12 and BC = 16 
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4.4 6 a
4. b- 12 =- Therefore, b = b in. and a -4 in. 

5. 

6. 

7. 

8. 

Since A ABC - A Y\Z
 
AB BC AC
 
X I" XC IVC 

.8 " X -BC -95 ' ' .X Y =40 -and BC = _ -5 4 

CI) C'L IDE 1(1) = _ 1 (by hypothesis D CCA 'B A B -2 

and E are the midpoints of AC and BC.) D E 

(2) DEl1 AB by Theorem 3-5 A B 

(3) c)E CAB and DEC,1C by the Alternate Angle Theorem 

(4) E 

(5) AABC A DEC by Definition 3-3. 

Let AABC and AA''(" be two equilateral triangles. 

(1) A - B - C' and A' - 13'- C'. 

(2) AB BB CA; A'V)' B'(" C'A'. 

then from (1) 

A -A', 13 1', and C ('. 

and from (2) 
AB3 BC CA 

A'B' B'C' C'A' 
A ABC - A I'B'C' by Definition 3-3. 

From (1) and (2) we have also A ABC A 13'C'A',B 
AABCL' A C'A 'B1'. 

Yes. Let A ABC -ADFL. Therefore 

(1) A -5I, B*E, c 

(2) AB = DL, BC' = E" and AC = DF. 

Hence from (2) we get 
(3)AB 'BCAC 

DE EF DF 

From (1) and (3) we conclude that AABC - ADEF.
 
Not every pair of similar triangles are congruent. For example, if
 

'-
AABC A DEF then (1) and (3) above hold. But (3) does not neces

sarily imply (2) which is necessary for congruence of the two triangles. 

Since A ABC - A RST, by definition9. 
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8. Cont. 
A =R B- S, C-N= 7\ AB BC AC 

(1) t ' RS ST RT
 

Since A STR -A YZX, by definition
 
(2) \ jQ \" ST TR SR(2) S --1\, T--Z,R -X, -Z=X- \= 

Combining (1) and (2) we have 
\ \ \ \ , AB BC AC(3) A-X,B-Y,C =Z, y.- 'Z -Zx 

Hence it follows from (3) that A ABC '-A XYZ. 

3-6 THE BASIC SIMILARITY THEOREMS. 

THEOREM 3-6 (The AAA Similarity Theorem).
 

This theorem may be stated briefly as:
 

Ifthe angles of one triangle are congruent respectively to the angles of
 

another triangle, then the triangles are similar.
 
A/3 A C 

In the proof of the theorem we assume that A-- > I and AC> 1. If 

AB < A 'B' and AC AA 'C' the proof follows in the same manner with the roles 

of AABC and A.A'B 'C' interchanged. 

COROLLARY 3-6-1. 

If two angles of one triangle are congruent to two angles of another 
triangle then by the Angle Sum theorem for triangles the third pair of angles 
are also congruent. Hence the three angles of one triangle are congruent to 
the three angles of the other triangle. It follows from Theorem 3-6 that the 

two triangles are similar. 

ACOROLLARY 3-6-2. 

Given: AABC and DElI BC ;Dl E 

Prove: AABC AADE 
Poof : B C 

(1) ADE B Corresponding Angle Theorem 

(2) DEA C Corresponding Angle Theorem 

(3) A A
 

(4) AABC - AADE AAA Similarity Theorem. 
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COROLLARY 3-6-3. 

Let A ABC and A\ DEF be the two right triangles with right angles at AN\ 

and D and B - E. It follows from the AA Similarity Theorem that 

A ABC - A DEF. 

COROLLARY 3-6-4. 

Given: AABC ADEF and AA'B'C' -ADEF
 

Prove: AABC AA'B'C'
 

Proof:
 

(1) A - D, B E , C FF since AABC A DEF. 
/ '% " /7% 7" 


(2) D A', E B', F - C' since ADEF - AA'B'C'. 

(3) A'-A', /3 fI', C C' Statements (1) and (2) 

(4) .'. AABC AA'B'C', by the AAA Similarity Theorem. 

COROLLARY 3-6-5 A' 

Given: AABC AA '3'C' with A 

altitudes AD and AI'D' BI D_ Cl 

respectively. I 
A D A1 _ BC A C 

AL)' -A'B' B'C' A'C' B C 
DProof: 

(1) BE B' since AABC -AAA'B'C'. 

(2) AABD - AA'B3'I)' by Corollary 3-6-3. 
A) AB
 

A' -,'
A'13' 

(4) "1) C.' C since AABC - AA'B'C'r and 
A'' B13'"C A'C'
 
A D _ AB BC AC
(5) -D-r 

A'DI A'.' B'C' AC 

COROLLARY 3-6-6 A 
A' 

Given: A ABC - A 'B'C' with I 
angle bisectors AD and A'D'. A 

A D AB _ BC _ A C D 
Prove: A'D' -A'B' B'C' -A'C" 

AB'A' -

B5 DI C
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Proof: 
" = , " AB BC A C 

(1) B -B', A -A' and 	 - since AABC 
A'B, B'C' A'C' 

(2) BAD - B 'A 'D' by Statement (1) and hypothesis. 
(3) AA1!D - AA'3B'D' by the AA Similarity Theorem.A D _A13 

(4) D -AB by Definition of similarity of triangles.AA Df A 11) 13 	 b 

(5) 	 "D AB - BC =AC by Statements (1) and (4). 
A 'D'I AI'B'" BIC' CI-A 

Ansic'ers lo 
PROBLEMS -Student Text Pages 85-87 

1. (a) Similar; SAS 	 (b) Similar; SSS 
(c) 	 Similar; SAS (d) Similar; AAA 

2. -- : , and F is common to the two triangles. 

. A iKF ='- A D"F by the SAS Similarity Theorem. 

Dl' 1)F 
I1K = 12. 

3. They are similar by the SAS Similarity Theorem. 

4. They are similar by the SAS Similarity Theorem. 
AB ACA1-	 1) and lE = 

_(JAU~ ~~L ad AB UD 
O) 0() 

.,. 	 AA()13 ,- A Dl' by the SAS Similarity Theorem. 

6. AABC - L\AED by the SAS Similarity Theorem. 

7. OR OS 	 (_ 0OR 

8. Consider A XI'Z and AXZII': 

,11' XZ 
and 	ZX" IIXZ by hypothesis. 

AXYZ -AXZII' by the SAS Similarity Theorem. 

.'. XZY XI'Z Corresponding angles in two similar triangles. 

XI'Z is a right angle since XZ Y is a right angle. 

.'. ZW I XY 
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9. In the isosceles triangles A ABC and ADEF let AB = AC and DE = DF. 
.AB AC
 

DE DF
 

A -D by hypothesis
 
.. AABC - A DEF by the SAS Similarity Theorem.
 

A A'
 

10. 	 In the isosceles triangles AABC and ADEF if the base angles B, C, 

E and F are congruent it follows that A D and by the result of 
Problem 9 we have AABC - A DEF. 

11. 	 Since P - R itfollows that PQ = RQ. 

By hypothesis RM = PL. Hence MQ = LQ. 

AI -QLQ 
RQ PQ 
A PQR -A LQM by te SAS Similarity Theorem 

.	 P QLAI and R- LMQ 

LA 	 II PR 
12 Let 	A ABC '- AXYZ. Then by definition 

AB BC =AC k 
- - --	 k, say.

X I 	 YZ xz 

* 	 AB + iC+ AC XY+ leFZ + XZ
 
XY + 17 + XZ XY + YZ + XZ
 

Hence 	the result follows. 

13. 	 AAYZ - ALXY by Corollary 3-6-3. 
AIX 	 XZ MAZ
 
LX XY L Y
 

14. 	 Since AABC -ADEF we have 
/N = A AB BC AC 
B -E 	and - -

DE 	 EF DF A 
* 	 AB 2BG BG
 

DE 2EI Eli"
 

.. 	 ABG A DEIIby the
 
SAS Similarity Theorem. /
 
AG 	 AB B C E -G 	 CEHF 
DH 	DE 
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Challe4ge Problent 

15. DAE - ECP and ADE - CPE (alternate angles). 

AED - CEP (vertically opposite angles). 
.. A ADE - A CPE by theAAA A 

Similarity Theorem. 
(1) AE AD E 

CE CP 

DBF -=PCF and BDF- B C F 
/11 

CPF (alternate angles). 
A BFD - A CFP by the AAA Similarity Theorem 

(2) .FB BD 

( CF CP
 
Since BD = AD by hypothesis, we have from (1) and (2)
 

FB AE
 
CF CE
 

3-7 METHODS OF PROVING LINE SEGMENTS PROPORTIONAL. 

This section is very important as it shows the student how to set out 
attacking problems involving similar triangles. Great pains should be 
taken to show the student why, given a problem involving several triangles, 
we pick out two of the triangles and try and prove them similar. These 
triangles are picked out, not arbitrarily, but so as to involve the ratios or 
proportions we are interested in. The second example illustrates the 
method to follow when no pair of triangles involve all the sides in the pro
portion. We then pick two sides in one of the ratios and look for triangles 
involving them. Do the same for the other two sides and try to find a con
necting link. Some students find this fascinating and relatively easy. Others 
find it extremely difficult. Be patient but do not spend too much time trying 
to get every student to master this technique. 

Answers to

PROBLMS3- Student Text Pages 89-92PROBLEMS3-7
 

/'\ /', / 

1. Let AABC and AXYZ be two equiangular triangles. Then A - B a C 

andX- Y - Z 
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1. 	 Cont. 
and by the Angle-Sum Theorem for triangles the measure of each 
angle must be 600. Hence we have 

A -X,B- Y , C - Z 
Hence AABC - A XYZ by the AAA Similarity Theorem. 
Also AABC - A YZX and A ABC - AZXY. 

2. 	 CD EC(1) 

DE JIAB by Theorem 3-5. 

*. CDE = A and DEC - B by the Corresponding Angles Theorem 
.. A CDE - A CAB by the AAA Similarity Theorem. 

3. 	 Let AB, CD, 5A, and OC represent 

the tree, the pole, the shadow cast by 
the tree, and the shadow cast by the 

pole respectively. Then 
CD =6, OA = 30, 	OC = 9. 

A OCD by the AAAA OAB -

Similarity Theorem 
•AB OA 

CD OC 
AB =20 

Hence the tree is 20 feet tall. 

4. 	 If AB and CD represent the cliff and 
the teleplione pole respectively, then 
CD = 20, OC = 15 and OA = 120. 

A GAB - A OCD by the AAA 
Similarity Theorem 

.AB OA 
CD OC 
AB = 160, 

Hence the cliff is 160 feet high. 

B 

D 

0 C A 

D 

c 
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5. 

6. 

7. 

8. 

9. 

10. 

A ABC "-A ADE by the AA Similarity Theorem
 
.AB BC AC
 

AD DE AE
 

.. 	 AB-41, BC =9. 

A\ 	 A $\---

YA'IL = Y and MLX - Z since LIU II YZ, 
.'.	A XYZ -.A XML by the AAA Similarity Theorem
 

ML XAI
 
•"YZ XY"
 

* d __ a
 
S b a+c
 

ab
d (l+C 

C - B and D A by the Alternate Interior Angle Theorem. 
.. 	 AABO - A DCO by the AAA Similarity Theorem 

.AO BO 
"DO CO 

AOxCO = BOxDO 

Let 	the trapezium be as shown 

with AD BC. 

.. DAO BCO and ADO a OBC.
 

.. AAOD - A COB by the AAA
 

Similarity Theorem. 
AO OD B
 
CO 0]>
 

EBF - FDG and BEF - FGD by the Alternate Interior Angle Theorem. 
.. A DFG - A BFE by the AAA Similarity Theorem 

,DG DF
 
BE BF
 
DG x BF = DF x BE
 

Consider AABC and A DAC 

CAB CDA both are right angles 

ABC = DAC both are compleinentary to BAD 

.. AABC -AA DAC by the AAA Similarity Theorem 

.AD CD 
"ABAC 
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10. Cont. 
Similarly we can show that A ABC A DBA. From this we obtain 

BD AD BD AB 
- =-A Hence -D= AC 

11. Consider AABC and AAED. 

B - E both are right angles.
Ax A 

C = DAE both are complementary to BAC. 
.. AAC - A DEA by the AA Similarity Theorem.
 
.DE AE DE AB


AB-BRC and hence - BC 

12. XY= YZ by hypothesis. 

X -Z base angles of isosceles triangle. 

XA'IL - LNZ both are right angles.
 
A XAIL -A ZNL by the AA Similarity Theorem.
 
LM XM
 
NL NZ" 
L.' x NZ = AIX×x NL. 

13. Consider AADG and A BEF. 

ADG BEF both are right angles. 

DAG BFE both are complementary to EBF.
 
.. AADG - A FEB by the AA Similarity Theorem.
 

AD DG
 
FE BE 
ADxBE =DGxEF. 

Similarly it can be easily shown that 
AADG - A GCF by the AA Similarity Theorem. 

• AD DG 
CG CF 

.. ADxCF = DGxCG. 

14. ADC BEC both are right angles. 

C - CxC=C 

.'. A ADC "- A BEC by the AA Similarity Theorem. 

In A AFE and ABFD, 

AEF - BDF both are right angles. 
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14. Cont. 
AFE BFD vertically opposite angles. 

.. A AFE - A BFD by the AA Similarity Theorem. 

15. 	 From AABC and ABFE 
AB B-F = by hypothesis 

•. EF 1 AC by Theorem
 

3-5
 

BFE- C 	and BEF = A by E . 

the Corresponding Angles
 

Theorem
 

Similarly we obtain
 

BCCFG B and CGF A
 

and
 
=
AEG B and AGE C 

.. by using the Angle Sum Theorem for triangles we get 

EEG A, ICE B, FEG - C 

.. A ABC , FGE by the AAA Similarity Theorem. 

16. 	 1. BAD ABE by the Alternate Interior E 
Angles Theorem A 

/\
 
2. 	 CAD AEB' corresponding angles. 

3. 	 BAD- CAD by hypothesis. 

4. " ABE AIEB statements 1, 2, and 3. 	 \
I\
 

5... AB 5-AE 	 / A 

6. CD AAC by Corollary 3-4-1. 	 I 

7. 	 ICD AC by Statements 5 and 6."BJ AB/ 

B 

17. 	 Since AE BF 

ABF BAE alternate angles. 

AFB GAE corresponding angles 

BAE 	 - GAE by hypothesis 
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17. 	 Cont. 
1G 

• ABF AFB
 

.. AF= AB
 

Since AE I BF
 

BE AF F
 
CE- A-C
 

by Corollary 3-4-1 

BEAR C 
CE AC B 

18. 	 Using the results of 

Problems 16 and 17 

we had AA 

BD _ AB
CD 	 AC 4* 

and 	 N// N 

BE 	AB
 
CE 	 AC c 
BD 	 BE D B 
CD 	 CE 

You may draw the attention of the better pupils to the following im

portant point which arises from Problem 18: 

DEFINITION: D and E are said to divide BC harmonically; con
versely B and C are said to divide DE harmonically. The points 

C, D, B and E are said to form a harmonic range if CD -CE
CD 	 CE" 

The notion of harmonic ranges is important in the study of projective 

geometry. 

3-8 	 SIMILARITY IN RIGHT TRIANGLES. 

The main purpose of this section is to derive the mean proportional 

theorems of Corollary 3-9-1 from the similarities of the triangles formed 

by dropping the altitude to the hypotenuse of a right triangle. Your pupils 

should have no difficulty in seeing that this altitude subdivides the given 

right 	triangle into two right triangles that are similar to it and to each other. 

63
 



The proportions that result from the similarities of Theorem 3-9 are easy 
to discover by just looking at the correspondences set up between the sides 
of the similar triangles. Some of these proportions are useful in physics 

and carpentry.
 
For example, a carpenter's square can be used to find the distance
 

between two points. By placing a pole of convenient height at one point (A) 
and sighting the second point (1B) along the edge of the square as in the fig
ure below, we can measure the distance I)A and by a mean proportional 

theorem find AL). Thus if AC' )A 21 ft., canL 6 ft. and = we find AB = 16 ft. 
4 

We have an application of similar 
right triangles in physics when we study 
the principle of the inclined plane. Perhaps 
one of your pupils could show the rest of / 

the class how this principle works and how 
" 

, 
similar right triangles are used. /t, Z'

The exercises of Problems 3-8 may 
D L-

A 
seem repetitious and certainly not all of 
them need be assigned. They simply give the pupil practice in applying the 
correspondences of the triangle similarities developed in the theorems and 
are not important in themselves. Do not worry your poor pupils with Prob
lem 6. It is obvious from the figure that point D falls between points A and 
B and they should not even feel the need for proving it. Your good pupils 
should know that we do have the tools in our geometry foi proving this ob
vious fact and the problem provides another good example of proof by con
tradiction. Be sure to assign Problem 10 to all the pupils as we will use 
this problem as a beginning to a proof of Pythagoras' Theorem using similar 
triangles in the next section. 

Antswer3 s to 

PROBLEMS 3-8 Student Text Pages9 

1. a = 6 NrF; b = 3 v15 h = 6 

2. -" CD and DB; AD and CD. 

= 3r 325;3. 4; = /25. 
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2 -	 - Z,- and XY. 

4. 	 3 1YndZ 

5. 	 x = 15; a = 4,155; b = 8vr5 

6. 	 There are actually 5 cases to consider. They are: 
I. (1) A is between D and B (See Figure I below.). 

(2) 	 B is between A and D. 

The proofs to these two cases are similar, so only one of 

them will be treated here. 
II. (1) A = D (See Figure II below.) 

(2) 	 B D 
Again, the proofs to these two cases are similar so we treat 
only one of them. 

III. D is between A and B.
 
We will show that cases I and II are impossible, so III is true.
 

C 	 C 

DB B 
A FIGURE I FIGURE II 

C 

A LhB 
FIGURE III 

Proof: 

I. 	 In Figure I, ADC is a right angle since we are given CDI -andBAC 
is acute since A ABC has a right angle at C. This contradicts the ex

terior angle theorem (we cannot have BAC < ADC), so A is not between 
D and B. Similarly, B is not between A and D. 

II. In Figure II, if A = D, then we have m(CDB) - )n(CAB) 900, and this 

contradicts the fact that CAB is an acute angle. So A / D. Similarly, 
B /D. 
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Since cases I and II are false, case III is the only remaining possibility. 

7. 	 x =64 = 25 40
 
C C' C
 

8. 	 x25 \,144 60
 
13 13' 13
 

CD BC 
9. Since, in the figure, A CDB A ACB, we have AC BC Substituting, 

a 	 abb - and 	 Ic=--. 

10. By the 	 RD a DA _bmean proportional theorems, - and D ._ 	 Therefore,a c b c 
-DAandBD = 

C 	 C 

3-9 PYTHAGORAS' THEOREM. 

The mean proportional theorems of the last section provide us with a 
remarkably simple proof of Pythagoras' Theorem. If you assigned Problem 
10 of Problems 3-8, ask your pupils to take their results for J3D and !)A and, 
using the figure in the text, prove c" =2 + ). Do not spoil your pupils' fun
 
of discovering the proof for themselves by giving them any 
more information 
than is suggested in Problem 10. Those who are unable to complete the 
proof should be able to do so when given the hint that DD + D = B.A. 	 We 

have 	 ) = and, = - by Corollary 3-9-1 and algebra. By a segment
C 	 C 

measurement postulate LBD + DA = h).4, and by substitution, ( + = c. 
C C 

Multiplying by c gives a 2 + 1)2 = c,2 and the theorem is )roved. 
Your pupils might reasonably ask why we bother to prove the same 

theorem so many times. You could answer them by saying that this is one 
of the theorems in geometry that lends itself to many different kinds of proof 
and is a good example of the flexibility of our geometry. We are interested, 
not in proving the theorem for its own sake, but in finding various proofs 
that are logical consequences of the foundations that have already been laid. 
Finding new proofs to this theorem has occupied the minds of mathematicians 
and laymen alike for many centuries, which is one reason why this theorem 
is said to have more different proofs than any other in mathematics. Each 
new proof has its own beauty which only the mathematician and those inter
ested in logical reasoning and the thrill of discovery can appreciate. 
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The exercises of Problems 3-9 are intended to give the pupil more 

practice in using the theorem and to call his attention again to the properties 

of the two special right triangles-the isosceles right triangle and the 300 

600 - 900 right triangle. 

Answers to 
Student Text Pages 96-97

PROBLEMS 3-9 

1. 	 x = 62. 

2. ., We can prove that this ratio is the same for all isosceles right 

triangles by letting a be the length of each leg and x the length of the 
hypotenuse. We have, by Pythagoras' Theorem, 

X
.22

(I + (I2 and
 

X (I V-2 .
 

Thus 	the ratio of a leg to the hypotenuse is s7 /1 -72 	 N/12 

3. 	 Each leg is 5. 

4. 	 The remaining leg is 61V3 

5. 	 Here, the pupil must remember that the shorter leg is 1 as long as the 

hypotenuse. The longer leg, then, is 5%73. 

6. 	 5 -1 This ratio is the same for all 300 - 600 - 900 right triangles. 

Proof:
 

Let x be the length of the hypotenuse. Then the shorter leg, is I x
 

and, if y represents the longer leg we have, by Pythagoras' Theorem, 

2 / 221Fy2 + a = from which we get Y= -2x. The ratio of the shorter leg 

1 
__ 1 

to the 	longer leg is f3 

2 

7. 	 The shorter leg is 1 and the longer leg is Nf33. 
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3-10 POLYGONS.
 

We include this section on polygons in order to develop some of the
 
definitions and properties pertaining to polygons that will be needed in the
 
next section. The main purpose of this section is to define reular )ol','ons 
and to derive the formulas for the sum of the interior angles of a simple, 
convex polygon and for each angle of a regular polygon. We try to get the
 
pupil to discover these formulas for himself through the Class Activity
 
exercises. 

The first part of this section is a revision of many of the definitions
 
given in Chapter 11 of Secondary Three. It has been 
some time since the
 
pupil has used these definitions, and he may have forgotten many of them.
 

Conunents onlCommets onTStudent 
Text Page 98CLASS ACTIVITY I_______I__ 

1. We can draw 1, 2, 3, 4, and 5 diagonals respectively from one vertex 
for polygons of 4, 5, 6, 7, and 8 sides. In the general n-gon we can 
draw n-3 diagonals from one vertex. This can be seen from the fact 
that there can be no diagonal drawn to 3 of the vertices, namely the 

vertex itself and the two vertices on either side of it. Thus there are 
n-3 vertices to which diagonals can be drawn. 

2. If we draw the diagonals from one vertex for polygons of 4, 5, 8 and n 
sides, the polygons are subdivided into 2, 3, 6, and n-2 triangles 
respectively. We observe that each side of the polygon, along with two 
diagonals, determines a triangle except for the Iwo sides adjacent to 
the vertex from which the diagonals are drawn. Thus there are n-2triangles formed in each n-gon. 

3. 360; 540; 1080; (n-2) x 180. Since each n-gon is divided into n-2 
triangles by the diagonals from one vertex, and the sum of the degree 
measures of the interior angles of Lhe polygon is the same as the sum 
of the degree measures of all the angles of the triangles, we have the 
number of triangles (n-2) times the sum of the degree measures of the 
angles of each triangle (180) for our formula. 
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4. 	 By definition, there are two exterior angles at each vertex. They are 

vertically opposite each other, hence are congruent. The sum of the 

degree measures of the exterior angles of any n-gon is 360. This is 

seen from the fact that the sun of the interior and exterior angles at 

each vertex is a straight angle. Since there are n vertices in an n-gon, 

we have z straight angles for the sum of all the interior and exterior 
angles. But the interior angles have been shown to have a sum of (n-2) 

straight angles. This leaves 2 straight angles, or a degree measure of 
360, for the sum of the exterior angles and this result is independent 

of the number of sides the polygon may have. 

Answe)-s totdntTx 
PROBLEMS 3-10 Student Text Pages 98-99 

1. 	 108; 120; 128 4 

7. 

2. 72; 60; 45. 

3. 10. 

4. 12; 360: 

5. 	 No; using the formula, if it were possible for a regular n-gon to have 

each of its interior angles 1300, we would have (n - 2)180 = 130 which 

gives 	n = 7 1 . This is impossible since n represents the number of 

sides 	and must be a positive integer greater than 2. 

6. 	 A rhombus is such a polygon. 
7. 	 A rectangle is such a polygon. 

3-11 	 SIMILAR POLYGONS. 

Definition 3-5 of this section greneralizes the definition of similar 
triangles given in Section 3-5 to polygons of any number of sides. Stress 

again the importance of the one-to-one correspondence between the vertices 

of the two polygons and the naming of the two polygons so that their vertices 

are in the proper order; that is, corresponding vertices ,,re named in 
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corresponding positions. Of course, because of this correspondence, two
 
polygons cannot be similar unless they have the 
same number of sides. 

Emp'-Isize to your pupils that the AAA, SAS, and SSS theorems for
 
similar triangles do not hold for polygons of 
more than 3 sides by showing 
them examples like the ones in the text. 

Answers to 

PROBLEM (Pae 99) 

We must also have A = A', B D',C-C',D-D',E=E',F-F' and 

AB BC CD DE EF FA
 
A'B' - B'C' - CID' D'E' E'F' F'A' 

mmenls 	onCOJ~LS/SACi" Student 	Text Page 100 
CLASS 	 AC TIIJTY LI t 

1. 	 Since each side of a regular polygon has the same length, if"wc denote 
the lengths of each side of polygons ABCD. .. and A'J'C'l)' ... by r 

and s respectively, then the ratio of any two corresponding sides is 

Therefore, the corresponding sides of the two polygons are propor
tional. 

2. 	 The degree measure of each angle of a regular polygon is given by the 
forula(n - 2) x<180 

formula 2) 1 180 Since n is the same 	number for both polygons, 

each of their ang-les has the same measure and so corresponding
angles are congruent. 

3. 	 By Definition 3-5 polygon AJJCI) . .. "polygon,i'L "I)' ... 

4. 	 If your pupils are not careful in forming the statement of this theorem, 
they may make a statement to the effect that "all regular polygons are 
similar." If this is the case, the questions in (5) should show them 
that they have left out a very important part of the theorem. 
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Some of the more important theorems regarding similar polygons are 

stated as exercises in Problems 3-11. Problem 1 should be assigned to 

everyone. Problems 7, 8, and 9 ave theorems that tell us we can subdivide 

similar polygons into correspondingly placed similar triangles and if two 

polygons can be so subdivided, they are similar. Thus the problem of prov

ing two polygons similar is reduced to that of proving corresponding triangles 

similar, and we have all the theorems on similar triangles at our disposal 

to do this. 

Answers to [ 

PROBLEMS 3-11 t 

1. 	 Let ABCD ... and A'B'C'D' ... be the two polygons such that 

ABCD 	 ... - A 'B'C'D' .... By definition of similar polygons we 
1veARB BC

A -B'C' 
_CD_ 

C'D'- "'" and by Theorem 3-2(f) 

AB + BC + CD + ... AB- A But, AB + BC + CD + ... equals 
AIB + BIC' + CID ' +.... AB 

the perimeter (P) of the first polygon and A'B' + B'C' + CID' + . 

equals the perimeter (P')of the second polygon. 

P AB
Thus 	p, -?B' and the theorem is proved. 

2. 	 The perimeter of the larger polygon is 48 in. 

3. 	 7-2; 10; 12; 161 and 28-1 respectively. 

4 24. in. x 7 in.5 

5. 	 27; 33; 42; 51, 

6. 	 No. 

7. 	 No. 

8. 	 That the polygons can be subdivided into triangles by drawing the 

diagonals from one vertex has been shown in the Class Activity of 

Section 3-10. To prove the corresponding triangles are similar, we 

proceed as follows. 
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A 

A' 

E 
B 

E' 
Bo 

D C 
D' C' 

We are given (in the figure above) ABCDE A'B'C'D'E' and so7\ 7\..A , >'\,, ' \"C=C/ AB BC CD DE 
A -At,) B -B, = D DD, E- EIand A'B' - -B'C' C'D' D'E'EA
 
E'A' by definition of similar polygons. 
 We have AABC AA'BrC' 

AC BC _ CDby S.A.S. and so Ar BrC, CrD,. Also, BCA -3'C'A' and by sub

traction of angles, ,I') -A'C'D'. Therefore, AACD- AA'."CD' by 
S.A.S. and A DD

A'D' - CrD, DrE,.y Since, by the second pair of similar 

C'D'A,triangles, CDA ' again by subtraction of angles we have ADE 

= A'D'E' and AADE -AA'D'E' by S.A.S. Thus each pair of corre
sponding triangles are similar and the theorem is proved. 

9. We could state the general theorem as follows: "Iftwo polygons are 
similar they can be subdivided into triangles so that corresponding 
triangles are similar." This theorem is true and can be proved in a 
manner similar to the proof of the theorem in Problem 8. 

10. 
A 

A# 
EB EB E' B'

B B 

D C D' C' 

In the figure above we are given 
AABC " AI3'C'
 

AACD - AA'D,)
 

A ADE - A - 'D'E',
 
We want to prove ABCDE - A'B'C'D'E'. 
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Proof: 

From the similar triangles we have 
AB BC AC CD AD DE AE 

A'B' -B'C' A'C' CD' AI'D' = D'E' A'E' ' so the corresponding 

sides of the two pentagons are proportional. 

The corresponding angles of the three pairs of similar triangles are 

congruent, and by addition of angles we get B - B', BCD B'C'D', 

CDE C'D'E', DE4 - D'E'A', EAB E'A'B'. Thus the corresponding 

angles of the two pentagons are congruent, and ABCDE - A'B'C'D'E' 

by Definition 3-5. 
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Chapter 4 

CIRCLES 

This chapter may be divided into three parts. The first deals with the 
intersection properties of a circle and a line in the plane of the circle (here 
we touch briefly on similar properties of a sphere and a plane in space). 
The second studies the degree measure of arcs of a circle and properties of 
arcs, chords, secants and tangents in relation to certain angles. The third
 
part is concerned with distance relations 
between segments of chords,
 
secants, and tangents.
 

Most of the theorems of this chapter are contained in the exercises,
 
and certainly not all of them need 
to be proved. It is important that your 
pupils know the meaning of terms like circle, radius, diameter, chord, se
cant, tangent, interior and exterior of a circle, internally and externally 
tangent circles, minor arc, major arc, semicircle, central angle, angle in
scribed in an arc of a circle, degree measures of arcs, and congruent arcs 
and circles. 

The important theorems are Theorems 4-2, 4-5, 4-6, 4-14, 4-16, 4-17 
and its corollaries, 4-19, 4-20, and Problem 10 or Problems 4-3B. Be sure 
that you discuss these theorems with your pupils and that they work problems 
involving them. 

4-1 CIRCLES AND SPHERES. 

Observe that, as with a triangle, we define a circle to be the boundary 
of a certain region, and not the region itself. Similarly a sphere is the 
surface of a certain solid figure. 
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Answers toPnOBLrs 4-t 
PROBLEMS 4-1A Student Text Page 105 

1. 	 (a) The sphere 

(b) The 	circle 

2. 	 (a) (i) The empty set 
(ii) The 	two circles 

(b) 	 (i) The empty set 
(ii) The 	two spheres 

3. 	 Infinitely many; 
Longitudes (or meridians) and the equator. 

Some examples of words used to denote both a segment and a length 
are diagonal, base, altitude, hypotenuse, side. Note that "altitude" was also 
used in Chapter 1 to denote a line. 

Answers to 
PROBL!,,1S 4-1B 	 IStudent Text Page 106 

1. 	 The diagonals AC, BD of the quadrilateral ABCD 
bisect each other at right angles. (AO = OC =o 

BO = OD = the radius of the circle; and, by
 
hypothesis, AC ± BD). Hence ABCD is a square.
 

2. 	 A OAB is equilateral, and hence 

m(OBA) 	 = 60 C 

m(OBC) 	= 180 - in(OBA) 

= 120. r 
0 r 

r A 
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3. 	 In the right triangles AADO, A BDO
 

AO = BO (radii of the same circle)
 

OD = OD
 

.. AADO= ADO
 

.. AD - BD
 

4. 	 Draw OD -LAB.
 

In right triangle AAOD,
 

AO =r>AD.
 

2r > 2AD = AB (using the result of Problem 3). A
 

5. 	 This follows immediately from Problem 4 and the definition of a
 
diameter of a circle.
 

4-2 	 INTERSECTION OF A LINE WITH A CIRCLE. 

The important result here is the one contained in Theorem 4-5. The 
students will readily accept that there are only the three possibilities for the 
intersection of a circle with a line lying in the plane of the circle. They 

may, 	 however, ind some difficulty with the proof of Theorem 4-3, which 
enables us to deduce the third case. It is important that they realise the 

necessity 	for proving the statement: 
2"If the line k intersects the circle in a point Q, then r = X 2 + d 2, 

where NQ = x," as well as its converse. 

Answers to 

PROBLEMS 4-2A Student Text 7age 113 

1. (a) 	Theorem 4-6.
 

A OAB is isosceles, 

and ON is the perpendicular from the vertex B 

0 to the base AB. Hence AN=NB. N 

(b) Theorem 4-7. 	 A 

Using the figure for (a), ON is the median to
 
the base AB of the isosceles A OAB. Hence ON L AB.
 

76
 



______ 

(c) 	 Theorem 4-8. 

Again, using the figure for (a), the perpeiiJicular bisector of the 
chord AB in the plane of the circle is the set of all points in that 
plane which are equidistant from A and B. The centre 0 of the 
circle is one such point, and hence the perpendicular bisector 

contains 0. 
(d) 	 From Theorem 4-5, it follows immediately that no line has more 

than two points of intersection with a circle. [Note that in Theo
rems 4-6 and 4-7, we should exclude chords which are diameters] 

2. 	 From Theorem 4-5, if a line C is tangent to a circle, then case (2) of 
Theorem 4-5 must hold. Theorem 4-4 follows immediately, since the 
point K is the point of contact. 

Answers to 
AnswLeYs 4o 113PROBLEMS 4-2B___ 	 '[Student Text Page 

1. (a) Theorem 4-10. 

In right triangles 
A OAAI, A PCN 

OA PC (radii of congruent A D 

circles) M B N 
---- I-N (hypothesis) 

.A01M -A PCN 

MY.AMI CN 

But A- 2 A15 and CD - 2 C-N (Theorem 4-6) 

• .AB- CD. 

(b) Theorem 4-11. 

(Same figure as for (a)). We take Al and N as the mid-points of 
the congruent chords AB and CD. 

In triangles A QAM, A PCN, 

OA=7 (radii of congruent circles) 

A'- CN (A4- -M1AB, CAr CD; A - CD, by 

hypothesis) 

OAIA PNC (each is a right angle by Theorem 4-7) 
.. A OA Al A PCN 

OA/II N. 
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c) Theorem 4-12. (Same Figure as for (a)). 

AM 	 1 AB and CN = 1 CD (Theorem 4-6)2 2
 
. AM < CN (AB < CD by hypothesis)
 

In right triangle A OAM
 
2
OA 2 = 01 2 +AM (Pythagoras' Theorem) 

= pN 2 + CN 2 
Similarly, PC2 

But OA = PC (radii of congruent circles) 
.. OM 2 +AA11 2 = PN 2 + CN 2 

2 pN 2 CN 2 201 _ = -AM > 0 (CN > AM) 

.'OA2 > PN 2 

.'. >>JllPN. (Both OM'I and PN are positive numbers) 

2. 	 If in the same circle, or in congruent circles, two chords are at un
equal distances from the centre(s), the chord nearer the centre is the 
longer of the two chords. 

The 	proof is similar to that for Theorem 4-12. 

Answers to 
PROBLEMS 4-2C Student Text Pages 115-118 

1. 	 (a) The empty set (b) The empty set 

(c) 	 One point (d) Two points 

2. 	 OA = 5 cm., ON = 4 cm. 

By Pythagoras' Theorem, 
AN 2 	 = OA 2 - ON 2 

0
 
= 52 - 42
 

=32 A
 

AN 	 =3cm., andAB=2XAN=6cm. 

3. 	 12 cm. 

4. 	 6 /2 in. 

5. 	 The secant is the perpendicular bisector of the given chord and lies in 
the same plane as the circle. By Theorem 4-8, the secant contains the 
centre of the circle, and hence cuts the circle in a chord which con
tains the centre; that is, in a diameter. 
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6. 	 Find the intersection of the perpendicular bisectors of AB and AC. 
This intersection exists, since the two chords are not parallel (they 

have the common pointA ). 

7. 	 Draw any two chords of the circle which are not parallel, and deter
mine the intersection of their perpendicular bisectors. This intersec
tion is the centre of the circle. 

8. 	 (a) Theorem 4-10 (f) Converse of Theorem 4-12 
(b) Theorem 4-11 	 (g) Theorem 4-2 
(c) Theorem 4-9 	 (h) Theorem 4-4 
(d) Theorem 4-7 	 (i) Theorem 4-3 
(e) Theorem 4-6 

9. 	 Each tangent is perpendicular to the given diameter. 

10. 	 Let 0 be the centre of the circle and 

A, B the points of contact of the 

parallel tangents k ,m respectively. B 

Draw the segments OA, O-B. Then 0 

O -I k and O-B I . Since f I IM) 

6:'. and 0OR are either parallel or A 

segments of the same line. But QA, 

and OB cannot be parallel since they 

have a common point 0. Hence (, A, B are collinear points, and A-B 

is a diameter of the circle. 

11. 	 In triangles A OAP, A OBP 

O--A 6/L (radii of the same circle)
 
6OP 6
OP
 

OAP- ORJP (each is a right angle, by Theorem 4-4)
 

.. AOAP= A OBP
 

12. 	 Given: A secant n containing chord BC, D 
and a tangent k with point of contact A . B c 
O is the centre of the circle and k I m. E 

We want to prove that the diameter A-D 

through A bisects the chord BC. 

Proof: The line OA I k and hence OA -Lm. A 2 

The diameter AD is contained in the line 
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OA. 	Hence AD ± mi. If AD intersects BiC in E, OE is a segment from 
the centre 0 to the chord - and -E ±L BC. Hence OE bisects BC, or 

AD bisects B-C. 

13. 	 01? is a segment from the centre to the chord AR of the larger circle. 
Also OR I AB, since I? is the point of contact of the tangent AB to the 
smaller circle. Hence AT= RB and AR = RB. 

14. 	 Theorem 4-13. 

PP 

0 A 	 0 

A 

\/
 

There are two cases to consider and we will treat both cases at 
once. 

Given: Two circles with centres 0 and P, which tomch at a point A. 
Line kZis the common tangent. We want to prove thait the line 6P con

tains A. 
Proof: 0.A 1 at the point A and PA - ( at the point A. 

Hence OA and PA,I are one and the same line; that is, OP contains A. 

15. 	 Given: Three non-collinear points A, LB, C. 
We want to prove that there is one and only one circle containing the 
three points. 
Proof: Exislence - Let the perpendicular bisectors of the segments 
AB, AC meet in a point 0. Then 0A = 0B = OC, and the circle with 
centre 0 and radius OA contains the three points A, Bi, C. 
Uniqueness-Suppose there is a second circle with centre 0' contain
ing the points A, B, C. Since AB is a chord of this circle, the centre 
0? lies on the perpendicular bisector of AB. Similarly, 0' lies on the 
perpendicular bisector of AC. Hence 0' is the (unique) intersection of 
the two perpendicular bisectors. But from the first part of the proof, 
this intersection is also the point 0. Hence 0' = 0 and 0'A = OA. 

Therefore the two circles are the same. 
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Corollary 4-14-1: The corollary follows immediately from the 
theorem, since the vertices of a triangle are three non-collinear points. 

16. 	 Given: Two congruent circles with 
centres 0 and 11, which touch externally 
at A. We must prove that any point 
equidistant from 0 and P lies on the 
common tangent 	 0.1 A P 

Proof: By Theorem 4-13, the line OP
 
contains the point A. Also )7 PA1
 
and OP1± f . Hence ( is the perpendicu

lar bisector of the segment 0P. Any
 
point equidistant from 0 and I' must, therefore, lie on f.
 

17. 	 AC 1 k, 6R) 1 k (hypothesis) 

P± (PT is the radius through the point of contact T 

of the 	tangent {) 

.'.AC 	II)H IT 
-- ---- *-.--


Now, the parallel lines AC, P',BD cut off congruent segments on the 
transversal.AR, hence they cut off congruent segments on CL, that is, 
C7' 	 T) and CT ='D. 

18. 	 Theorem 4-15: The second part is just the result of Problem 11, and 
the first part follows from the congruence of the triangles A QAP and 
A OBP (proved in the solution of that problem). 

19. 	 We draw the segment PC. 

CAP 	- R (corresponding angles: AC i P). 

PCA 	- CPD (alternate angles AC I PD) 

CAP- DCA (base angles of the isosceles 

A PAC) 	 \B 

.. DPB = CPD
 

In triangles A PDC, A PDB,
 

P-C 	 P5B (radii of the same circle) 

CPD 	- BPD (proved) 
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. APDC APDB 

PCI)- PBD 
,N 

But PCD is a right angle, since PC is the r.'dius through the point of 

contact C of the tangent ('I). Hence PD is a right angle. Since P-B is 

a radius this implies that DB is a tangent to the circle at B. 

4-3 ARCS OF CIRCLES. 

In this section we develop the theorems pertaining to the degree 
measures of certaii angles formed by two lines (secants, tangents, or a 

secant and a tangent) intersecting a circle. These angles are measured by 
the arcs they intercept on the circle. Once we have proven Theorem 4-17, 

the proofs of Theorems 4-19, 4-20, and >'roblem 10 of Problems 4-3B are 

all based on this result. 

The important thing here, along with the theorems mentioned above, is 
that the pupils understand Definition 4-11. 

In Secondm.Y Tihrec we postulated that a point separates a line. Such 
is not the case with a circle. However, two distinct points on a circle 
separate the circle into two sets of points which we define to be the minor 
and major arcs having the two points as endpoints. The ambiguity in naming 
an arc mentioned in the Student Text should not cause any real problem if 

pupils are careful to use a third point of an arc along with its endpoints when 
naming the arc. 

Theorem 4-16 enables us to add the measures of two arcs which have 
only their endpoints in common. We sometimes refer to this as The Arc 
Addition Theorem. The proof is rather tedious because we need to examine 
five cases, but each of the cases is easy. We want to prove in each of the 
five cases that m(P 7 7 ) m(P) + m(QR ). 

P Q QP 

00 
0 

S
RP 

Case 1 Case 2 Case 3 
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Q1 0 Q, 

~R 
PZ 

Case 4 	 Case 5 

Case 1. P42R is a minor arc. The conclusion follows from the Angle 

Addition Postulate. 

Case 2. P42K is a semicircle. The conclusion follows from the Angle 

Addition Postulate. 

Case 3. P4QI is a major arc, and P and R are on opposite sides of the 

diameter that contains Q. We have 360 =i + ; + s + / 

and 360 - (i + t) zr + s 
or ,;n(PQR)= ,(PQ) + m(QR). 

Case 4. PQR is a major arc and ]- and R are on the same side of the 

diameter that contains Q. 

We have m(PQR) = 360 - s = [360 - (r + s)] + r = m(PQ) + ,n(QI). 

Case 5. PQR is a major arc, and one of the arcs PQ, QR?, is a semi

circle. 

We have m(PQR) = 360 - I = 180 + 180 - = 180+s = m(PQ) + n;(QR). 

Answers to 
Student Text Pages 123-125PROBLEMS 4-3A 

1. 	 AOC is subtended by the arc C YA/x .z 	 A 

COB is subtended by the arc BXC 

BOA 	is subtended by the arc AZB 

ABC 	is inscribed in arc ABC and is subtended by
 

arc A YC 
 X 
ACB is inscribed in arc ACB and is subtended by
 

arc AZB
 

BAC 	is inscribed in arc BAC and is subtended by arc BXC 
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2. 	 (a) The minor arcs are: 

EXF, 	FD, DZC, ,UE. X Y 

(b) The major arcs are: 
- E D 

EDI, FEDI)'(, GE. z 
(c) The semicircles are. 	 uG 

EFD, 	E(;D. 

3. 	 Given: Two congruent circles
 
with centres () and P. A chord
 
AB of one circle and a chord
 
CD of th2 other are congruent. 0 P
 

To prove that m(AXB) = M(C 1,D). c 
Proof: A OA A IIC1) (SSS) 	 x y 

AOB 

.. , (AX/3) = a, (C'D ) (by definition) 

.	 -'C11) 

4. 	 Given: A circle with centre o. A-13 is a chord
 

and ANI = NI]. ON meets the minor arc Al,1 in
 

M. To prove that ni(..\AI) = m(l)173 ).
 
Proof: A (),A' is isosceles and - is the 
 B 
median to the base, :1-. Hence *()\ l(N)A'. 	 AYNX M 
By definition, this implies m(AXAI) = m(MYB). 

5. 	 =(AEiJ)= 60, m(,I)C) 120, m(CDl) 180 

6. 	 n(LCA ) = 260 

7. 	 =(PU)60 

8. 	 360 -x 

9. 	 (a) 120 
(b) 30 

(c) 90 

10. 	 1. I(Al3) + m(DE) = 90 

2. mn(DA') + u(E') = 90 

(3. m (A 13) m(ElF) 	 (from statements I and 2) 
4. m (DlE) = ,'7) similar to the deduction of 3. 
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5. rn(FB) = 	n( QT) m(FCB) (definition) 

6. u(AD) + m(QT) = 90 	 (froi]i statements 1, 4, and 5) 

7. ,n(EF) + 	,u(IS) 90 (similar to deduction of 6) 

8. m(AD) + m (QT) = m(EF) + )n(RS) (from statements 6 and 7) 

Answers to
 
Student Text Pages 131-133PROBLEMS 	4-3B 

1. 	 Given: A triangle ,AABC inscribed in a circle C 
with centre 0. A side ALB of the triangle con

tains 0. To prove that _A4 bCI is a right 

triangle. 
A 

Proof: ACB is inscribed in the semicircle
 

ACB. Hence by Corollary 4-17-1, ACB is a
 

right angle.
 

2. 	 Given an arc ALLB of a circle. To deter

mine nI(ACB ): we find the measure of any
 

inscribed angle (ADI for example) sub

tended by the arc ACI. The measure of D
 

the angle subtended by ACB is2(ACB).
 

Hence 10,(ACIB) = m(ADB) and u(ACB) = 

2 m.,(ADB). 

3. 	 Theorem 4-18. 

Given: A quadrilateral ABCD inscribed in A 

a circle with centre 0. 

To 	prove that m(A) + ,u(C) = 180 0 

,n(B) + ,II(D) = 180 

Proof: in (A) n (BCD) C 

)I(C) 	 = 2 m1(BAD) 
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"?(A) 	 + mn(C) = t m(BCD) + nl(BAD)} 

=-x 	360 

= 18e, 

Similarly, m(B) + ,u(C) = 180. 

4. 	 The opposite angles of a parallelogram are congruent. If the para
llelogram is inscribed in a circle, by Theorem 4-18, the sum of the 
measures of the opposite angles is 180. Hence each of the angles of 
the parallelogram is a right angle, and the parallelogram is a rectangle. 

5. 	 m(BCD) = 89, m(CDA) = 75 

6. 	 By Theorem 4-17, the measure of the arc intercepted by the inscribed 
angle is 180. The intercepted arc is, therefore, a semicircle. From 
this it follows that the given arc is itself a semicircle. 

7. 	 )n(CAB) = 40 

m(CIB) = 40 

8. 	 Draw the segment AC. 

I 	 ~DBm (ACD) = n(AD) 2x 0 B 

XA AA 

Similarly, m(BAC) = y
 

m(COB) = m(ACD) + in(BAC)
 
Exterior angle theorem applied to AAOC.
 

.. i (COB) = x + y = [ (Z) + m(B3C
 

9. (203 + 59)= 131 

10. 	 Given: A circle with centre 0 and two 
4--> <--> 

tangents BA, CA with points of tangency
 
B, C and intersecting at A. To prove 
 A 

that m(BAC) = 180 - m (BXC).
 

Proof: In the quadrilateral ABOC,
 

17(B) = 90 (5B-- is the radius to the tangent AB at its point of
 

tangency B) 
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A 

Similarly n (C) = 90
 

Hence mn(A) + mi(O) = 180
 
A 

But 	 t(O) = mn(BXC) (by definition)
A 

.'(BAC) 	 = 180 - n(O)
 

= 180 - ;(BXC).
 

11. 	 (i) In triangles AEAX, A DAX, 

EX E DX (hypothesis) 

AX AX 

EXA DXA (each is a right angle, E X 
C D 

hypothesis) Y 
B .. L EAX -A DAX (SAS) 

.. EAX- DAX (corresponding angles of congruent 

triangles AEAX, ADAX. 

(ii) 	 But XCB DAX (angles inscribed in the same arc DCB) 

.'.EAX XCB 

(iii) 	 Let AE intersect CD in Y. 

m(EAX) + ,u(AEX) + in(EXA) = 180 (angle-sum of AEAX) 

Similarly, )n(XCB) + in(YEC) + in(EYC) = 180 

But m(EAX) = n(XCB) (proved) 

)n(AEX) = m(YEC) (they are vertically opposite angles) 

. (EXA ) = n(E YC) 

But EXA is a right anigle, by hypothesis. 
\ 	 <--> V- 0-

.. EXC is a right angle and CB _ AE. 

Answers to 

PROBLEMS 4-3C Student Text Pages 136-137 

1. 

A 

m(A) = 
A 

35, )e(B)= 65, 
A 

ni(BCE) = 35 
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2. CBA CAB (base angles of ",osceles L.ABC) 

CAB BCD (each is - n(BEC)) C B 

.. CBA 3CD 

•*".CII - by the converse of the Alternate
 
Interior Angle Theorem. 


A 

3. 
A B 

A AB = 

A 40 Y 

C D Y 

C D C D 

Case 1 Case 2 Case 3 

Given: Two parallel lines ABCD which intercept arcs AXC, BYD of 
a circle. 

To prove that ,u(AXC) = u(BI)) 
Proof: As shown in the figure, there are three cases to consider. 

Case (1): AB,CD are both secants. 
We draw the segment AD. 

BAD =ADC (alternate angles) 

,(BAD) - ( I-) D) (the arc BYD is intercepted by the 

angle BAD) 

Similarly, m(ADC ) 1(AXC) 
•(AXC) :( D)
 

Case (2): AB is a secant anid CD is the tangent at C. 

We draw the serments AC, BC.
 

ABC BCD (alternate angles)
 

BCD BAC (both are measured by 2 m(BYC)
 

.. ABC BAC 
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But ;n(ABC) = ym (AXC) (the arc AXC is intercepted by 

the angle ABC) 

and m(BAC) = - m(BYC). 

Hence ,n(AXC) = m(BYC). 

Case (3): AB is the tangent at A and CD is the tangent at C. 

In this case, the chord AC contains the centre of the circle 

and hence is a diameter of the circle. (We have OA I at 

A, hence OA - CD. But OC I CD at C, and there is just the 

one line through 0 perpendicular to CD, so OA = OC.) 

The arcs AX(, BYC are semicircles and hence have equal 

measures. 

4. This is Problem 3 of Problem Set 4-3A. 

5. In the same circle, or in congruent circles, if two minor arcs are 

congruent the chords joining the endpoints of the respective arcs are 

congruent. 

Given: Two congruent circles 

with 	centres 0 and P. The 0p 

Bminor arcs AXB and C YD C 
are congruent. A X 

Y= 
To prove that A-B C-D. 


Proof: in(AAB) = in(CFD) (hypothesis)
 

,n1(A() = m(AXB ) (definition) 

mn(CPD ) = ,(CID) (definition) 

m(AOB) = in(CPD) 

. AOB =%''PD. 

In triangles AAOB, ACPD, 

A ( CRP (radii of congruent circles) 

OB PD 

AOB - CPD (proved) 

.'.zAAOB A CPD (SAS) 

AB =8CD. 
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'N 'N 

6. 	 DAE ADB (alternate angles)
 

ADB - FAB 
 (both are measured by A 
2Y 

F x 
.DAE -ADB FAB
 

DAE - ACD 
'
 

(both 	are measured by B 

IC	 FN 

m,(DYA)
 

Similarly FAB = ACB
 

.ACD ACB
 

and hence AC bisects BCD.
 

7. 	 Let the common tangents AB and PX inter

sect at X.
 
AY = PY (Theorem 4-15)
 

. AP - XPA
 

Similarly XBP - XPB.
 
In AAPB,
 

)ni(XAP) + nm(XPA) + 1i,(XBP) + m(XPB) 

= 180.
 

Hence 2un(XPA) + 2ni(XPB) = 180
 

;1(XPA ) + ,n(XPB) = 90
 

or, ))(APB) = 90. 

8. 

A 	 A 

D B 	 2 D 

C I
 

C 

Given: A quadrilateral ABCD in which ui(A) + ,n(C) = 180. 
To prove that a circle can be drawn through the four points A, B, C, D. 
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Proof: We draw the circle through the points A, 13, D. 

This is possible by Theorem 4-14. B(' is not a tangent to this circle, 
for, if it were, we would have: 

BAD DBC (both would be measured by-2 H(D.\B))
7',
 

Since i;(BAD) + ni(BCD) = 180, this would imply that 

,,(DB(C) + m(BCD) = 180. 

This would in turn imply that BD, ('I) were parallel lines. This is a 
contradiction, since BD and CD intersect at D. Since BC intersects 
the circle in B, we deduce from Theorem 4-5 that BC' intersects it on 
a second point C'. If C' = C', our result is proved. 

So suppose C' / C. Then 

me(A) + ln(C) 180 (hypothesis) 

,u(A) + ,(C') 180 (Theorem 4-18) 

But this is impossible, since one of the angles C, C' is an exterior 
angle and the other is one of the opposite interior angles of the ADCC'. 
Hence C' C and the problem is proved. The statement of this prob
lem is the converse of Theorem 4-18. 

9. AC B ACD (by Theorem 4-22, the 

minor arcs AR, Al) 

which they intercept 

are congruent) 
7X,
 

ACD TAD (both are measured by 
I2,M(A.XD D 

..	 ACB- TAD
 

In triangles AABC, A TDA
 

AC 13 TAD (proved) 

ABC TDA (TDA is the exterior angle of an inscribed quad
rilateral, and both ABC ar.Z 7DA are supplement
ary to ADC.) 

.. AABC - A TDA. (AA Similarity Theorem). 
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10. .ABis a chord of a circle with centre 

o. OC is a radius - AB and intersects 

AB at N. AM is the tangent at A and 

m 

c 

CMi AM. 

To prove that C-N C-M. 

Proof: Since ON I-AB, AN NB 

In triangles AANC, A BNC. 

=UMB-r (proved) 

CN~ C-N 

0 

ANC 

.' AANC 

BNC 

- A BNC 

(each is 

angle) 

a right 

.. CAB- CB1A. 

(Alternately, the perpendicular C-T to the base BC of AABC 
the base. Hence AABC is isosceles with-7A-C - B-C.) 

bisects 

But CISA -CAM 

CAB -CAA. 
In triangles A CAN, 

(both are 

A CAI 

measured by 2 (AC)) 

CNA 

CAN 
AC 

CMA 

= CAA 
- AC 

(each is a 

(proved) 

right angle) 

.. 

ACAN AACAAI 
CN = CAI 

(ASA) 

11. A is collinear with 0, 0', and hence 

the four points 0, A, 0', B are all 

collinear. 

EOA F'B (corresponding angles) 

ni(EAO4) = ,n(GE)- [on(A] 

6 

F 

B 

= 2 [180 - m(EUA)]. 

Similarly, ,I(F l' - - (180O'B) 

Hence 

angles 

EAO -F.BU', from which it follows that AE ii B-F, since the two 

are corresponding an: les. 
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12. 	 Two circles with centres 0 and P touch in
ternally at A. The radius of the larger circle is B C 
congruent to the diameter of the smaller one. A 

AB is 	any chord of the larger circle intersecting0 
the smaller one again at C. To prove that 

A-7 = . 

Proof: O, P, A are pollinear, and AOLA is isosceles (u13 =OA by 
hypothesis). 

OCA is a right angle (angle inscribed in a semicircle).
 
OC is therefore the altitude from the vertex 0 of the isosceles A OBA
 
to the base Al. Hence (C bisects Ai, and AC' BC.
 

*4-4 	 SEGMENTS OF CHORDS, SECANTS AND TANGENTS. 

The last two sections of this chapter, while interesting in themselves, 
may well be considered as supplementary material outside the main stream 
of the treatment of circles. We have starred these sections to indicate that 
you may omit them if you are pressed for time. On the other hand your 
good students will find many interesting properties of circles developed in 
the examples and exercises of these sections. The properties are those of 
the relationships of the measures of segments of lines which intersect one 
or two circles in various ways. We also use the triangle similarity theo
rems and the angle measurement theorems to arrive at solutions -if many 

problems about circles, intersecting circles, circles and triangles, etc. 
First we are interested in comjputing the lengths of various segments 

of chords, secants and tangents passing through a fixed point I' and deter
mined by the intersections w-th the circle. The point P may be in the in
terior or exterior of the circle. 

We start with P in the interior and try to determine the largest and 
shortest chords containing P. 

Answers to 
PROBLEMS 4-4A Student Text Pages 138-139 

1. 	 Construct oZ _I PQ. Since OX _L CD, if it were also _L to PIQ, lPQ would 
be I to CD but this is impossible since they both contain X. Then 
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OZ < OX because a perpendicular is the 
shortest distance from a point to a line. 
.. PQ > CD by the theorem that if two 

chords are unequally distant from the cen-
tre, the closer chord is the greater. Since 

AB is a diameter its distance to the centre 

is 0. .. It is greater than PQ whose dis

tance OZ > 0. Another proof of the fact 
AB > PQ would be: 

AB= 20B= 20(Q but O(2 > ZQ .. AB > 

A 

p 

C 

2ZQ= PQ. 

x 

D 

Z 

/ 

Q 

B 

2. oP _ AR since the distance from a point to 

a line is measured along the perpendicular. 
AO= 13, 01= 5. 
AI' = A(C2 - 1,)2 by Pythagoras' Theorem 

AP= '13- 2 =169 - 5= 12 

A 

P 

0 

.,. AB= 24. By Problen. 1, AL' is the short
est chord through P. Also the longest chord 

through P is the diameter through P and its 

length is twice the radius. It is therefore 26 inches. 

3. Draw ).V i 1, X ---15. 

AA (1)B -X 

2 = ).\ 

152 + 

,V 2 

82 = 225 + 64 = 289 

.. A() 17 

4. AL)j, AP OP AO = OC CD = 2AG 

(a) 12 6 3 36 9=9

(b) v"77 _57 5 106 20 

(c) 18 9 ,144-18 12 24 

(d) 48 24 7 J242 + 72 

F25 

(e) 183" 9v3" 9 18 
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BCA 

In each part we use the formula A0 2 = AP 2 + P0 2 

Now we begin to use the angle measurement theorems and the basic 

similarity theorems. In developing Theorem 4-23 we first assume P is in

side the circle. In this case 13 IL 1)because they intercept the same arc AC 

while A - C because they intercept arc 131). The triangles arc similar by 

the AA Similarity Theorem. The proportion follows since the segments in

volved are corresponding sides of the similar triangles. The result is true 

of course if A1) were a diameter and CD -LA since this would be only a 

special case of our theorem. Of course if P is on the circle one of the seg
ments degenerates to a single point which is not usually said to have a length 

so the theorem no longer has meaning. But if we do for the moment say the 

length of such a "segment" is 0, the same formula still holds. 

Proof in the case of two secants. 

1. A D 1. Each angle is inscribed in BC. 

2. APC - DPB 2. They are the same angle 

3. a APC - A DPB 3. AA Similarity Theorem. 

4. P= DP 4. Definition of similar triangles 
PC PB 

5. PAx P13 = PC x PD 5. Property of a proportion. 

Proof for the case of a tangent and a secant. 

1. I(AD2P) (AC) 1. Inscribed angle theorem 
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2. n,(CAP) = -Jm(AC) 2. The angle formed by a tangent and a 

chord at the point of contact is 
measured by one half the intercept

ed arc. 

3. ADP - CAP 3. 	 They have the same measure. 

4. APD - CIA 4. 	 They are the same angle. 

5. AAPD - ACPA 	 5. AA Similarity Theorem. 

A P (P 
6. 	 6. Definition of similar triangles. 

7. Ap 2 = PC x PD 	 7. Property of a proportion 

Answers to
 
PR OBL EMS 4-4B Student Text Pages 142-146
 

1. See above 

2. See above 

3. Draw any secant through P P 
cutting the circle in points
 

C and 1). By Theorem 4-23
 

, 2 = PC= x l11) and
 

PB2- I' ,, HI)
 
2P,,12 = p_ and since PA and
 

P13 are positive real numbers.
 

being the lengths of I-.1 and B
 

1-13, we know 1l Ph'.
 

4. 1. 1 PC - I)I) 	 P 

2. P,IC is a supplement of CA13 

3. PD3 is a supplement of C'.B3 

3. 	 They are opposite 

angles of the inscribed 

quadrilate ral A _)I1. 
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4. 	 PDB PAC 4. Steps 2 and 3. 

5. 	 A PDB - A PAC 5. AA Similarity Theorem. 

PD PA 
6. 	 -- - 6. Definition of similar triangles 

7. 	 PA x PB = PC x PD 7. Property of a proportion 

5. 	 PA2 = PB x PC = PD2 by segment A P 

product theorem 

PA2 = PD2
 

PA =PD(7D
 

6. 	 PB x PC = PA2 = PD x PE
 
P
 

.'.PBxPC=PDxPEP 

PBB PD
 

7. 	 PBxPC =PA 2= PDXPE 

PB xPC = PD x PE 

p-- =- ~ property of a proportion C 

BPD --EPC
 
zPBD'-APEC by the
 
sAs Similarity Theorem.C\
 

BC 2 = BD xBE 	 1. Segment product theorem 
8. 	 1. 

2. = (BA-DA)x(BA + 
addition postulate2. MeasurementAE) 
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3. 	 = (BA- AC)x (BA +AC) 3. All radii of the same circle have 

the same measure. 

AC 24. 	 = BA2 - 4. Algebraic product of sum and dif

ference of two numbers. 

BA2 = AC 2 	+ BC25. 5. 	 Addition 

Challenge Problenis 

9. 	 (a) Given PA x PB = PE x PF. To prove 

P lies on the line of the common 

chord CD. 

Proof: Draw the secant PC. 

Since PC intersects the circle with C 
centre () at C' it must intersect it 
again, say at Y. In the same man- OfXD 
ner it intersects the circle with 4B
 

centre 0' at some point, say at X.
 
Then by the segment product
 

the orem:
 

PC X P) = PA x PB and PC x RNK= PE x PP. 
Since PA x P3 P15 X P', then PC x P" = PC x RN and PY = PN.-

This means that X and Y are the same point since they are on the 
same side of 11 as (' on line PC' and there is only one point on PC' 
at a certain distance from P on a given side of PC. But this point 
must then be 1) since the two circles intersect only in the two 

points C and I). This means PC' passes through 1) or P lies on CD. 
(b) 	 The proof is identical with that in (a) except that both N and F"are 

on the opposite side of 1) as C'. 

(c) 	 The two circles are tangent at P 

C. Draw PC'. If PC is tangent A 

to the circles we are finished. 

If PC' is not tangent to the two 
0circles it intersects each one 


at C and therefore at another
 Y1 
point N on 0' and Y"on NX. 

and F are different points since
 
C is the only point on both circles.
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x PX and PA X PB = PC x PY. Since PEXBut now PEx PF =PC 

PF = PA X PB, PC x PX = PC x PY making PX = PY. This means 

X and Y are the same point contradicting the*--->assumption that they 

are distinct. Therefore the hypothesis that PS is not tangent is 

false and PC is tangent to both circles. 

(d) 	 This result is aa immediate consequence of Problems 5 and 9(a). 

In Problem 5 we proved that T P 

the tangents from any point in 

CD are equal. Using Problem A 

9(a) we can show the converse B E 

which is required to establish 

the locus. T' 

For if PT = PT' then since 
= 

PT 2 = PA x PB and PT' 2 

PE x PF it follows that PA X 
F 

PB = PE x FF and by Problem 9(a) P lies on CD. 

com(e) 	 If the tangents PTand PT' are drawn from any point in the 
mon tangent PC then PT = PC = PT'. Conversely if the tangents 

PT and PT' are congruent, again PAx PB = PEx PFand by Prob

lem 9(c) P lies on the common tangent. 

P 
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(f) 	 P
 

0 	 01 

F S3
 

Given 	PA X PB = PE X PF. Draw PR and PS tangent to the 
circles. Also P0, P-0', 0 and 0'S. We are going to prove that 
if the hypothesis is true the perpendicular from P to 00' always 
passes through a certain fixed point D and therefore P always lies 
on the fixed line which is perpendicular to 00' at D. To do this
 
we will show that OD = 
a fixed constant. We know 01? is the radius 
of one 	circle and 0'S of the other. Therefore 01 = a constant,
 
call it a, and O'S a constant, call it b. 
 We use the theorem of
 
Pythagoras.
 

po 2 = 	p 2 + R02
 

PS 2 .
P0,2 = + OrS 2 But PR 2 = PA x PB = PE x PF = PS2 

2 2 0.. 	 P0 = PO' = R 2- O'S2 - = a constant, call it c.
 

Again, P0 2 = Oj 2 + PD2
 

2p012 = OD + PD 2 

•. PG 2 
- P012 = OD 2 

- OWD) = c 
but 0D2 - 0'D2 = (OD +O'D) (OD - 0'D) = 00' x (OD -O'D) 
and 00' is a constant we can call d. 

. ddx(OD-O'D) =c or ODD-O'D since d>0 
.. OD + O'D = ( 

OD - O'D - d 

2 X OD = d + (1)L or OD = (d + X -. Everything on the right 
is a constant. .. OD = a constant and D is a fixed point. 
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In doing the next set of numerical problems be careful to pick the seg

ments correctly for the segment product theorem. 

ae 4/11Answvers to Answers to I ~Student Text 
I s Tt g 1148 

PROBLEMS 4-4C 

1. In each problem AIR X RN = PR X RQ. 

MN AIR RN PQ PR RQ 

2 x=2 4 4x=2x 4a) 6 4 

4 4x=9X6b) 9 6 

x 2 = 
C) X=[6 x 4 9 4 X 9 

d) 1.5 12 3 13 x= 94] 13-x x(13-x) = 3X 12 

x2 - 13x + 36 = 0 

x = 9, 4 

10)10 x 10 12 5 7 l(x- = (5 X 7)e) X 

7 
x - 10 = 

27 
X 2 

f) 6 4 2 7 7-x x x(7-x) 4 X 2 

x2 - 7x + 8 = 0 

This equation does not factor so we solve it by the quadratic 

formula x = 7 4- 2 3-F - 7 2 . Then 7 +-2 F is the length 

of the longer segment and 7 - 2VT- that of the shorter segment. 

The approximate values are 5-6 and 1-4. 
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2. RS RT ST RV RW' WV RP 

a) 2 16 4 x = 8 4x = 32 

b) 2 16 4 x+4 x=F1 4(x+4) = 32 

c) 6 12 6 x= [j 9 +x 9 x(x +9) = 72 

d) 2 16 x= 

x -9 + -369 
22 

x2 =32 

e) 8x +8 x= 10 12 8(x +8) = 144 

f) 

3. 

5 11 6 fl 6 

The shortest cnord is the one - PO. Its seg
ments are equal in length, therefore x2 = 9 x 4, 
x= 6, and the length is 12. IfPO = 2 then 

2 4 = 36, r = 2 vTUO. 

through P is of course 

length is 4 ifo. 

The longest chord 
the diameter whose 

x=A 

A 

x 

=52 =x 

02 

o 

X 

11 

(r-2) 

B 

Challenge Problem 

4. 1.\,2= LS XLRB 
LR 

LS 

x 2 

x 2 

=200 feet =200 mie 

200 
m l 

= 8000 + 5280 miles 

200 x (aoo+ )=528000 0 +52-0) 

~200 x8052 x 8000 

S 

Note that the other term -

x
 

is too small to 

effect the result to the appropriate degree of accuracy. 
2 ; 160000 _400 1528 x 23 165 miles. 
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*4-5 SIMILAR TRIANGLES AND CIRCLES.
 

chance 	to use togetherThese exercises and problems give the student a 

so that he gets some idea of howmany different ideas and methods of proof, 


the various aspects of geometry fit together to give more powerful tools to
 

solve problems. We have only outlined solutions believing that you can in
 

most cases easily supply the reasons and details.
 

Answvers to 
IStudent Text Pages 150-153PROBESo 	 ______________PJROBLEMS ,I-5 

ADE 	 - ABE both are measured by in (AE).1. 	 Draw AD. 

ADF 	 ACF both are measured by 2 (AVF). 

.. ABE ACF since A1E AIDF. 

BE 1C since corresponding angles are con

gruent. 

Draw 	AD and choose point G on ray BLi such that E is between G and B.2. 

AEG is supplementary to AEB. 

ADB is supplementary to AEB since they are opposite angles of 

an inscribed quadrilateral. 

()..AEG =-AI1.
 

ADB is 	supplementary to ADF. 

ACF is supplementary to ADF since they are opposite angles 

of an inscribed quadrilateral. 

(2) 	 ".Ai)B = AC(,\. 

from (1) and (2) we have AEG =ACF, hence BE CF by the 

Alternate Interior Angle Theorem. 

3. 	 See pages 96-97, first five steps of proof for Problem 4. 

4. 	 DrawA-B
 

1 - 2 both are measured by I m(AP).
 

2 is supplementary to 3. 
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4. 	 Cont. A AC X 

4 is supplementary to 3. 

2-4
 

<---> 	 <-_ 

PX IICD 

D 

5. 	 Drawing AP we see that APB is a right angle since it is inscribed in 
the semicircle APB. Similarly APC is a right angle. But this means 

BPC is a straight angle and so 1- lies on BC. 

6. 	 ABI B) because they are a tangent
 
and a radius drawn to the 
same point
 

on a 
circle. OBC is a complement
 

of CRA. AABE AACE by SAS,
 

hence RC 1 -A and BA() is a con

plement of CIJA. " D1C -IBAO but 

m(BD)O) = 90 = m(Avo)
 
. A BCD-' 
 AAOB by the AA Similarity Theorem. 

7. 	 Since AD II -, I 2 and 13Q) AP 

3 - 2 since they are both meas
1I -' /" 

ured 	by 1 n(Al-). .. I E- 3. 

M,(D) 	 : 1Gi) ,,(AP)1= -

P 

m(AB) = n(BQA). .. 3QA PDA making A BQA , A PDA. 

It is interesting to note that ABQA is also similar to AADQ. 

8. 	 To prove: 

PA2 : p1 x PC.
 

Draw CA and LBA.
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8. 	 Cont. c 

Consider A CAP and A BAP. 
are 

Draw OC and O'B. They 

both ± PC and are parallel. p 

. . C) = D(A( E ) 	since 

they have the same measure 

as that of the congruent 

angles CO)P and EU'IP. But now m(PCA) = m(CA) and ,,(PAB) = 
/ \ N

N -
I 

APC 	 - 1PA. .. AAPC -,BPA 
2 n(Bl-). This means P-1A - PAB. 


PA PI'1
 
and 

PC 	 PA 

9. 	 Frequently it is very important to pick out the correct triangles to try 

In either of theto prove similar. Here we pick A FF1) and A EBC .
 

two figures, El)F) EEC since they each intercept the same arc EC.
 

In figure (a) EIC - l)EA1- ED; the second congruence resulting from
 

the parallel lines A B and 1)C.
 

In figure (b) ECB1 is supplementary to A because they are opposite
 

angles in an inscribed quadrilateral and D is supplementary to A be

cause 	they are adjacent angles in a parallelogram. In either case we
 

)- AEI) and 
now have AEiX 	 E13 E" 

10. 	 Draw EB) and BC-and consider AAI1)
 

and AAI3C. A1) is tangent to the circle
 
1A
 

with centre '. .(DA 2) iu(A FB) 

= (A 'B) f
0 

A-C is tangent to the circle with centre .D 

M(BAiC ) = mn,(AIIB) = ,,,(AD'B) 
CB 

.. =)AACI3 and BDA -3AC
 

A DAE " AACB
 

DB AB
 
= 


AB- o, I0 DB x CB
 

In this probl'em it is very easy to get confused as to which are the 

corresponding sides in the two triangles. 

105 



Chapter 5 
CIRCLE MEASURES 

5-1 REGULAR POLYGONS AND CIRCLES.
 

In the first section of this chapter we study the relationship between
regular polygons and circles. On the basis of this relationship we then ex
plore the problem of determining the length of the circumference of a circleand the area of a circular region. This is done on quite an intuitive basis
without any reference to limits which would be necessary for rigora more 
ous treatment. Next we examine parts of circles and circular regions anddecide how to measure them. In the final section we introduce the idea ofradian measure of angles in anticipation of its use later in trigonometry and
calculus if pupils continue their study of mathematics. 

The discussion of the relationship of regular polygons and their circumscribed 
and inscribed circles while interesting in its own right is pri
marily aimed at providing 
an introduction to computing the circumference

and area of circles. 
 We first find certain properties common to all regular
polygons of n side!,. Then we shall observe that by increasing n we can
make the )/-gons get closer and closer to either the circumscribed or in
scribed circle. 
 Thus it should seem natural to the pupils that many proper
ties of regular u-gons wiil also be properties of circle s . 

Theorems 5-1 and 5-2 tell us that given a regular ni-gon we can always
circumscribe and inscribe circles in it and that these two circles have the 
same center. In the proof of Theorem 5-1, ABC DCII by definition of a
regular n-gon. OB OC because they are radii of the circle drawn through
A, B, and C: OCB OJJC because of the isosceles A 0(BC; and OCD = OBA
by subtraction. In Theorem 5-2 the chords AB, BC are each at the distance 
r from 0. But distance from a point to a line is me.sured along a perpen
dicular. In the following figure OX is this perpendicular. So if a circle is
drawn with centre 0 and radius OX, AB,being perpendicular to the radius at 
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its endpoint X, is tangent to the circle. Similarly each other chord is tangent 

to this circle. 

B X A 

0 

Ctir 

Theorem 5-3 reverses the situation and starts with a given circle. 
Note that this theorem does not tell us how to carry out the construction. It 
simply says that if n points A, B, . . . , N equally spaced on the circle are 
given, then the chords and tangents will form regular n-gons. It does not 
tell us how to find these points for a certain n. As a matter of fact this is 
fairly easy to do for n = 3, 4, 5, 6, 8, 10 which are therefore the polygons 
usually used in designs. Of course we can measure a central angle approxi

mately equal to 360 for any integer niby using a protractor and this will en

able us to approximate any regular n-ron. 

Some students like to make designs using regular n-gons so we show 
quickly how to draw them in the cases mentioned above. 
(a) n =4. Construct two diameters perpendi-

B cular to each other and connect the 

end points. AB is the required arc 

,,
Oj-

A since m (AB) =nt(AOJ)L 90 -

D 

(b) 	 n = 8. Bisect the AOB in the previous construction. BX is the re

360quired arc since m (BX) = 45 -

I07
 



(c) n =6. With A as center 	and OA as radius 

determine AB -	 OA =-OB. AB is 

0 A the required arc since m(AB) =360 
m(AOB) = 60 -	 6 

(d) n = 3. AC in the previous figure is the required arc since m(AC) = 
~360 

2m(AB) = 120 -	 3 

(e) n = 10. B Construct two perpendicular diam

eters. Construct the circle with 
D diameter --B and center )'. Draw 

C AC)' cuttiney the small circle at C. 
A With A as centre and radius AC 

determine Al) ,AC. Al) is the 
required are. The proof is a fairly 
complicated algebraic computation 
to show m(AD) = 36. First con
sider AAOOC'and let OA = 1. Then 

00' =VandA'= + = . AC = - =F5AD. Now consider AAOD. 

With D as centre 	and radius DA 

D 	 determine E between 0 and A. 
Then AOI)A and ADEA are each 

isosceles triangles with a common 

0ZL S1 -X) Abase angle at A. They are there-

E fore similar. 

A ODA-, ADEA .. OAT =TAD A . Let 

OE = x and remember OA = 1 and DA = 1). Then EA x. 

12 

1 -x 
r5 -1)vT~ 

1 x 

D x 

c ax 
22 aE 2a A 
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This means OE AD = DE. .*. Letting a = m(AOD) =m (EOD) 

we get;7(OD\E) ,,(DaA)a. 2a by the exterior angle the

orem. ni(A) = 2a = ni(ODA), since OA = OD. Then in AAOD 

we have a + 2a + 2a = 180 or a = 36. This finally estabjishes
~360 

that m(AD) = 36 = 60 and AD is the required arc. 

(f) 	 n = 5. If A, D and F are successive vertices of the regular 10-gon 

AF is the required arc since ;(AF) = 2m(AD) = 72 - 360 

Theorem 5-4 is proved easily and leads directly to the important con

clusion that for any two regular n-gons L) Since L is the same number 

for any two regular n-gons it is always a constant for a given n. It is im

portant however to see that this ratio does change as n changes and in the 

problems we ask the students to compute it for the cases n 3, 4 and 6. 

What we are after is to see the pattern of the change so that as n gets larger 

and larger and p gets closer and closer to C, the circumference of the circle, 

we might hopefully be able to see what i-s, since if p gets close to C we 

would expect L to get close to - Although we do not ask the students to do 

this we will show a little later on in this chapter how we can start with P 3 

and from it compute successively p6, )12, /21, .. or from p.t compute p, pio, 

and so closing in on C 
p32, .. thus 	getting ,_Lfor larg-er and larger n 

Answers to 
Student Text 	Pages 159-160PROBLEMS 	5-1 

1. 	 r8 

s = Jr'+ 64 = 8v 

a 4 2 

P 	= 4 X 3 2 N/2 5
 

P4 - 3 4N2 = 4 x 1"414 5.7 
 P45"7 

P 4 _ 32J2= 8. P4_ 8 
a 4 - .2 a 
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2. P=r . 63 - 7 7P' = 5 x 63, p' = 45 but in any regular 6-gon 
2.~~1 P' 45** 

s =r. p'=6s' s 

6r so L is always 6.r 

45 
6 

15 
2 

P1-
12 

6. Of courseP6 =6s= 

3. In the equilateral AAOB 

AB =OB~r BC=Lr B 

22 

since a = 6, 36 +-
2 2 

= r 
0A 

3r 2 

4 
r 2 

r 

-36 

= 48 
4 ,F8' 

p = 6s = 6r = 24v'3 - s 

4. (a) OB =r BD =4 

OD=a (,r)+1= 

a L= . . _ 16 
2* 2 

3. 2 16 2 64 
43 

--8v5 a 5V5 

= 120 

A 

84 D 

C 

s 3 

(b) a=AB2 A= 
r 

A 

(c) i-= OA =AB 8B 
r 

a = 4 N73 

5. (a) r= /-; a = '3(c) I- =s; aS 

(b) s . 72; a=s 
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6.
 

S 12 

12 a 
a 

a 

In the following answers, a represents the radius of the inscribed 

circle. 
=( 6 a= 6v2 a=65 

s = 12F- s = 12v- s =12 

= 36%3 p = 48- p= 72 

7. 

12 	 R 
S 

R 

= 	 =R 24 R 12V2 R 8 V--

S = 24x'F S = 24 S =8v-3 

P = 7217 P=96 P =48 -3 

8. 	 If the radius is r, 

(6.) a 	 = a = J3-2 a 

s =rV-3 s Vr 	 Ss-

/) = 3 .i-F / = 4r 2p 	 = 6,r 

(7.) R = 2,=, R 	 R = 2r/-33 

S=2r-3 S = 2r 	 S 2- VF3
 

P = 6) rf3 F = 8r 	 P =4r F 

9. 	 Note that when talking about a regular n-gon, r stands for its radius 

which by definition is the radius of its circumscribed circle. Referring 

back to the results of Problem 8, we [ind 
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" 
/3 - 3r" = 3v-3 3 x 1'73 5"2
 

p4 47 _4 z 4 x 1.41 5.6
 
r r 

P 	 6,;-= 6 =6.0 

We note that this ratio is increasing as a increases. In the next sec

tion we will study, for a given circle, the ratios L for the inscribed regular 

n-gons and for the circumscribed regular n-goons, where a is the radius of 

the inscribed circle and is equal to the radius, r-, of the inscribed polygon. 

(See the figure below.) To anticipate this, look at - for the three cases above. 
(I 

13 _ 6O" v 6v t "= 10'4 

P,i_8 )" 8
 

E6 4- -43z 6.9 	 0 

This ratio decreases as a increases. The perimeters of the circum
scribed nJ-gons also --et close to the circumference of the circle so again we 

-et an 	estimate of -. Hopefully we can squeeze - between two estimates 
F 	 F 

and thus get a better idea of its value. 

10. 	 OQ = OP and APO -AQO since a tangent A Q B 

is perpendicular to the radius at the point 
of contact. This makes AAPO - A()O and p R 

therefore PAO (u-(O and -l)P A0Q. 


Since mu( PlQ) × know m( QAO) C
I' x-2180 we 


_ - 2 x 90. This makes n(U o(Q) =
 

112 

0 



9 __ _2 _80 180 
-90 ( 290) -80. Similarly m(B'OQ) = 18 and therefore AOQ -

BOQ. By ASA this makes AAOQ ABOQ and so AQ BQ. OQ is 

therefore the unique perpendicular bisector of AB. Similarly, OR is 
the unique perpendicular bisector of BC. Therefore, the point 0 is 

unique and there exists only one circle inscribed in ABC ... 

5-2 CIRCUMFERENCE OF A CIRCLE. 

In this section we assume the existence of "length" as applied to a 

circle, even though length so far has only been used for line segments. Ob

viously a circle is not made up of line segments so this is a new use of the 

word. What is done in advanced mathematics is to define the length of a 

circle as the limit of the lengths of the perimeters of inscribed n-gons as 

n increases in such a fashion that the length of every side of the n-gon de

creases towards zero. This limit is proved to exist and to have a certain 

value. We do not make any attempt to prove this but make use of the fact 

that most students feel intuitively that such a length does exist and can be 

approximated in some such fashion as we indicate here. 

Using the fact that the circle has an inscribed regular n-gon and a 

circumscribed regular n-gon and assuming that the circumference of the 

circle lies between the perimeters of these two n-gons we find for n = 6 that 

6 < <6.9. 

In order to determine C more accurately we present here a method for 
F 

computing the perimeters of certain inscribed and circumscribed regular 

n-gons in terms of the radius of the given circle. Let us indicate the peri

meters of these n--gons by p, and P,, respectively, and their sides by s,, and 

S,,. Since the ratios P, and , are each constant for different values of r we 

will choose -= 1. This will make our computations easier. Before going to 

the trouble of doing all this computing we want to be reasonably sure it will 

be worthwhile. If p, increases with n will it get too big or will there be an 

upper bound, beyond which it cannot go? We show that p,, is always less 

than P,,, that p,, < ,, and P, > P211 . Starting with n = 3 this will give us a 

series of inequalities for P,, and P, which will be a help to answer the 

question. 
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We can write all these inequalities tog,:oher in the following way: If 
i < j and i andj are both multiples of 3, Pi (Kj; Pi > Pj ; and pi < Pi. 
From this we can see that any/) is less than any P. Thus P3 < P6 </)12 <P 12 
while )24 < P24 < P12 < P 6 < P3 . Ifwe plot these values on the number line 
we get a figure something like this 

P24 P12 P6 P3
 

P3 P6 Pl 2 P24 

But we have not found the actual values. How can we do this so that we 
can draw the above graph reasonably accurately? We do this by finding a 
formula for the side s2,, for the inscribed 2n-gon in terms of s,,and r, and 
for S,, for the circimscribed2n-gon in terms of S,, and r. Then knowing 
S3 = ")'rv3 and S3 = 2r-F and with = I1 we make our computations. 

Careful diagrams will help us as always. If A-j is the side of the regu
lar inscribed u-gon and C is the midpoint of AB, IC will be the side of the

1 
2n-gon. We know A) = -is, and we can compute in succession DO, DC and 

= ' !4  - s
AC = s,. We get S2,, 2 ; - ,, 

x 

CE 

A
 

TB 

0 w 0 y 

On the other hand if IX and XY are sides of a regular circumscribed n-gon 
and C is the midpoint of AB,then DE is one side of the 2n-gon. XB S,,= 

CD = S 21, = DB. We compute in succession XO ,XC , XD, CD and ED = 82,. 

-S '2The answer is S2"= 21 [ 4r + S - 2r]. 

If r = 1 we know s3 = vr3- and S3 = 2J. We compute 
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= S6 = 2x 12 N/4X 12 3 and S6 2,/- TN - 2] 

2V
3 

Both of these agree with the previously ko ,vn values for the sides of 

these polygons and this provides a check on our formulas. Applying the 

formulas again we find 
2=2 -S1 and S12= 2,/+ T! 

3 [TL 3 -2]
 

- •518 •536.

Also S24 Z2 - JTfT26 and S24 253 [ 4+ (-536)2 2] 

.260 .264 

From these values we find 

=Pa 3 X /3 z 5"196 P3 = 3 X 2V-3" 10.392 

=P 6 X 1 = 6.00 P6 = 6 X 6.928 

)12 12 X (.518) z 6.216 P 12 z 12 x .536 = 6.432 

/)P4 24 x (.260) z 6.240 P2 4 z 24 x .264 = 6.336 

=We see that P:, - p)3 5.18; P 6 - P6 0.92 

P12 - P12 = 0.216; P24 - P24 = 0.096. These differences are getting smaller 

and smaller as ui increases. Since p,, < C<- P,, the average of P,, and P,, 

might be a good estimate of C. We note P3 + 13 - 7.79, P G + - 6.46,
PL .+P, 8 iTF 2),+2 

P12 + - 6 32 and P2'1+ P24 6.28. 
2 2 

If we continued the computations for larger and larger n and assumed 

that r was exactly 1 so the results could be given to as many figures as we 

wanted, the differences P,, - P,, would get closer and closer to 0. We al

ready know that 6.240 < C < 6.336 and we suspect that the average of these, 

i.e., 6.28 would be a pretty good value for C. As a matter of fact since
C62 
C.we would have 7 z 6.28 =21= 2 x-- I 314 and this is correct to three digits. 

We now plot the values of Pi and Pi as we have found them so that we 

get a better picture of their relationship. 
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C
 
SI I 	 , 1 1 I I 

5 P3 (6 PI P24 P12 	 P6 7 

P6 P2 4 

We could of course have started with - 1, S4 r 2 and S4 = 2r. In 
this way we wo,'d have obtained somewhat different approximations for C 
but by the time we had done the computations for n = 8, 16 and 32 we would 
again have obtained the value of C' to be 6-28 to three digits or the value of n 
to be 3.14. There are Much easier ways to compute T, to many more places. 
These involve more advanced mathematics than your students have yet had 
but at least this relatively straightforward method gives us a reasonable 

approximation. 

5-3 COMPUTING WITH 7T. 

Many pupils will be tempted to give the circumference of a circle to 

many more digits than are justified. Do not ask for and do not allow pupils 
to give answers with greater accuracy than the initial data allow. The dis

cussion in the text should make this clear. Usually answers in terms kf 7 

should be allowed unless otherwise specified. 

Answers to 

PROBLEMS 5-3 Student Text Pages 165-166 

1 a. 67T d. 2 v 2 7. 	 67T 67 

b. 107T e. 6v,7T h. ir k. 4_ZT
5
 

c. 3 4r f". 6T 	 i. 2 v12 7T 1. 147T 

2. 	 a. 6 c. 25 e. 9 g. 1
271 7T 

17 45 	 18f 	 45b. 2 d. 	 2 h. J 2 
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3. 	 a. 20 c. 525 e. 45 g. 21 i. .204 

b. 38 d. 45.3 f. 19.7 h. 27.1 j. 204 

1. 	 s=4 2 NI 3/ 

r=3 c 3 

4 

44 

5. 	 s 6 a = 3 C= 67 

= 3V C'= 6vr-7T c' 
r

6 

CC 
=6. 	 s 10 a=5V" C =10VJ v 

= = 10 C' 207T 

a 

r 

7. 	 The polygon need not be regular. 

Area AAOB =1 r x A2 DC
 

Area A 13(X Ir x BC) etc.
 

Area of polygon = area ,_\A013 + area
 
0 

A BOC + ...
 
xxA B+ i) x 13'JC+..
1 1
 

-(AlIC + ... + DA)
 

1 
-	 B 

8. 	 We know a circle may always be inscribed in a regular polygon. As in 

Problem 7, 

x (radius of inscribed circle)Area 	= 

I
 
= 2"!
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5-4 AREAS OF CIRCLES. 

The area of a circular region, just as the circumference of a circle, is 
assumed to have a measure which may be approximated by the areas of the 
associated regular n-gons. Although we might carry out these successive
 
approximations again it seems better simply to note that for the circum

scribed polygons A, = 2 - P,, and that as a increases A, gets close to A and 

P, to C. The logical result22is that A = C which leads immediately to the 

familiar formula A = 7TI- . The expression "area of a circle' is inaccurate 
since the circle has no area but nevertheless the meaning is clear and the 
phrase is much shorter than any more accurate one so we will use it freely. 

Answers to 

PROBLEMS 5-4 Student Text Pages 167-170 
2577 

1. a. 257T d. 277 g. 2 j. 647T 

b. 	 497T e. 36T h. 497k. 9
 
47r 74
 

c. 47 f. 1447 i. E 1. 367,99 3 	 53' 

2. a. 8 d. g. 6 v- j. 5YN
2 	 77 

b. 11 e. 18 h. 3 N15 k. -L_ N
77 

c. 13 f. 5 J-2 i. 2 V2J2 1. 1 

3. a. A 75=r 2 = 53C = 27,w= 10 3-"II 

b. 7T, = 64-,7 8 C = 167 
c. 7rw = 87 r = 2v ' v
d. 777.2 =9T r = 3 C = 6T 

2e. 7,r 1I0007T r= 10Vr C 20v'ior 
2 =f. 7Tr = 125 = 5 N5- C 10 N5vT7 

77 

g. 7r 2 = 324 r=-L7iT r C =36 v 

h i=425 r = V17, C 10V77TF 
77 
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4. Area of ring = 7 36 - 7Tx 16 207T 

Area of smaller circle is 1671 
A area of ring 

area of smaller cice 
207T 

16i 
5 
4 

5. Area of first circle = 7T.22 = 4 

Area of second circle = 8

71r2 87T and the radius of the second circle = 2v2 inches 

6. 

7. 

r II i': 3a then r = 2a3 

A'=9a 2,7 A 4(27 . So A -4 

T- 9 

A 50 25 5 

A-2 36 A7' 

A' 

* 25. 2251 225 . 5T6F X7 Tj: - --

=i 

15, 

x 225 

t 

r'I = 18 

The radius of the larger circle is 18 inches. 

8. Al IT 

A : 71 _ 371 
-A2 7r, 3T4 4 
A3 = 97T 57T 

T - = -

.79 

=.2 

-2.26 

3.93 

55 

,A4 =47-T- = = z5.50 

A= 16 - 47Tz344 5 

9. 7,-1)2147 =7T. . 1 1 OA 

21
9. 2 

7Y 3 

2 47-, = 27r. 

4 T1 3 7 

.;'2 = 

.'.3 = 

1 

3 

O1 

:OC 

Quite a surprising looking target 

isn't it? 
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10. A= 	n'2 A _ .2 2 2 
2A I7' 1;~ ~4 = TryA 	 7T' 

01.T 	 507T
a. 2 	 5o since a diameter divides a circle in half. 

b. 42 	 - l1007T 257-. 	 This is obviously half of the semicircular 
region. 

c. -127 	= 107 

d. 	 ' 2;-'= 5T 

12. 	 a. The two parts (shaded and unshaded) are the same shape so each 
must be half the circle; i.e., area = 507. 

b. Perimeter half of the large circle plus 2 halves of the small 
circle 

= 	 2- x 10 + 2 x x 27 x 5 

= 10 	+ 10 20Om. 

13. 	 If r'= 6, the side of the large equi

lateral triangles is 6 \. The small
 
triangles are also equilateral so
 

each side = 2 7. The unshaded
 

part is made up of 12 such triangles.
 
Its area is therefore 12 X 3 J"=
 

36 V3.
 

Area required is: 	 36T - 36\ =
 
36(T- "3'
 

5-5 	 LENGTHS OF ARCS, AREAS OF SECTORS AND 	 SEGMENTS. 

This section takes up lengths and areas of certain subsets of circles 
and circular regions. The fundamental technique is the use of the additive 
property of measure. We express the required point set as the union or in
tersection of point sets whose measures we already know and then add and 
subtract the corresponding measures as required. Thus the union of two 
semicircles of the same radius which have only their end points in common 
is the whole circle. The length of each semicircle is therefore half the 
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length of the circle. Similarly if we have an arc of measure m in degrees, 

where m is an integer, the arc is the union of mi arcs each of measure 1. 

The length of the arc of 1 degree measure is 360 of the circle since the 

union of 360 such congruent arcs with only end points in common will be the 

circle. If in is not an integer we simply define the length of the arc as 

360 x 	2ivr so that the same formula will always hold true. The same tech

nique 	yields tie formula for area of a sector. 

For a segment bounded by A-13 and A 13 we A 

note that tSector A0)1 I the union of t A A3 )13} 

and tSegment Al, 1. Note the new use of the word 

segment. The "segment" A13 is part of a line; 	 B 

"'segment of a circle" is that part of a circular 

region cut off by a chord. Area of segment = area 

of sector - area of triangle. The difficulty here is 

that the area of AA()1j is difficult to compute if 

only the radius of the circle and the measure of A13 are known. It can be 

done of course by use of the trigonometric formula area A AU1 1 A() X 130 
2 

X sin A01). 

Answers to 

IPROBLEMS 5-5 Student Text Pages 173-175 

1. 	 Perimeter = 0A + length of AJB + 130 A 
1A
 

= 6+ -127r x 6 +66
 

= 12 + 27T 

Area I T X 36 = 6, 	 B 

2. 	 Perimeter mJu(.i3) + i(1 = +- 167T 8 + 87 

Area = I (Sector A(JB) - ,(AA i()B) 	 A 

- 647T 16 F3
 
6
 

- 32-16vW. 0ZL 
3 
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3. Area of SectorAOB= 5 xTx1360x70 -257=-2-

,u(AAOB) =10B x AC, but AC = OC2A 

since m(OAC) = 45. .'.AC = 5f2 

mn(.~AOB)110 x 5N2= 25vr. 

Area of segment = 257 F2 

0 

A 

rlC B 

4. 3 x 7T X 100 = 407 length of arc = X 27 X 10 X 207T 877 

36 = 40 

5. 

mn = 144. (Degree measure 

360 
Area AO13 = 30Tx 12' 27T 

of arc.) 

Area A ox AC' -112x 6=36. 

Area Segment =127 - 36. 

6. Area A)IJ T3 81 = 27.
360 

Area ,AAOB =013 x AC = 9 x /3F8-l8N3 
2 2 2~ 4 

Area segment = 277- 81 V3 
4.. 

A 

C 
1..20. 

0 9 B 

7. (3.) 

(5.) 

(6.) 

Major sector = 1007T - 257 1757' 2 - 2 ' 
Major segment = 1007T - (25 - 25v-2) = 175T + 25NJ-. 

/ 2 
Major sector = 1447 - 12-, = 132,. 
Major segment = 144T - (12,7 - 36) = 1327 + 36. 
Major sector = 81-F - 277 = 547. 

Major segment = 81,T (27, - 81) = 547r + 81 V 

8. Required area of intersection is 

2 segments. 

OA = O(' = A' = 12 

sum of 

m(AU013) = 120 

&2B 
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Area segment AO'B = 	120 x144 -ABx OC = 487 - 12/3x 6 

36 2 2 

= 48r - 36J3 

.. Required area = 967T - 72 3. 

Area of union = area of circle 0 + area of circle 0' - area already 

found 

= 1447 + 1447T - (96f -	 72v'3) = 1927T + 721Y 
9. 	 10 2 2 2 

-,12
360 X15 

772 = 	225, - 144r36
 

2 = 36(81) 

r 6 	x 9 54. 

10. 	 The area the goat can graze over 

is made up of one semicircular 

region of radius 16 feet, two 

quarter circle regions of radius 

12 and two of radius 4. The total 

area is 16 

2 162 + 2x 7, 12 2 +2x 4 

1287 	 + 72r, + 87- = 2087 sq. ft. 

11. 	 The required area is the difference 
between the areas of IAIJC and 

the three 60' sectors. 

Area 	AABC = x4x23-4V/3 

Area 	of each sector x= 253
 

Answer 4 vT - 27, A 60C
 

12. 	 The required area is the difference between the areas of the square 

ABCI) and the four 900 sectors. If the radius of each small circle is 

equal to x, AiB = 2x. 
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= 4k2 	 -7r v 2Area 

We still have to find v. PQ is a 
diameter. PQ - 16 	 B 

, C' A b + BC'" (2.) 2 

+ ( 2 ,0)2 = 8P 	 A C 

AC= 	 2 2.v PA .\, CQ = x) 
PQ= 	x + 2v7x + k x(2v'F+ 2) 

.x(2v2+ 2) 16
 
8
 

S 	 1 8+8(r-1) 
X= 	 64(2 - 2J+ 1) 

= 64(3 - 2V27 
Area 	= (4 - 7)64(3 - 2v-22- 9.3. 

Since the area of the large circle z 201, the shaded part is about 4.5% 

of the total. 

5-6 RADIAN MEASURE. 

This last section takes up the radian measure of an angle in anticipa
tion of its use in trigonometry and, by those who take advanced mathematics, 
in calculus. The concept of using different units for angle measurement 
should not be too difficult for pupils who are used to using such different 
units as inches or centimetres for measuring segments. However they will 
need a lot of' practice in converting from one type of unit to the other. 

Ansiuers to 
PI? OB LE,1IS 5-6 

1. 	 a. d. r6 	 180 b, 4 J 5 

b. 	 2 . E 11. 7 z k. 2
 
9 8 8 -5
 

f 5T 	 45, 	 1797T12 12 	 180 5 
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2. a. 90 d. 432 g. 108 i. 00
71 7 

b. 36 e. 50 1. 234 k. 157.5
IT 

i. 180 1. 180c. 270 f. 120 
7 7T7T 

27T
 
3. a. 7 d. 3 t. .1225 j. 2 

b. e. 6 h. 43 

C. 7T f. 9.1 i. 9 

4. m(AI)C) B 

In (A) =5 or 
5

AC is one fifth of the circle. The length of 
" " 4
 

A13C is t of the circumference
 

AD-Iof ALenthC=4 24-

5. The angle at the ship is T' radians. 

Suppose we could draw the circle 

determined by the ship and the two si 

lighlthouses. 0 T 

Then ,m(AOI) 2mn(A! l1) 

This means that AIBis an arc whose Lh IC 

degree measure is 60 and AAOIJ is 

an equilateral triangle. We can then find the position of O by drawing 

two circles with centres at A and 1 and each with radius 10 miles. 0 

will be the intersection of these circles on the seaward side of AB. 

Draw the circle with centre 0 and radius 10. The ship is somewhere 

on the major arc of this circle since at any point on this arc the meas

ure of the angle subtended by AlB will be equal to 

If a third lighthouse were visible at some point C a similar con

struction would put the ship on a circle of which lIC was a chord. The 

intersection of these two circles would be the position of the ship. 
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Chapter 6 
MOTIONS AND TRANSFORMATIONS 

INTROFUCTION. 

Introductory Comments. The ideas presented in this chapter have been well 
known in advanced mathematics for a long time. It is only in the past few 
years, however, that they have begun to appear in secondary school texts. As 
You will see, these ideas are simple, natural, and directly related to other 
major areas of mathenmtics, such as algebra. Many educators and mathe
maticians believe that, in years to come, these ideas will become more and 
more important in secondary mathematics. 

Because these ideas are probably new to you as well as to your pupils, 
they are presented slowly and with care in the Student Text. II is ,ilally im

Po'r*mat that You gie /leentire Sln(lenl Tevl and the eniti,'e Teacher's Guide 
(/or this chapte) a car)-e/lti rea(it. belOre yoit begin to leach this mater)-ial. 
In this way you Wit get an over-all view of the direction and main ideas of the 
material, and you will see how very simple and elementary these ideas are, 
once they are properly understood. In your careful preliminary reading, pay 

special attention to Sections 6-1 to 6-6. Also, be sure to look at all the prob
lems and at the discussion of answers given in this Guide. The lroblems are 
meant to be especially helpful for obtaining an easy and correct understanding. 

We now give a brief general summary of the over-all content of Chapter 
6. We follow this with a brief summary by sections. We then give some more 
general comments. We then discuss various ways of omitting material to 
shorten the program. We then give several suggested programs. Finally, we 
end the Introduction with a discussion of how to plan your time in I:resenting 
Chapter 6 to your Pupils. After the Introduction, we take up the Student Text, 
section by section, giving answers to problems and giving other general com
ments on the material. 
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You will probably find that you will understand the summary below 
better after you have worked through the entire Text and Guide. 

Summary. This chapter presents the concept of rigid ;;uolion in the plane. 

Various kinds of rigid motion are considered, certain mathematical facts 
about rigid motions are obtained, and a number of applications are described. 

A rigid motion is a mapping (that is to say, Jyuction) from the plane onto the 

plane such that the distance between the images (under the mapping) of any 
two points is the same as the distance between the two points. Special kinds 

of rigid motion include direct motions, reversing motions, translations, ro

tations, and reflections. One of the chief mathematical facts presented is 
that every rigid motion can be viewed either as a translation, a rotation, a 
reflection, or a combination of reflection and translation. (Which of these a 

motion is will depend upon the particular motion.) This fact and others lead 

to a variety of useful applications in geometry. Also, certain algebraic no
tations and ideas can be used in working with rigid motions. 

Summary by Sections. Sections 6-1 and 6-2 use exercises with tracing paper 
to help prepare and build the pupil's thinking. Questions of congruence and of 
''moving" geometrical figures in the plane are the immediate subject matter. 

In Section 6-3, the concept of rigid motion is introduced and several basic 
mathematical facts about rigid motions are given. Section 6-4 gives two il

lustrations of the way in which the concept of rigid motion can help our 

thinking in solving geometrical problems. In Section 6-5, the basic kinds of 
rigid motion are described and illustrated. In Section 6-6, we use the idea of 

rigid motion to give a general definition of congruence for geometrical fig
ures in the plane. Sections 6-7, 6-8, and 6-9 give further information and ex

amples about translations, rotations, and reflections. In Section 6-10, we con
sider ways that different rigid motions can be combined, one after the other, 
to give new rigid motions, and we see the usefulness of algebraic ideas in 

working with such combined motions. In Section 6-10, we also present some 
of the main theoretical facts, such as, for example, the fact that every direct 

motion is either a translation or a rotation. Finally, in Section 6-11, we give 

several further applications of rigid motions to solving geometrical prob

lems. 

General Comments. (1) As you read through the Text and Guide, you see that 
our work on rigid motions in Chapter 6 is closely related to the work on al
gebra in Secon~dary Fomr. Both in the algebra and in the geometry of rigid 
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motions, the concept of fifction is fundamental. In algebra, we have func 
tions from real numbers to real numbers. In geometry, a rigid motion is a 
special kind of function from points in the plane to points in the plane. In 
Section 6-3 of the Student Text, this connection between the pupil's work in 
geometry and algebra is emphasized, and various notations used in the pupil s 
work are also used for rigid motions. In studying Section 6-3, you should read 
again the basic material on jinctions in the algebra Student Text and 
Teacher's Guide. 

(2) A main reason for studying rigid motions is that they have a close 
connection with more advanced work in algebra as well. This is shown a 
little bit in the work on coordinate axes in Sections 6-7, 6-8, and 6-9, and it 
is shown in the work in Section 6-10 on combinations of motions. It will be
come much clearer in Secondlary 'vFe algebra where the pupil will be 
introduced to matrices and to the concepts of linear algebra which are 
fundamental for so muc(h of modern mathematics and its applications. The 
pupil will then find that his study of rigid motions will have provided him 
with a valuable preparation for this later work in algebra. 

(3) The value of this study of rigid motions comes, in large part, from 
the simplicity and naturalness of the geometric ideas. The work in Chapter 
6 is intended to show this. If your pupils find Chapter 6 easy, d( not be dis
mayed. This only means that you are doing a successful job in teaching the 
material to them. 

Material that can be omitted. The Student Text is arranged so that, depend
ing on time available, on the background and enthusiasm of your pupils, and 
on your personal preferences, certain material can be omitted. This material, 
which we list below, is in part theoretical. While of Value, it is not essential. 
Even if you omit all of the material below, many important points and ideas 
will remain, and the student will still have a sound and worthwhile program 
upon which to build later mathematical work. Do not hesitate to drop any of 
this material that does not suit your class, your time, 01' your preferences. 

Material can be omitted, as you choose, according to the following out
line, which proceeds section by section. 

6-1. All of this section should be used. 

6-2. The last part, after Problems 6-2B, can be omitted or treated 
lightly. This part, on "using ruler and compasses," will be of more interest 
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to pupils who have already had ruler and compasses constructions up to the 

construction of a line through a given point parallel to a given line. Note the 

important final sentence of Section 6-2 (just before Problems 6-2C). Rigid 

motion ideas are very useful for solving problems about ruler and compasses 

constructions, but knowledge of ruler and compasses constructions is not 

necessary for understanding the theory of rigid motions. 

6-3. All of this material should be used. Note, however, that certain 

proofs (of properties (2)-(6) from property (1) ) have been placed in an Ap

pendix. These proofs are intended as "footnotes" to the text. Later work 

does not depend on them. Except for pupils with a special interest in them, 

the proofs in this Appendix should be omitted. 

6-4. The first example should be used, but the second can be omitted or 

treated lightly, especially if pupils have not studied ruler and compasses con

structions. (See comment above on possible omission of material from Sec

tion 6-2.) 

6-5. All of this section should be used. 

If you are pressed for time, you can stop with 6-5 and omit the rest of 

Chapter 6. Your class will still have obtained much of value. If you go 

further, you can take one of the following alternatives. 

(a) Do Sections 6-6 through 6-9. 

(b) Do Sections 6-6 through 6-10. 

(c) Do Sections 6-6 through 6-11 

In each of these alternatives, there are partial omissions possible in the sec

tions listed. We now describe these. 

6-6. The "Note on isometric mappings" at the end of the section can be 

omitted. It is not difficult, however, and should be kept if possible. 

6-7. The proof following Definition 6-2 can be either omitted or treated 

briefly. The material on coordinate axes can be omitted. 

6-8. The proof following Definition 6-3 can be either omitted or treated 

briefly. The material on symmetry and coordinate axes can be omitted. 

6-9. The proof following Definition 6-4 can be either omitted or treated 

briefly. The material on symmetry and coordinate axes can be omitted. 

6-10. This section can be done even if all the above omissions in Sections 

6-7, 6-8, and 6-9 have been made. Section 6-10 is necessary for Section 

6-11. The material under "A basic theorem" (after Problems 6-10D) should 

be included, except that the construction after the statement of Theorem 6-1 

can be omitted. 
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6-11. Either or both of Examples 3 and 4 can be omitted. 
Appendix. These proofs can be omitted as noted above in the comment 

on Section 6-3. 
Suggested program. What progran you choose, and how much you omit, will 
depend on four things: (i) your own preferences as to emphasis; (ii) how much 
time you have available; (iii) the interest and previous preparation of your 
pupils; and (iv) the examination syllabus for which your pupils are preparing. 
The minimum prog_ ram noted above (Sections 6-1 through 6-5 with some omis
sions) provides the Pupil with much of value for later work in mathematics. 
At the present writing (1965) an examination syllabus has not been prepared 
for Secondary -1. When such a syllabus is drawn up, we would expect it to
 
cover material in Sections 6-7, 6-8, and 6-9 
as well, and possibly some mat
erial from Section 6-10. The following comments on time may help you in 
planning a program for your class. 

Planning your time. We assume five class meetings per week. We estimate 
that the sections will take the following amounts of time. (You may find that 
the material goes somewhat faster than this.) 

Sections 6-1 and 6-2 together will take about a week. There is not much 
mathematical content, but the exercises need to be covered with some care.
 
These sections will take less than 
a week if the ruler and compasses part of
 
Section 6-2 is omitted.
 

Sections 6-3 and 6-4 together will take about 
a week. Again, the total 
amount of material is not great, but there are new ideas and new terminology 
that need to be treated with care. These sections will take less that a week 
if the second illustration in Section 6-4 is omitted. 

Sections 6-5 and 6-6 together will take about a week, and less if the 
last part of Section 6-6 is omitted. 

(Thus the minimum program mentioned above, of Sections 6-1 through 
6-5 with omissions, can be covered in two to two and a half weeks.) 

Sections 6-7, 6-8, and 6-9 together can be covered in two weeks. With 
omissions, they can be covered in a week and a half. 

Section 6-10 will take about a week. 
(Thus a minimum program leading through Section 6-10 would take from 

four to five weeks.) 

Section 6-11 will take a little less than a week. 
(Thus a mamaximum program through Section 6-11 and including all 

terial could take as much as seven weeks.) 
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Special materials needed. In addition to the usual materials for geometry, 

each pupil should be supplied with about twenty sheets of tracing paper. Any 

paper thin enough to make tracings from a pencilled drawing will serve. 

6-1 FIGURES WITH THE SAME SIZE AND SHAPE. 

General discussion. Read this entire section with care. You will need two 

class meetings t,) cover this section. In the first meeting you can discuss the 

section with the class, go over the examples in the text, and carry out the 

class activity. In the second meeting you can go over the problems with the 

class. These problems, while easy, are of central importance for giving the 

pupil a full understanding. You can also invent additional problems as we 

point out below. 

The main idea of this section is simple. In previous work two triangles 

were defined to be "congruent' if they had corresponding sides congruent, 

and corresponding angles congruent. The pupil proved as a theorem (SSS) 

that if corresponding sides are congruent, then corresponding angles are 

congruent also. The notion of congruence was important because it made 

precise the idea of two triangles having "the same size and shape". Can we 

state the idea of "same size and shape" in a more general way that will apply 

to other figures besides triangles'? Section 6-1 answers this question in a 

simple and obvious way. Two figures have the same size and shape if a 

tracing of one figure can be made to coincide with the other. This answer is 

not a purely mathematical one, but it leads us, in later sections, to a variety 

of interesting mathematical ideas. Sections 6-3 and 6-6 will show how the 

answer can be made purely mathematical. If pupils ask you for a more pre

cise answer at this stage, probably the best reply is to tell them to imagine 

a "perfect" tracing, and then to say to them that two figures have the "same 

size and shape" if a perfect tracing of one figure can be made perfectly to 

coincide with the other. 

As the text makes clear, there is one aspect of our answer that the pupil 

may find unnatural at first. This is the fact that we allow our tracing to be 

turned over. (And thus we say that in Figure 7, for example, A and B have 

the same size and shape.) The pupil may not feel that this agrees with his 

own private idea of "same shape". In any case, he must understand that this 

is the way the words -':ame shape'' are to be used in the present chapter. 

Warning. There are two places where your pupils may be confused by the 

words we use. (1) We use the word "figure" sometimes to mean a single 
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geometrical figure such as a triangle, a square, or a circle, and sometimes 
we use the word "figure" to mean an entire drawing in the text such as 
"Figure 7'' or "Figure il.'" Once the pupil is aware that "figure" is used 
in these two distinct ways, he will have no troulel. Which of the two meanings
is intended will always be clear from suLI'rOunding statemerits. Thls, in the 
title of Section 6-2 ("Moving a figure in the plane"), it is the first of the
above meanings that is intended. (2) In the paragraph fullowing Figure 7, we 
speak of "tLlrning over" the tracing paper. By this Iicanwe tur'ning the paperentirely over so that the side of the paper which was previously underneath 
and facing the figul'e being traced is now on to1) and fat ing you. (Some pupils 
may make the mistake at first of thinking that "turning over' means sliding
the paper through a rotation of 1800 while always keeping the same side of
 
the paper in contact with the figure being traced.)
 

Answers to questions raised in text. 
The triangles in Figure 1 do have the same size and shape. So do the
 

triangles in Figure 2, the circles in Figure 3, and the circles in Figure 4.
 
The ruler and compasses construction to find the centre of a circle is to 
draw two non-parallel chords and find their perpendicular bisectors. The in
tersection of these bisectirs is the centre of the ci rCle. You may wish to
 
omit the exercise with Figure 4 
 (since it will require drawing on the pages

of the text ) and to put a blackboard exercise in its place.
 

The two figulres in Figure 5 have the same size and shape, 
 as we can
 
see by sliding a tracing of one 
over the other. In the Class Activity, the
 
figures in (a) and (c) have the same 
size and shape, but the figures in (b) do
 
not.
 

AInsWers to 
131 OB LEMS 6-1 FStudent Text Pages 183-185 

1. (a) yes; (b) yes; (c) yes (in this case, the tracing paper must be turned 
over.) 

2. (a) 1; (b) 2; (c) 6; (d) 4; (e) 4. 
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Comment. The purpose of these problems is not to teach a special tech

nique of using tracing paper, but rather to prepare the student for the mathe

matical idea of a ;-i,,,id/ molion. Once the student Sees how the tracing paper 

is used, he may find that he is able to answer certain questions (like Problem 

2 above) by imagining the correct motion of the tracing paper without actually 

carrying it out physically. This should be encouraged. Problems similar to 

Problem 2 can be easily made up by you for Use in class. For ex'.imple, the 

following figures can be used. 

(a) (b) (c) 

(d) (e) 

Fig. G- 1. 

Here the answers are: (a) 8; (b) 2; (c) 1; (d)2; (e) 1. (Letters of the alphabet 

make a good source of problems.) 

6-2 MOVING A FIGURE IN THE PLANE. 

General discussion. The material in Section 6-2 falls into three parts. The 

first part (up to Problems 6-2A) shows how we can use tracing paper to 
"'move" a figure from one place to another in the plane. The second part 

(up to Problems 6-2B) shows that, along With the ligure being moved, any 

such "movement" by tracing )apercarries every other point in the plane to 

a new position. The third )art (up to Problems 6-2C) shows that ruler and 

compasses can often be used without tracing paper to get the same result, in 

moving a figure or a point, that we would get with tracing paper. 
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The first two parts will take one class meeting each. The third part, 
if you decide to use it, will take one or possibly two class meetings. As with 
Section 6-2, the problems are especially important for the pupil to get a full 
understanding and you should spend time in class discussing them. A good
 
class activity in the second part is to have your Ipupils 
 use tracing paper to
 
check the stateme.-ts made about Figures 16, 17, and 18 in the text.
 

As we remarked in the Introduction, the third part can be omitted. If 
you omit the third part, Problems 4 and 5 (and possibly 6) in Problems 6-2C 
should still be given to your pupils. 

Warning. Two difficulties can arise in connection with the basic steps de
scribed at the beginning of Section 6-2. (1) How is the student to make a 
copy of Figure 10? One answer is to have the student make a tracing of Fig
ure 10 on tracing paper. If he does this, however, he may become confused 
between his two pieces of tracing paper in carrying out the steps described in 
the text. A better way is to have him make the copy on a sheet of paper which 
is somewhat thicker than tracing paper, but which is still thin enough to trace 
onto from the Figure in the book. A third and still better way is to have a 
copy of Figure 10 already prepared for his use. (These remarks also apply 
to later Figures and Problems.) (2) How can we be sure that the student is 
following the basic steps correctly'? The main thing here is to have him see 

P 

T 

(a) (b) 

P 

(d) 

Fig. G-2. 
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that P is the piece of paper with the original copy of Figure 10 and T is the 

piece of tracing paper which he is using to move the triangle to a new position 

on P. The successive steps can be pictured as in Figure G-2. In (a) we have 

the copy P of Figure 10. In (b) we have placed the tracing paper on top and 

made a tracing of the triangle. In (c) we have moved the tracing paper. 

(d) gives the result on P after we have pricked through the vertices of the tri

angle from T onto P and then drawn its sides on P. 

Be sure to emphasize to your pupils that for certain motions (Problem 

3 below, for example) they will have to turn paper T over before pricking 

through onto P. 

Answers to 
Student Text Pages 186-187

PROBLEMS 6-2A 

1. 	 Figure 44 (in the Student Text) gives one solution. 

2. 	 Figure 45 (in the Student Text) gives one solution. 

3. 	 Figure 46 (in the Student Text) gives the solution. 

4. 	 The four answers to Problem 1 are indicated in Figure G-3. Note that 

for two of these answers the tracing paper must be turned over. The 

four answers to Problem 2 are indicated in Figure G-4. 

, \ / \, 

,, \ / \ 
/ ' / 

/ \I 

/'\ 7 -. 

Fig. G-3. 	 Fig. G-4. 
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____________ 

Answers lo 
P Student Text Pages 190-191PROBLEMIS6-2B 

1. 	 In this movement every point moves the same distance (such a move
ment will be called a /ramslalion in Section 6-5), so that there is 11o 
fixed point. Figure G- 5 shows the new positions of P, P12 and P3 as 

P 1 ', P.' and P,'. 

OP 2 

P2 

P	 11 

'p, 

0 P3 

Fig. G- 5. 

2. 	 Points Pi, P2 and P are moved as 

shown in Figure G-6. The circle D 

is invariant under this movement as 

can be checked with tracing paper. 

The centre of the circle is a fixed 

point of the movement. (This move

meit is an example of what will be 

called, in Section 6-5, a ro/alion. ) 
Pi 	 P20"P1 

P3 3 

P
Fig. G-6. 0 

2 
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3. This carries L, and L 2 onto themselves, and L 3 to the position L.' in 

Figure G-7. (This movement is an example of what will be called, in 

Section 6-5, a reflection.) 

Fig. G-7. 

4. (a) The fixed points are the points of line L1 . 

(b) L, is invariant and any line perpendicular to L, (such as L 2 ) is in

variant. (Note, however, that the only fixed point on L 2 is its point of 

intersection with L 1 .) 

5. There are six motions, and the new positions of P are as in FigureG-.8. 

2 3 

p 1 4 

A B 

6 5 

Fig. G-8. 
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Ansivers to 
PROBLEIS 6-2C 	 [ Student Text Pages 195-196 

1. 	 Find B' on CD so that CB' =CB. Then draw an arc of radius AB about 
B' and an arc of radius AC about C. Take an intersection of these arcs 
as A'. 

2. 	 Find B' between D and F so that B'F = BA. 	 Then take an arc of radius 
AC about F and an arc of radius BC about B'. Their intersection in
side the given circle yields the 	third vertex C'. 

3. 	 Construct the Cesired rectangle on L by constructing a perpendicular
 
to L at E, laying off A 'F :-AD on L and C'E= CD on 
the perpendicular, 
and then getting 1' as the intersection of two appropriate arcs with 
centers at A' and C'. 

4. 	 Let D' be the new position of D. To locate D', we take an arc of radius 
AD about A' and an arc of radius CD about C'. These arcs will inter
sect at two points. D' will be the intersection which lies on the op
posite side of A'C' from B' (since D lies on the opposite side of AC 
from B.) The new positions of E and F can be found similarly. Note 
that we could have equally well used arcs around A' and B' or around 
C' and B' to locate D1. 

5. 	 (a) The points on a circle of radius AP about A'. 
(b) 	 The two points given by the two intersections of an arc of radius 

AP about A' with an arc of radius BP about B'. 
(c) 	 The single point given when we 	take the two intersections as in 
(b) and then choose that intersection which lies on the opposite side 
of A'B' from C'. 

6. 	 There are a variety of acceptable answers. We give two examples 
here. 

Example 1. "If we are given three points not all on the same 
straight line, and if we know where a movement carries each of 
those three points, then we can 	find where the movement carries 
any fourth point.-

Example 2. "Let A and A' be any two points, then there are many 
different movements which carry A to A'. Let A, 13, A', and B' be 
four points such that A is different from B and AB:A'B'. 
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Then there are exactly two movements which carry A to A' and 
B to B'. Let A, B, and C be any three points not on a straight 

line, and let A', B', and C' be any three points such that AB = AB ' , 

BC = B'C', and AC= A'C'. Then there is exactly one movement 

which carries A to A', B to B', and C to C'.'' 

6-3 RIGID MOTIONS. 

General discussion. This section has two main parts. In the first part, we 
see that any "movement" of tracing paper gives us a fitction or mapping 
from the plane onto itself. (For the purpose of seeing this, we imagine that 
our tracing paper is infinitely large and covers the whole plane.) Any such 
function, given by a tracing paper movement, is called a ;rigid imotion. We 

here use the word 'function" in exactly the same way that the word "func
tion" is used and discussed in Secondary,Fof')r algebra. Ask your pupils to 
go back and revise their work on functions in algebra. The (omain of a 
rigid motion is the whole plane, and the range of a rigid motion is the whole 
plane. In the first part of Section 6-3, we give notations and terms that will 
be used in the study of rigid motions. The pupil will have met some of these 
already in his work on algebra. If T is a rigid motion and P is a point, and 
if T carries P to Q, then we use the functional notation of algebra and write 
"T(P) = Q. " We call (Qthe inICac of P under the rigid motion T. P'is some
times called a "pre- imare" or "inverse image" of (2 under the rigid motion 
T. The result of not moving the tracing paper at all is also taken to be a 
rigid motion and is called the -identity motion." It is like the identity func

tion in algebra. 

The second part of the section begins with the list of six properties 
that all rigid motions have. It presents these properties to the pupil and in
troduces several additional new words. The most important property is the 
first property, which states that given any rigid motion T and given any two 

points P and (2, the distance between T(P) and T(Q) is the same as the dis
tance between P and Q. This property of rigid motions is called the iso
metric property. (The word 'isometric'' comes from the Greek: iso + 
metron where iso = same and meiron - measure.) Later, in the part of 
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Section 6-6 called Note on Isone/t-ic Mappings, we shhl show a fundamental 
fact about this property: not only does every tracing paper motion have this 
property, but, also, every function from the plane into the plane with this 

property can be obtained from an appropriate tracing paper motion. We state 
this fundamental fact for the pupil in Definition 6-1. 

The Student Text has been written so that your l)upilS can approach the 
subject of rigid motions in either of two quite diffcf'ent ways. (1) The pupil 
can continue to think of a rigid motion as something got by moving tracing 
paper. In the second part of Section 6-3, he then simply observes, as a fact 
about tracing paper, that every rigid motion must have each of the six prop
erties listed. For him, of motion is like the definition ofthe definition mid 
polynomialfimJtclion iii algebra--namely, it is a function which can be actually 
carried out in a certain way (by a certain movement of tracing paper, which 
is like, in algebra, calculating values of a certain polynomial.) This approach 
to rigid motions has the advantage that it is easier for the pupil to follow and 
understand. You will probably wish to have most of your pupils take this ap

proach. The Text is written so that pupils can follow this approach to the 
end of the Chapter. This approach has the disadvantage, however, that it de-

pends on an essentially non-mathematical idea: the idea of tracing paper. 
(2) The pupil c.i: (lej'ine rigid motions to be those functions from the plane 
into the plane which happen to be isometric. This makes the concept of rigid 
motion purely mathematical, but at the expense of requiring that the pupil 
accept and use a more abstract idea. Probably, most of your pupils will not 
be ready for this approach. The Text is written, however, so that pupils who 
wish to, can also follow this approach to the end of the chapter. If this ap

proach is taken, then the remaining five properties of rigid motions become 
mathematical facts to be proved. Geometric prootb of these facts are given 
in the Appendix at the end of the chapter. If your j)upils follow the first ap
proach, you may still wish to point out to them that the second approach
exists, even though you are not using it. (Tell them that Definition 6-1, using 

the isometric property, is just a way of making the idea of tracing paper 
mathematically precise.) As the Text remarks, the more abstract approach 
is necessary when we study rigid motions in three-dimensional (solid) geo
metry. 

Although the ideas are simple (especially if you use the first approach 
mentioned above), you will want to be sure that your students can use these 
ideas carefully and correctly. This means that you should spend three or 
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four days on Section 6-3: one day for each of the two parts of the section, 

and one or two days to go over problems and examples. 

Warning. The word "movement" may be confusing to some of your pupils. 
They 	may think that -rigid motion" means a particular palh of movement. 
This 	is not true. A rigid motion is determined by the initial and final posi
tions 	of the tracing paper. If the tracing paper moves through two different 

paths 	to get to the same final position, then it is the same rigid motion, which
ever 	path is used. 

Comments on motion geometry. In the study of plane geometry, other func
tions besides the rigid motions are sometimes used, and additional term
inology is used. A function with properties (3) and (4) (and hence also (2) and 
(6), see Problem 12) is called a Iransformation, or, sometimes, an aj'itne 

transfornmalion. A function with these properties and property (5) as well is 
sometimes called a homolhetic Iransfonmaiion, or a similarily t'ransJor

mation, or, simply, a molion. Functions with property (1) as well, that is to 
say, rigid motions, are sometimes also called Euclidean lransjonmations. 
In recent years, these various functions have been used more and more in 

presenting geometry to secondary pupils. Problem 7 gives an example of a 
transformation which is not homothetic, and Problem 9 gives an example of a 
homothetic transformation which is not a rigid motion. 

Answers to 

PROBLEMS 6-3. Student Text Pages 200-204 

1. 	 In Figure G-9, Qj', Q2' and Q,' are the images of Q1, Q2 and (. and 

S' is the image of S. 

2. 	 In Figure G-9, B has Q, as its image, and triangle A has P1 P 2P 3 as 
its image. (This rigid motion is an example of what will later be called 

a translation.) Fig. G-9. 

P/Q 

r - , 22 Q 3
 
0 
 \ \ 	 /S 

lQ 
 \ ,t SI0 

00 
Q3 
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3. 	 The image of AP 1 'P 2'P' is APP 2 P,, hence AP 1 'P 2 'P 3 ' is, itself, 

the triangle which has sPIPP as its image. (This rigid motion is an 
example of what will lat-r be called a reflection.) 

4. 	 In Figure G-10, A P1I"P 2"P1" is the image of A P1 'P 2 'P 3 ',3 and tri
angle A has A PP 2 P) as its image. (This rigid motion is an example 
of what will, in Section 6-10, be called a glide reflection.) 

5. 	 (a) No. A shift of the trac.- p1 
ing paper, such as in Problem , 
1 above, has no fixed point. 7 \ 

Every 	point gets moved the / "
 3same 	distance. 
(b) Yes. In the identity mo
tion, for example, every line P1
 
is identical with its image.
 
Are there examples other P2
 

than the identity motion? Yes,
 
the shift of Problem 1 is such
 
a motion. 3 p
 

(c) No. A rotation of the trac
ing paper through 900 will, for
 

example, make every line per
pendicular to its own image.
 

(See Problem 2 of Problems A
 

6- 2B .) F G,0
 
(d) No. See (c) above. 	 V Fig. G-10. 
(e) Yes. In Problem 1, the 
line P 1 P 1 for example, is its own image. (If students ask for a "proof" 
of this, tell them to wait until Section 6-7.) 
(f) No. Assume that a motion maps some triangle onto itself. Either it 
maps all three vertices onto themselves (and we have the identity motion) 
or it maps some one vertex onto another and we have a triangle that 
must be isosceles or equilateral. In the former case, every point is a 
fixed point. In the latter case, the intersection of the angle bisectors 
must be a fixed point. (Since every angle bisector gets mapped onto an 
angle bisector, a point that lies on all tlree angle bisectors must lie on all 
three images of angle bisectors. ) 
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Hence any motion which maps a triangle onto itself must have a fixed 

point. 

6. 	 We use the notation ABC) to stand for that rigid motion which takes(ABc 
A to D, B to E, and C to F. Similarly we use kEFD) to stand for that 

rigid motion which takes A to E, B to F, and C to D. Similarly for the 

other four possibilities. We consider each of the six possibilities in 

turn. 
(i) C). This motion shifts every point the same dis

tance to the right, and there are no fixed points. 

(ii) This motion is given by a rotation of the 

tracing paper about a fixed point P1 in Figure G-11. 

It has P1 as its one and only fixed point. 

P2
 

P1 

Fig. G-11. 

L 

(iii) 	 AB This motion is given by a rotation about point 

P 2 . It has P 2 as its one and only fixed point. 
(iv) 	 !ABC' 

(i)(EfD)" This motion requires that the tracing paper be 

turned over and put back down in such a way that it has 
the line L as its set of fixed points. 

(v) (EDF * This motion requires that every line parallel 

to V- be moved perpendicular to itself. Hence there 

are no fixed points. 
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(vi) 	 AB This motion requires that every line parallel 

to<BC-be moved perpendicular to itself. Hence there 

are no fixed points. 

7. 	 This problem is easier than the pupil may expect. Let P 	be any point 
not on L and let Q be the foot of the perpendicular from P to L. Then 
P'Q' = 2(PQ). Since PQ / 0, PQ/ P'Q'. Hence the mapping 7' is not 
isometric. Hence it is not a rigid motion. 

8. 	 This construction amounts to turning the tracing paper over and placing 
it back down so that every point of L falls on its original position. 
The "Hint" suggests a more formal, geometrical pi )of. This proof is 
given with Figure 80 in Section 6-9 of the Student Text. 

9. 	 The proof that 7T is not a rigid motion is similar to that in Problem 7. 
Take P different from 0. Then OP / 0 and O'P' = OP'= 2(OP). 

To show that T is a transformation, we must show that it has 
properties (3) and (4). 

Any point P is the image of the point halfway between P and 0. 
This shows that (3) holds. 

To show (4), we must show that the image of every line is a line. 
To do this, let L, be any given line. If L, contains 0, then L , is imme
diately see.i to be its own image. If LI does 	not contain 0, let P and Q 
be any two distinct points on L 1 . Let L, be the line through the points 
T(P) and T(Q). Let M be a line through 0 intersecting L, and L, at 
R and R'. Then, by a similar triangles argument, OR = RR'. Hence 
R' = T(R). This shows that every point on L, is carried to a point on L.. 
and that every point on L,, comes from 
some point on LI. Hence L 2 is the ira- , T(P) 

age of Li. See Figure G-12. To show 0 
that T has propertv (5), it is enough to 
show that the image of any triangle A R
 

is a triangle similar to A. To show Q
 
this, it is enough (because of a basic SSS 
 M 
theorem on similar triangles) to show 	 L \ QL ] 	 T(Q) 
that the image of any segment isa seg

ment that is twice as long. To show
 
this latter fact, consider the segment
 

PQ and its image in Figure G-12. Fig. G-12.
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10. 	 The figure on the right shows that 

property (5) fails, since P'Q'R' is 

contained in, and hence smaller 

than, PQR. (Here Q2' is the same 
point as Q.) QQI 

-- ------. p 

11. 	 Any point P is the image of the /I 

point halfway between P and L./ 

This shows that property (3) holds. / I 
To show (4), we must show that the QII 
image of every line is a line. The 

proof is similar to that for Prob
lem 9. Let L, be any given line. Fig. G-13. 

If Li is identical with L, then 

clearly the image of L, is L, it
self. If Li is parallel to L, then clearly the image of Li is a line par
allel to L and twice as far from L. If Li intersects L at some point 
Q, let P be any point on L, different from Q. Find T(P) and let L 2 be 
the line determined by Q2 and T(P). 

Let M be any line perpendicular to 
L, and let R and R' be its intersec
tions with L 1 and L 2 . Let P, be 

the foot of the perpendicular from Q 

P to L and let Ri be the intersec
tion of M with L. By the construc
tion, we have PP = distance from P 
P to T(P). Hence by similar tri - RN N( 

angles, RIR = RR'. Hence R' = T(R). 

This shows that every point on L, is 

carried to a point on L 2 , and that R 

every point on L 2 comes from some L 

point on L 1 . See Figure G-14. T(Q) 

12. 	 We first show (2) and then deduce M 

(6) from (2). Let T be any transfor

mation. (That is to say, T has prop
erties (3) and (4).) We show (2) by Fig. G-14.
 

assuming that (2) is false and getting,
 
from this, a contradiction.
 

1i 5 
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If (2) is false, there are distinct points P A IL, P 2 , and a point Q, such 
that T(PI)= T(P 2 ) Q. Let L be Pi P 2 . Then by (4), the image of L 
is a straight line l. Let Q('be a point not on 1l. Then, by (3), Q' has 
a pre-image under 7'. Let F' be a pre-image of Q('. Tihen ' cannot 
lie on L. Let L1 be 7-=-13 and let L2 be P2 1.'. Let .1!' be QQ'. Then 
,il' must be the image of both L, and L 2 . Let II" be any line parallel 
to A]'. Take distinct points (21 and Q2- on Al". Let P3, be a l'c-image 
of Q, and P, be a pre-image of Q22. P-3 and P, must be distinct, since 
Q, and Q2 are distinct. Let L" be . Then L" must intersect L 1 
or L 2 . Also L' has .11" as its image. As we saw on the pr'ecceding 
page, L, and L 2 have M' as their common image. Hence the point of 
intersection between L" and Li or L 2 must map to a )oint of intersec
tion between .11' and .11". But .11' and Al" are parallel. This is a con
tradiction. We have hence shown (2). See Figure G-15. 

It is eas" now to go and show (6). See the last proof in the Ap
pendix. 

P 
P3 

M 

M 

Li' 

Fig. G-15. 

Note. Even though the proof uses only elementary ideas, Problem 12 above 
is perhaps the most difficult of all the problems in Chapter 6. If any of your 
pupils get a correct solution to this problem, it is likely that they have mathe
matical abilities of a high order, and that they will be able to pursue a univer
sity course in advanced mathematics with distinction. 
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A somewhat easier problem that you call also give to your students is 

the following: show that if a function from the plane into the plane has prop

erties (2) and (4), then it must have property (3). Al outline of the solution is 

We wish to show thatQ is the image ofas follows. Let Q be any point. some 

point. Take any two lines L1 and L 2 . Let H, and M,1 be the images of L1 and 

L.. Take any line through Q that intersects 1I, and AI2, and let Q, and Q2 be 

the points of intersection. Let 11 and P. be the pre-images of Q, and Q2 . 
Then PI"P( must have2 as its image, 	and hence the point Q since it lies on 

'QIQ2must have a pre-image. 

6-4 USING MOTIONS TO SOLVE PROBLEMS 

It is intend-General discussion. This section can be treated rather briefly. 

ed to show the pupil some of the ways in which the idea of rigid motion can 

useful. It is separate from the work in other sections, and later sections 

do not depend on it. You should allow one or two class meetings for it (only 

one meeting if the second example is treated lightly or omitted.) Example 1 

is a practical problem where the use of a rigid motion gives a quick and 

neat answer. Example 2 is a geometrical construction which appears diffi

we can organizecult until we find that, by thinking about 	the correct motions, 

The final ruler and compasses soluour attack on it in a rather simple way. 

tion which we get does not speak of motions, even though we use motions to 

discover it. 

The main point of this section is not the particular examples given, and 

it is not to give special ways of solving problems. The main point is that the 

general idea of motion can often be surprisingly helpful in both practical and 

mathematical thinking. 

LetA be the centre of C,. Construct a lineAnswer to Challenge Problem. 

parallel to L through A. (See the construction for Figure 28 in Section 6-2.) 

= PQ. Draw a circle with centre B andFind a point B on this line such that AB 

radius same as C,. Let 1 and P2 be the points of intersection of this circle 

with C2. Draw lines through 1- and 1- parallel to L. Let Q, and Q2 be the in

as shown in the figure below. Then j3 Q, andtersections of these lines with C. 


two possible segments.
P2 Q2 are the 
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P 

QL 

Fig. G- 16. 

6-5 SPECIAL KINDS OF RIGID MOTION 

General discussion. In this section we give an informal description of various 
kinds of rigid motion that will be considered further in later sections. All 
rigid motions can be divided into two special and separate kinds: (firec and 
r'eversing. The direct rigid motions include two special kinds: translations 
and r'otations. We shall see in Section 6 10 (Theorem 6-1) that every direct
 
rigid motion must either be a translation or a rotation. (The identity motion
 
is usually counted 
as both a translation and a rotation.) The reversing rigid 
motions include two special kinds: r-eflections and glide reflections. In Sec
tion 6-10 (Theorem 6-2) we see 
that every reversing rigid motion must either 
be a reflection or a glide reflection. The present section gives the pupil a
 
first introduction 
to the ideas: direct; reversing; translation; rotation; and
 
reflection. Translations are considered in more 
detail in Section 6-7, rota
tions in Section 6-8, and reflections in Section 6-9. Section 6-10 gives further 
facts about these ideas, including the two theorems mentioned above. Glide
 
reflections are not discussed in this section 
or in later sections except for a 
brief treatment in Section 6-10. The motion in Figure 47 is a glide reflection. 

Although this section is short, and the ideas are easy, it is important 
that the student have a clear understanding of the new wirds given to him. 
You should allow two or possibly even three class me cings to discuss this 
material with your class and to go over the problem i. 

Warning. The new ideas introduced in this section are defined in terms of 
tracing paper movement. More purely mathematical definitions for translation, 
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userotation, and reflection will be given in Sections 6-7, 6-8, and 6-9. The 

of "clockwise order'' and "'counIeri'clockwise order'' helpS to put the defini

tions of direcl and rcersbiM,- in somewhat more mathematical form, but tile 

ideas "clockwise" and "' counterclockwise" are still not perfectly mathemat

ical. Perfectly mathematical definitions fordi'rccl and rcc siiig (an be 

given, but they require a 1on treatment and rather complex proofs to show 

that they are satisfactory. Since the underlying idea is very simple when 

thought of in terms of tracing paper, we shall, in Chapter 6, omit the )urely 

mathematical definitions. It a pupil asks for a more mathematical definition, 

tell him that he can get definitions usin' "clockwise' and 'Counterclockwise" 

by taking the two statenents before Problems 6-5 which are called.lacls, and 

thinking of them as dletfiitions. If he does this, he is then left with the prob

lem of proving, as a theorem, that every rigid motion must be either direct 

or reversing. The proof is not hard, but it is rather long and we do not give 

it here. Itamounts to showing that if the vertices of some one triangle are 

carried from clockwise order to clockwise order by a rigid motion, then the 

vertices of any other triangle are carried from clockwise order to clockwise 

order by the same rigid motion. 

Note. Direct motions are sometimes called "orientation-preserving, and 

reversing motions are sometimes called "'orientation-reversing.'" Rigid 

motions in three dimensions can also be divided into direct and reversing, 

although the informal definitions are not quite as simple a- for rigid motions 

in the plane. The book, Th-o(,ngh the Lookinzg Glass , by Lewis Carroll tells 

what it would be like to live in a world after it had been subjected to a re

versing rigid motion. 

Anzswters to 	 ]

PROBLEMS 6-5 	 Student Text Pages 210-211 

1. 	 In 1 of Problems 6-2B, the motion is direct and is a translation. 

In 2 of Problems 6-2B, the motion is direct and is a rotation about the 

centre of the circle D. 

In 3 of Problems 6-2B, the motion is reversing and is a reflection
 

about the line L1 .
 

For 5 of Problems 6-2B, we use Figure 38 and the notation given in
 

the Guide for the answer to Problem 6 of Problems 6-3.
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(ABC. AC 
DE)\BDE is direct and a translation. EFD]ABC) issdrcdirect andn oa ro

tation about point in Figure G-11. (AB)1 is direct and a rotation 

about I2 in Figure G-11. ABC ) is reversing and a reflection about 

line L in Fig-ure G- 11. ( ) is reversing but not a reflection. 
(ABC) is reversing but not a reflection. (Both (i1BC and ABC) areDE EDF] DE 

glide reflections.) 

2. In Figure G-17 below, Q, = T(Q) if T is direct, and Q2 
= T(Q) if 7' is 

reversing. Note, as a general principle, that if we are given the images 
of two points, then there are exactly two motions possible, one of them 
direct and one of them reversing. See Problems 5 and 6 in Problems 
6-2C. 

T(P1) T(P2) 
* P2 

0P 1 

Fig. G- 17. 

In the figure above, the points Q1 and Q2 are found by drawing a 
circle about 7'(P,) with radius P Q, and a circle about T(12) with radius 
P2Q. Q, and Q2 are the two intersections obtained. Q, is selected so 
that T(P ), T(1-), (01 occur in clockwise order (since P1 , 12 , Q occur in 
clockwise order.) Q 2 is selected so that T(PI), T(P2), Q2 occur in 
counterclockwise order. 

3. (a) Yes. (b) Yes. See the solution to Problem 2 above. 

6-6 CONGRUENT FIGURES 

General discussion. You should allow one or possibly two class meetings for 
the material in Section 6-6. There are no problems to be solved, and the 
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text presents ideas that will already be fairly obvious to some of the pupils. 

The section is in two parts. The first part (up to the Note on Isometfic Map

pings) takes the ideas of Section 6-1 and restates them using the mathemati

cal words of Section 6-3. The first part begins by noting that a triangle must 

be congruent to its image under any rigid motion (by SSS), and then showing 

that given any two congLuent triangles, there is a rigid motion which makes 

one triangle the image of the other. Thus wve see that two triangles are con

gruent if and only if there is a rigid motion which makes one triangle the 

image of the other. Finally, we use the idea of rigid motion to make a geneal 

we say that two(lefiitionz of congruence for any pair of figures in the plane: 


figures are cong(ruent if there is a rigid motion which makes one figure the
 

image of the other. Because of our result above 	about triangles, we know
 

that our now general definition of congruence agrees with our old definition 

for the special case of triangles. 

we have taken "rigid motion" to mean "mappingIn previous sections, 

given by a movement of tracing paper." In Section 6-3, we remarked that the 

rigid motion in purely mathematiidea of isometric mappijng"puts the idea of 

clear in Section 6-3 that every tracing paper movementcal form. It was 

gives an isometric mapping. Now, in the second part of Section 6-6, we coin

remarks in Section 6-3 by showing that for everyplete the justification of our 

isometric mapping there is a movement of tracing Paper that gives that map

ping. This is not a purely mathematical result, since it talks about tracing 

paper. Even though the result is not purely mathematical, a convincing argu

this is the argument givenment (or "justification") for it can be given: and 

here in Section 6-6. 
con-The argument refers to a construction in Section 6-2. This is the 

struction for Fig.ures 29 and 30 in the Text. It begins with the words "Let 

ABC be a triangle.' If you omitted this construction when you covered Sec

tion 6-2, and if you are not omitting the second part of Section 6-6, then you 

should go back and do this construction with your pupils now. 

Note. The result about triangles in the first part of Section 6-6 uses the 

tracing paper idea of rigid motion. To get a purely mathematical proof of 
as

this result (using I 'rigid motion" to mean "isometric mapping" ), proceed 

follows. (1) Show that a triangle must be congruent to its image under any 

as before).isometric mapping. (Tile proof is immediate by 	SSS exactly 

(2) 	 Given two congruent triangles, use the construction from Section 6-2
 

can show to be isometric.
(mentioned above) to define a mapping which you 

Note on Isonietric Mappings, the wordsIn comment (b), just before the 
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"original study of congruent triangles" refer not to earlier portions of this 
chapter, but rather to work in a previous year where the pupil was first in
troduced to the idea of congruent triangles. 

6-7 TRANSLATIONS. 

General discussion. Section 6-7 on translations, Section 6-8 on rotations,
and Section 6-9 on reflections each follow the same general outline. First, 
a particular kind of construction is presented. (In Section 6-7, this is the 
construction for "translating" a point P by a given vector U. In Section
 
6-8, this is the construction for "rotating" 
a point P through a given angle
/3 about a given point 0 . In Section 6-9 this is the construction for 
"reflecting" a point P in a given line L. ) A construction of this kind (xith 
a fixed U in the case of 6-7, a fixed j3 and 0 in the ca- of 6-8, a fixed L
in the case of 6-9) gives a mapping from points of the plane to points of the 
plane. Second, a proof is given that this mapping must be isometric and
 
hence a rigid motion. 
 (As we mentioned in the Introduction, the proof in

this second part can be omitted or treated lightly. ) Third, ',his kind of
 
mapping is given a name (liwinslation in 6-7, rotation in 6-8, reflection
 
in 6-9). Fourth, various facts about mappings of this kind are given. These 
include some geometrical facts (like, for example, the fact that every line 
gets moved onto itself or else parallel to itself by a translation), some

facts about coordinate axes, and, in the case 
of rotations and reflections
 
some facts about symmetry.
 

In case pupils have already done some coordinate geometry, you will
 
find that the parts on coordinate axes 
can be treated rather briefly. Other
wise (unless you omit the parts on coordinate axes) the meaning of locating 
a point P on the plane by P(a,b) should be discussed i.n more detail. Once the
meaning of (a,b) has been made clear, the solutions to the problems on coor
dinate axes will become quite simple. 

Note. In 6-7, the Text asks the question: "For what lines is it true that theimage of L is L itself?" The answer is: "those lines which are parallel to 
U.,, 

You should allow about three class meetings to cover the material and 
problems in Section 6-7. 
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AnswersEstO6-I
PROBES6-7 Student Text Pages 217-219 

1. 	 In the following figure, A is the image of the triangle, B is the image of 

the circle, and C is the figure whose image is the circle. 

/ \\\ 
-,// A \Z--

/ 

z 	 - 0' 

U 	 / 

\ c / 
\ 	 / 

Fig. G-18. 

2. 	 All lines parallel to U. 

3. 	 The identity motion. 

The result is a translation by the vector 
4. 

W given in the following Figure G-19. w 

5. 	 (3, -3), (0, 0), (9, -14). Fig. G-19. 

6. 	 In the following figure, right triangle I is congruent to right triangle II 
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X 

(by ASA), hence the two legs 
of II have lengths m (for the Y pI 

horizontal leg), and ui (for the 
vertical leg), and hence T' has - n), 
the coordinates (a + n, b + n). I 

U P(a,b)
/ 

7. Let P be any point and let P' 0 

be T(P). Let U be the vector 
from Pto P'. LeL Qbe any
 
point, and let Q' =7'(Q). By
 
assumption PP' QQ'. 
 Since T is a rigid motion, we also have 

-PQ P'Q' It follows that on ,, of the two possibilities given in Figure 
G-21 must occur. 

A-

PI --- Q1 Q1 P
, / ---/ 

U 

NI 
Q P 

IN 
1%
. RI 

(a) (b) ' 
Fig. G- 21. 

'S 

We next show that possibility (b) cannot occur. Let R be any point far 
out along line PQ on the side of P opposite to Q. Then R' = T(R) must 
be a point far out along P?7Q' on the side of P' to As weopposite '. take 
R farther and farther out, the distance RI' continues to increase. This 
is contrary to our assumption that all points move the same distance. 
Thus the only possibility is (a). Since a simple quadrilateral with op
posite sides equal in pairs must be a parallelogram, we have QQ' 
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parallel to PP'. But this means that Q' is the result of translating Q 
by the vector U. Since Q was any point, we see that T is a translation. 

(Note that Problem 7, together with the facts given in the text, tells us 
that the translations are exactly those rigid motions in which every 
point moves the same distance. We therefore say that the translations 
can be char-acler-ize(l as those rigid motions which move every point 
the same distance.) 

8. 	 Consider a rotation of the tracing paper through 180' about some fixed 
point Q. This motion is not a translation since not every point is moved 
the same distance. (In -act one point, namely Q, is not moved at all.) 

9. 	 Lot the points be given as in the following figure. Let T be the result 
of a reflection in L followed by a translation by U. T will then carry 
P to 1' and -2to P2'. The motion T is reversing (since the tracing 

paper must be turned cver to carry it out). Hence T cannot be a trans

lation. 

PI2 

/ 
-/ / 

PP 

/_
 

L 

Fig. G-22. 

10. 	 Let Q be any third point. By Problem 5 of Problems 6-2C, T must 

carry Q to either Q' or Q" in the following figure. Because T is 

direct, it must ca:,ry Q to Q'. But triangle PP 2Q is congruent to 
triangle PJ P2

1 Q' (by SSS). Hence, using equal angles from these tri
angles, we get P1Q parallel to P 'Q. Since PQ = P tQ', we have that 

P QQ'Jl ' is a parallelogram (because a simple quadrilateral with one 

pair of opposite sides equal and p-irallel must be a parallelogram). 

Hence QQ' = I P1 '. But Q was any point. Hence T moves every point 
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the same distance. Hence, 

by Problem 7, 
translation. 

T must be a 

P2\ 
p2 

- -

P 

// 

k-

. - -.... ... 

/! 

... ... ---- " 

Note. In the answers to Problems PI 

7 and 10, "simple quadrilateral" Fig. G-23. 
means quadrilateral in which no 

pair of opposite sides intersects. 

6-8 ROTATIONS. 

General discussion. The text for Section 6-8 follows the same general out
line as for Section 6-7. See the general discussion above for Section 6-7. 
Note that we pay special attention in the problems to quarter-turns and half
turns. Note also that Problem 12 of Problems 6-8A asks for a proof for tn, 
"fundamental fact" mentioned just before Problems 6-8A. (See below for a 
solution.) 

After Problems 6-8A, rotational symmetry is discussed. 
The idea of symmetry is quite important in bringing out geometrical 

properties of figures. For example in dealing with the equilateral triangle, 
we could infer that the centre is the same distance from each vertex, in case 
the pupils had not come across this fact previously, and so on. 

We see that the square cannot be brought into coincidence with itself by 
a rotation of 120", however a rotation of 900 does. 

In Figure 74, rotations of 600, 1200,1800, 240' will bring the diagram in
to coincidence with itself. The idea of order of symmetry can be introduced 
at this stage. However the text does not choose to emphasize this idea. Fig
ure 75 does not have rotational symmetry about 0. 

In connection with coordinate axes, note that, since a half-turn would 
take a point distant r along the positive x-axis to a point distant r along the 
negative x-axis and similarly for a point on the y-axis, a half-turn would send 
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a point P(a,b) to point P' (-a, -b). A quarter turn would send a point P(a,b) 

to point P' (-b,a). 

You should allow three or four class meetings to cover the material 

and problems in Section 6-8. 

Answers to 
Student Text Pages 222-225PROBLEMS 6-SA 

1. m(A OA')= 900 

OA=-OA' 

*A' 

0 A 

Fig. G- 24. 

2. BXB' is a straight line 

BX - B'X B X 

Fig. G-25. 

B 

BI 

3. B'A' is at right angles to AB 

AB = A'B' 
A/ 

o A B 

4. B', A', 0, A, B, all lie 

on a straight line. 
Aq-B- A 'B' 

Move from right to left 

to get from A' to B'. 

Fig. G-26. 

A't 0 A 

Fig. G-27. 

B 
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B' 

Fig.A BI 

A 

6. 	 Join AB', BA' to get the 
quadrilateral AB'A' B. 

BOB', AOA' are straight lines. 
We prove AAOB AA'OB'.
 
[Since 57 -oA'; B- A--A5B 


Hence ABB' (same as ABO) = A'B'B 

(same as A 'B'O).
 

So A-B is congruent and parallel to BffA.
 
Therefore AB'A'B is a parallelogram.
 

\
 

7. 	 The equilateral triangle with centre 0 remains 
invariant. The other figures move to the posi
tions indicated by the broken lines. 

8. 	 0 lies at the mid point of AA'. 
9. 	 0 lies on the perpendicular bisector of AA'. 
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G-28. 

B 

00
 

B' 	 A' 

Fig. G-29. 

\ 

Fig. G-30. 



Challenge Problem 

10. 	 If rotation is aoout 0, 0A -0 O-' and OL OB'. 

For - OA-', the locus of 0 is the perpendicular bisector of AA'. 

For OR- B',the locus of 0 is the perpendicular bisector of BB'. 

So 0 will be given by the intersection of the perpendicular bisectors of 

A'A' and BR'. There is a rigid motion which carries AB to A'B' and is 

not a rotation, namely the reversing motion which takes A to A' and 

B toB'. 

11. 	 By similar reasoning as in Problem 10, we get 0 to be given by the 

point of intersection of the perpendicular bisectors of AA', BB' (and 

CC'). All three are concurrent. (Note that, unlike Problem 10, there 

is no other motion which takes AABC to AA'B'C'. See Problems 5 and 

6 of Problems 6-2C.) 

12. 	 Let L be a given line and let L' be its image under a rotation about 0. 

Make the construction indicated in the following figure by dropping per

pendiculars from 0 to L and L'. Then m(COB) + in(OBC) 90°and 

vi(DAB) + ni(OBC) 90". Hence ni(COB) mn(DAB), which is the fact to 

be proved.
 

D 

L 

Fig. G-31. 
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Answeys to 
PROBLEMS 6-8B LStudent Text Page 227 

1. All the figures are regular except the triangle, so each has rotational 
symmetry except the triangle. 

2. The regular octagon (1st figure) has order of symmetry 8. 
The regular pentagon (2nd figure) has order of symmetry 5. 
The regular hexagon (3rd figure) has order of symmetry 6. 
The triangle has no rotational symmetry and so its order of symmetry 
is 1. (The identity motion is the only rotation carrying this triangle 
onto itself.) 
The square has order of symmetry 4. 

3. Let 0 be a fixed point of the given rigid motion. If every other point 
is also a fixed point, then we have the identity motion which is a rota
tion. Otherwise let P be a point which is not a fixed point. Let 
P' = T(P). Let 13 = m(POP'). Let Q be any other point. (See Figure 
G-32 below). By the isometric property, T(Q) must be either Q' or Q". 
Since T is direct, T(Q) must be Q'. By SSS, A OPQ is congruent to 
AOP'Q'. Therefore (by a simple equation) we get ni (Q90 ')= ni(POP') = 
/3. Thus Q' is obtained from ( by a rotation through the angle 1I. Since 
Q was any point, we have that T is a rotation. 

Note. The solution to Problem 3 puts us P/ 
very close to a proof of Theorem 6-1 -, // 
(in Section 6-10) which states that every / 
direct rigid motion is either a rotation / *QU 
of a translation. To prove Theorem 6-1, / l 
it only remains to show that any direct I, 

motion without fixed points must be a 
translation. For more on this, see the Q 
discussion below on Section 6-10. 

%-.
 

Fig. G-32. 
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6-9 REFLECTIONS.
 

General discussion. The text for Section 6-9 follows the same general out

line as for Section 6-7. See the general discussion above for Section 6-7. 

Although some of the pupils will have come across reflections in 

Physics, it would not be a waste of time to go through it thoroughly again. 

The idea of reflection along a line instead of a plane mirror may not be easy 

to get across initially. The construction given in the definition of reflection 

is the most practical for obtaining images of reflection. The pupils' atten

tion must be drawn to the fact that this construction is equivalent to turning 

the tracing paper over along the line of reflection. 

After problems 6-9A, the idea of axis of sx, iui/rv is discussed. An

other way of stating Definition 6-4 is as follows. "If a figure is invariant 

under a reflection, then the line of reflection is called an axis of smmehl 

of the fig-ure." 

You should allow about three class meetings to cover the material and 

problems in Section 6-9. 

Answvers to Student Text Pages 230-232PR ORBLF 6-to 

1. Yes 

2. Same direction as AB, i.e., left to right. 

0 
B' A' A B 

L 

Fig. G-33. 
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4. 	 Right to left. 

5. 	 Yes. 

6. 	 a ABC - A A'B'C' 

Because reflection 

is an 	isometric 

transformation. 

7. Yes. 

8. 	 Image is a circle. 

Arrow in image will 

point counterclock

wise. 

A' A 

C'C 

L 

Fig. G-34. 

A A' 

D B BIA D 

C CI 

Fig. G-35. 

Fig. G-36. 
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9. The line of reflection is obtained by joining the mid-points of AA' and 

BB' in each case. 
I 

B' I 

/I 
/ A BA 

A'" '' ii AAI 

At B' 

/BI B 
/ 

Fig. G-37. 

10. 

B'B 

At 

Fig. G-38. 

11. 	 Not possible. 

It is not a reflection since the image shown in the problem results from 

a direct rigid motion while a reflection is reversing. 

Answers to S 

PROBLEMS 6-9B Student Text Page 234 

1. 	 Through every point X of AB,we drop a perperlicular to L, which cuts 

L at P and produce the perpendicular to cut -- at X'. XP = X'P. (This 

is easily shown by congruent triangles.) Alternately, from any point Y 

on CD we can get Y on W-in the same way as above with YP- Y'P. 

So we have shown that every point of -Bhasits image on r-and vice 
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--

versa. Hence L is an axis of symmetry. 

Line n is also an axis of symmetry.
 
This is enough to show that L and in are 
the loci of points equidistant 
from V and CD. 

2. A half-turn of P about 0 gives P, where P'OP is a straight line and 
OP- OP. This is the same as the result given in the problem. 

Challenge Problem 
3. y = x is an axis of sym- P'(b,a) 

metry of this diagram. 

So P' is the point (b,a). 

P(a,,b) 

Fig. G-39. 

6-10 ONE MOTION FOLLOWED BY ANOTHER. 

General discussion. You should allow five or six class meetings to cover
 
the material in this section. 
 The first two class meetings would cover up

through Problems 6-10B. 
 The third and fourth class meetings would cover
 
up through Problems 6-10D. 
 The fifth and possibly sixth class meetings
 
would cover the material given under the heading "A 
 Basic Theorem." 

The material given in Section 6-10 provides only the briefest and 
shallowest introduction to a rich mathematical subject. A full year could 
easily be spent in further and deeper study of some of the ideas that are 
touched on here. The basic idea is that one rigid motion can be combined 
with another by carrying out the two motions one after the other. This com
bination yields a resulting mapping which is, by itself, Wea rigid motion. 
say that this third rigid motion is the "result of combining" the first two rigid
motions. If the first two rigid motions are]R and S and if T is the third 
rigid motion which results from carrying out first R and then S, we say that 
"T equals R folloved b, S." The act of combining two rigid motions is some
times called an olperation. It is a way of putting two motions together to get 

164
 



a motion, just as, in arithmetic, the operationsof addition and multiplication 

are ways of putting two numbers together to get a number. 

In Section 6-10, we first define the operation of combining rigid motions, 

and then we look at some facts concerning some of the simplest combinations 

of different kinds of rigid motion. This material is covered in Problems 

6-10A on translations combined with translations, Problems 6-10B on trans

lations combined with half-turns, Problems 6-10C on half-turns combined 

with half-turns, and Problems 6-10D on reflections combined with reflections 

in the special case where the two lines of reflection are parallel. Finally, in 

the last part of the section, we give some general facts and rules about com

binations of rigid motions. (Such as, for example, the rule that any combin

ation of two reversing motions must be a direct motion.) 

If we were to carry out further and deeper study of the operation of 

combining rigid motions, there are two directions in which we could proceed. 

(1) We could look at ways in which this operation (and facts about it) can be 

used 	to solve geometrical problems. Section 6-11 gives some examples of 

see use leads tothis (Examples 3 and 4) where we that the of this operation 

quicker and easier solutions than we would otherwise get. (2) We could 

same in previousstudy the "algebra" of this operation in 	much the way as, 

of the addition and multiplication opyears, the pupil has studied the algebra 

erations from arithmetic. Except for a few brief comments in some of the 

problems, Chapter 6 does not take up this "algebra" of rigid motions. In Sec

ondary Fi'c, both in algebra and geometry, the pupil will study it further. 

The rigid motions form what is called, in higher algebra, a grollp. 

Comments. In considering Definition 6-6, remind the student that a rigid 

motion is a niappiuggiven by a tracing paper movement. It is not the actual 

path of the movement. This is important if the student is to understand, for 

example, how the combination of two reflections (in Figure 101) can be a 

translation. 

Note that a number of facts are given without proof. (For"example, the 

a translation must be a translation.) Infact tiat a translation followed by 
to your pupilsmost of these cases, proofs are easy to find, and can be given 

7 in Problems 6-7, toas added exercises. (For example, use of Problem 

gether with the fact that each translation moves all points the same distance, 

mustgives an immediate proof that a translation followed by a translation 

be a translation.) 

165
 



Algebraic notation for the operation of combining rigid motions is in
troduced, to a small extent, in some of the problems. (Problem 2 of Problems 
6-1OC is the first of these.) 

Warning. Note that, in the algebraic notation used in Chapter 6, the motion R 
followed by S is written as SR. Thus we abbreviate IR followed by S" 
by having R follow S on the page. This reversal is in some ways bad and 
can cause confusion to the pupil. It has, however, the following advantage, 
which explains why we use it: if 7' is R followed by S, then for any point
P,T(P)=S(R(TJ)) If we write '= SR, then we can abbreviate S(R(P)) as SR(P). 
For us, the convenience of this notation outweighs the dangers of confusion. 

Note that RS need not be the same as SR. (In the special case where R
 
and S are both translations, it is true that RS 
 SR.) Prl"V ems 6-10B, 6-10C, 
and 6-10D give various examples where [?S and SR are not the same rigid mo
tion. Thus, to use a word from algebra, we would say that the operation of
 
combining rigid motions is 
 not commualive. (It is, however, associative,
 
that is 
 to say, (QR)S =(2(RS); because, for any point P, both [(QR)SJ (P) and
 
[Q(RS)] (1-) are the saipne as Q(R(S(P))).
 

The basic facts and rules given at 
the end of the section (under the
 
heading "A Basic Theorem") are not proved, although 
the first of these, the
 
rule on direct and reversing motions, is immediately clear from the tracing
 
paper idea of motion. 
 These facts and rules are, however, an important and
 
central part of Chapter 6, 
 Please make every effort to persuade your pupils 
that they are important and true. 

How could a proof for Theorem 6-1 be found'? It would amount to show
ing that the method illustrated in Figure 105 always worked (that is to say, that 
if two of the perpendicular bisectors meet, thenall three meet at a common 
point--the fact that we then have a rotation is immediate). This proof is 
based on congruent triangles. It is lengthy, but not hard. 

What about Theorem 6-2? Here the construction (corresponding to the 
construction in Figure 105 for Theorem 6-1) is as follows. Take the mid
points of AA', UB--', and CC". At least two of these midpoints are distinct 
(otherwise we have a half-turn, which is not reversing). All three midpoints 
are on the same line (a lengthy congruent triangles proof). Then 7' is either 
a reflection, or else a glide reflection, with this line as its line of reflection. 
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Answers to questions raised in Text. In the text on "Rotation Followed by Ro

tation," how do we show that the combination of two half-turns about the same 

point is the identity? Since a point gets rotated 1800 by the first turn and then 

1800 by the second turn, it must be returned to its original position. The com

bination leaves every point fixed and we have the identity. 

In the text for Figure 105, why must at least two of the perpendicular 

bisector lines be distinct? If all three coincide, it is easy to see (dr,1w a 

figure) that the given motion has to be reversing, contrary to assumption. 

Answers to 
Student Text Pages 238-239 

PROBLEMS 6-10A 

To describe a translation completely we had to introduce vectors. Com

bining translations is, in effect, addition of vectors. We see in the diagram be

low that U + V = W = V + U. That is, tran2lation U followed by translation V 

gives translation W, which is also obtained from translation V followed by 

translation U. 

It is a good idea to get the pupils to try several pairs of translations to 

demonstrate the rule for combining translations. 

U 

V> 

U 

Fig. G-40. 

1. The two sides of any triangle whose third side is W give a solution. 

(Of course, U and V are not included.) Hence there are an unlimited 

number of acceptable answers. 
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2. W is the single vector and W = U + V. 

V 

U 

Fig. G-41. 

3. 

u 	 T 

S 	 V 

S 

Fig. G-42. 

4. 	 Any right-angled triangle having V as hypotenuse will be an acceptable 
solution. 
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5. 	 T will move A' to A", 2 T away from A. 

T will move A" to A"'. 3T away from A. 

At
A 	 All A l ' Aly 
> I > I > I > I 

T T T T 

Fig. G-43. 

In the preceeding problems try to see if the students can give a general 

solution. 

Answers to [ T 

PROBLEMS 6-10B ntTextPae39F 

1. 	 No. (Note that C"=D' and that D"=C'. Note further that only a trans

lation or a reflection will take C" back to C and D" back to D. 

2. 	 Yes. 

For example: Take a point P along HIK distant d from CD. A half-turn 

about P followed by a translation T parallel to W, where the length of 

T is W - 2d, will move CD to C'D'. 

3. 	 The final position will be at. a distance W from CD but on the opposite 

side of CD from C'D'. Not the same as CD. 
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Answers to 

PROBLEMS 6-10C Student Text Pages 240-241 

1. 

•PP Q RR" = (2HK)
P pit They are parallel to each other, 

Q10 since each is parallel to HK. 
Q 00 

K
H 


pt 

Fig. G-44. 

2. From Problem 1, GF is a translation given by 2G-?', i.e.,a translation 
parallel to GF and twice the length of GF.
 

So S = GE,
 

since = 2G

3. Calling the half-turn about A, A, half-turn about B, B, etc.
 
A followed by B = T where T 
= 2A--.
 
D followed by C = S where S 2 D?.
 
But A90= DC(ABCD is a parallelogram.)
 

Hence T = 5,
 

i.e.,AB = DC.
 

4. IIK is a half-turn about K followed by a half-turn about H. 

HK o KH.
 
The translation HK is 
 equal in length to the translation KH but opposite 
in direction. 

5. Define KJH as a half-turn about H, followed by a half-turn about J f ol
lowed by a half-turn about K. 

Suppose H carries P to P'
 

J carries P' to P"
 

K carries P" to P"'
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So KJH carries P to P"'. 

KJ carries P' to P"' so P'P""=2JK. P 

JH carries P to P" so PP"= 2HJ. K 

P'P' is equal and parallel to PP" 

(because J- =J). p? pil 

Hence PI'P'P' is a parallelogram. 

So PJ= JP"' (intersoction of diagonals). Fig. G-45. 

Hence J carries P to P"' 

i.e., KJII = J. 

6. P(B) = B'. B B" 

Q(B') = B". 

S(B") B"'. 

B 2PQ. 

PQ RS and PQRS is a straight line. 

Hence BB"= 2RS and BB ' is parallel to RS. 

SinceB,S - S B', we have in A BB'B,,that 

point R lies on BB"',and that BR RB"'.Fg 

Hence R(B)= B', 

i.e. SQP(B): R(B). 

7. A (P) = P' 
BA (P) = P" 

C(P") = P'". 

In A PP'P", 

PP" = 2AB (= 2DC), 

since ABCD is a parallelogram. 

In A PP"P', PDP' is a straight line, p'" 

since PP" = 2 DC and parallel to it. D * -" C 

S o P D = DP " ' .1-11 , %, 

Hence D(P)= P" P(- . p,, 

i.e.,CBA (P) = D(P). A -" 

Also, CD(P)= P1 , . 

where PP = 2 DC and parallel to it. Pi 

AB(P) = F2 , 

where 14P 2 2 BA and parallel to it 

But CD = BA; so PP 2 
= PP. 

Also P1 P2 points in the same direction as PIP. 

Hence P2 and P coincide, 

i.e., ABCD(P) = P. 
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Answers to 
PROBLEMS 6-10D Student Text Pages 241-243 

1. 	 Distances are as indicated in the diagram.
 

PP" = P + p + (d - p) + (d - p)
 
=2d. 

P 	 pt pit
• ---P " Pp---- <-(d-p) -> <--(d-p)-> 

L Fig. G-47. m 

2. 	 Distances are as indicated in the diagram. 

pp,= P + 2d - p 

S2 1. 

Pll P 	 p I-p7 - (p+d) " " (p d) 
p+2d p+-2d 

L m 
Fig. G-48. 

P 	 pit 

3. 	 Each point moves a distance 

2d (if d is the separation of 
L and n). Hence a translation QQ1 

(see 	Problem 7 in Section 6-7). 
L 	 m 

Fig. 	G-49. 

4. 

B 	 B
 
/ 	 g' 

Fig. G-50. 
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pi 	 p pit5. ',r, R "', Q"' and P" 

give the required images. 	 Q Q1 Q1 

SS" =RR" =QQ" 1-><-1 * 2 2-4 
R R" R' 

=PP" =6 units. 6 - i i-. 
4 4 > 

Si'S 
So * - 6 -> 

7 - 7 
<-- 4 91 -4 -

f g 

Fig. G-51. 

6. 	 S", R", Q", P" are the required images. 

SS" = RR" = QQ" = PP" = 6 units. 

pit P p1 
< 6 < 2 2-> 

< - 5 5

QI'Q Q1 
6 . _ 4 - 4

- 7 
R'7 

R"l R 
6 E 7- E 7 

10 Si 
SI S 

10 -

<---2 -> - 2 --4 I- -I-> 

6 

f g 

Fig. G-52. 

7. 	 Any two parallel lines perpendicular to T and whose distance of 

separation is half the length of T will be an acceptable solution. 

6-11 MORE EXAMPLES OF THE USE OF MOTIONS. 

General dizcussion. In this section we give four illustrations of the power of 

rigid motion ideas in solving geometrical problems. If you have had a tradi

tional training in Euclidean geometry, you will find these examples especially 

impresSive. 

You should allow four class meetings if you wish to cover all four ex

amples. You may select any subset of the four if you prefer, for the examples 

do not depend upon each other. You may wish to use only the first two ex

amples. These are simpler than the last two. 

Note 	that both of the first two examples have: very simple congruent 
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triangle solutions. What is important in these examples is not so much that 
rigid motions give the pupil shorter proofs (though they do do that) but 
rather that they give him an entirely new way of thinking about the problems. 
This new way of thinking about geometrical problems makes the solutions 
of many problems easier to find. 

Note in Examples 3 and 4 the very powerful use made of the basic
 
facts and rules given at the end of Section 6-10.
 

Answers to 
PROBLEMS 6-11A j Student Text Pages 247 248 

1. 	 600 (See the fact stated just before Problems 6-8A and proved in Prob
lem 12 of Problems 6-8A). 

2. 	 NC goes to AM by a rotation through 900 about B. The isometric 
property of this rotation gives the result immediately. 

3. 	 Immediate by fact stated just before Problems 6-8A. 

Ansu ers to 
PROBLEMS 6-11B Student Text Page249 

1. 	 The reflection in L carries AB onto CB and hence A onto C. By prop
erty (5) of rigid motions, we have the desired result. 
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