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ABSTRACT
 

The investigation is based on a dynamic, development-planning model
 

which assumes open unemployment of unskilled labor. The standard devia­

tion of capital holdings across households enters as a state variable and 

nn the system through its effect on demand composition and thefeeds back 

The system is controlled by varying
labor-intensity of the output mix. 


the average level and progressivity of taxes and subsidies which depend
 

From this model, the behavior of summary measures
 on household income. 


of capital and income inequality along a consumption-optimal trajectory 
is
 

For example, conclusions are drawn concerning possibly diver­determined. 


gent changes in capital and income inequality and the relationship 
between
 

these dispersion measures and output growth.
 

*Economic Growth Center, Yale University, 52 Hillhouse Avenue, New Haven,
 

Connecticut 06520.
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This paper analyzes the dispersion as well as the level of income
 

and capital per household along a consumption-optimal growth trajectory.
 

In particular, we examine cases where there is a conflict between growth
 

in output per head and equity growth. The underlying economic model
 

assumes open unemployment due to factor-price rigidity; this formulation
 

describes the situation in many developing economies. In these countries,
 

the rental rate on capital is often determined by prices in the international
 

market and is insensitive to internal movements in the capital-labor ratio
 

[4, pp. 81-88].
 

Two variations of the same basic model are considered: one where
 

the savings of unskilled laborers is subsidized and one where unskilled
 

laborers do not accumulate capital, though skilled do. The steady-state
 

equilibrium solutions of these models exhibit various interesting charac­

teristics. Take, for example, the case where unskilled labor savings is
 

subsidized. In this case, we are able to demonstrate the existence of
 

situations wherein income equity and a more even distribution of assets
 

are not consistent objective along a consumption-optimal growth path.
 

We show, for one thing, that decreases in the level and dispersion of
 

capital are accompanied by increases in income dispersion. Alternatively,
 

should the employment rate fall as capital intensity increases, paradoxical
 

situations may well arise in which increasing capital per household causes
 

further inequalities in income distribution despite a more even distribution
 

of capital holdings. This conflict between output and equity growth occurs
 

only with a decreasing unskilled employment rate in the case where taxes
 

and subsidies affect all households and all households save. We show that
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this result breaks down and conflicts between output and equity become
 

more commonplace if it is assumed that unskilled laborers are insulated
 

from "negative" income taxes and therefore cannot be induced to save by
 

fiscal re-distribution.
 

Dynamic equations describing the change in capital intensity and
 

capital dispersion are derived in Section I. Section II outlines the main
 

arguments in the derivation of a production-demand relationship, which re­

lated output to capital intensity and dispersion. This is an important
 

prerequisite to any considerations of optimal growth, inasmuch as capital
 

and income dispersion may have a significant impact on output through demand
 

composition. Equilibrium conditions are obtained in Section III for the
 

case where savings behavior is the same across all households. In Section
 

IV, we examine the implications for the optimal growth trajectory of
 

assuming that unskilled laborers do not accumulate capital. Main conclu­

sions and possible extensions of the model are discussed in the final
 

section.
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I. THE DYNAMIC SYSTEM
 

It will be convenient to assume that the economy is divided into
 

m gw'oups of varying size but growing at the same rate. The capital of
 

a household is assumed to be spread evenly among its heirs; the number
 

of heirs is assumed to be the same for each household, so that the capital
 

holdings of each of the households within a group remain equalized.
 

Assuming a total population of m groups whose household are growing 

at rate n , let us define the following quantities for a representative 

household in the jth group: 

(1.1) c = 	 consumption 

(1.2) s 	 savings 

(1.3) k = 	capital stock (including human capital) 

(1.4) 	 wage income of unskilled labor assumed allocated
 
completely to consumption
 

(1.5) Ti = 	capital income before taxes and subsidies 

(1.6) z = 	disposable capital income.
 

Then we have savings, s.j equal to the rate of change of capital, i.e.
 

(1.7) sj = 	gross changes in capital stock.
 

But
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(1.8) sj total disposable income-consumption - z + w - C. 

We assume that the function determining the consumption per household of
 

the jth group is of the form
 

(1.9) Cj . ok + w
 

where
 

0 < a < 1
 

i.e. all unskilled wage income--which is untaxed--and a constant fraction
 

of capital income are allocated completely to consumption. The effects
 

on optimal growth results of relaxing the assumption that the marginal
 

propensity to consume out of unskilled wage income is unity and that 
out
 

of disposable capital income zero are considered later in the paper and
 

in the Appendix.
 

The expression for savings s now becomes, from (1.7) and (1.8)
 

= 

(1.10) j z - Ok
 

Denote aggregate domestic savings per household by s , disposable capital 

income by z , and capital stock per household by k . Then, from (1.9) 

we obtain the following aggregate savings function 

.
(1.11) s - z - ok 

Then from (1.8) assuming a constant (exponential) depreciation rate
 

and a rate of household growth n , we have
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(1.12) "k" .
 
dt	 

net change in capital stock per household 

zj - (a+ 8+ n)k. 

Denote taxes (net of subsidies) levied on the jth household by NT .
 

Taxes are assessed only on capital income, which includes the income of
 

skilled labor. We now have
 

(1.13) zj = 11 - NTj 

= rk 	 - NT 

where 	r is the return to capital (assumed constant).
 

One possible tax function is
 

(1.14) NT = al) + a'(Tj - T) 

where n is the mean capital income per household for the entire society.
 

This can be written as
 

(1.15) NT ff al + a'r(k -k) 

The 	coefficient a"' determines the revenue impact of the tax, while 
a"
01
 
determines the redistributive effects.
 

From (1.13), (1.15), equation (1.12) can be written as
 

(1.16) dt r - 1 ) -(+ +nkdk r k a(k jk) (a + 6 +
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Define aggregate quantities as below
 

r kN(1.17) k N1 ]=j i i 

th
J
Nj - the number of 	households in the total number of households,
N ­

group, and m is the number of groups
 

(1.18) 	 a 2 5I m k
 

= N r N (kj - k)
 

where k is the weighted average of capital per household in each group
 

and 2 is the weighted variance. We have, assuming an exponential growth
 

rate n for the number of households
 

(1.19) 	 dt = r k ­ - (n+ 8 + a)k 

and
 

(1.20)(I.0)dt1 d r(1 -a) - (n + a + ) . 

These are the basic dynamic equations describing the manner in which capital
 

intensity and capital dispersion vary over time. Note that, in the deri­

vation of these equations, no assumptions have been made regarding the
 

form of the distribution of k It is only necessary that the quantities
 

in (1.17) and (1.18) exist.
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II. THE PRODUCTION-DEMAND RELATIONSHIP
 

The effects of income or asset distribution on the level of output
 

are generally excluded from consideration in the literature on consumption­

optimal growth. Such effects, it is felt, are negligible and of little
 

consequence in the determination of the steady-state equilibrium solutions
 

for the economic models usually considered.
 

Inasmuch as we are interested in examining the impact of changes
 

in capital intensity on income dispersion through its effect upon the
 

employment rate, we must therefore consider possibility that changes in
 

dispersion feed back on employment, however amall the magnitude of this
 

This 	closes the causal chain and permits us to formulate a well­effect. 


posed problem.
 

We shall make the following assumptions; these can be eased con­

siderably as shown in [5].
 

Al: 	 There are two commodities in the system. Commodity 1 is used for
 

both investment and consumption. Commodity (or good) 2 is used for
 

consumption only.
 

The production functions for the two commodities are differentiable
A2: 


and homogeneous of degree one, with unskilled labor and capital being
 

the factors of production.
 

A3: Coumodity 2 is more labor intensive compared to Commodity 1.
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Open unemployment exists in the system even in equilibrium; either
A4: 


the minimum real wage is (exogenously) specified or the rental 
rate
 

is determined by prices in the international market. Each 
on capital 

household has one laborer (either skilled or unskilled).
 

A5: All government tax revenues are expended on Commodity 1.
 

1 
and, provisionally
 

A6: A closed economy.
 

1, perwe see that the total expenditure on commodityFrom A5x 

household, other than private consumption, is determined by 

(2.1) G + i - (r1 -a)k 

G = government expenditure per household
where 


i = gross investment per household
 

and rental rate on capital (expressed in terms of good 1).
r= 


Ihis expression indicates that the sum of investment and government 
expen­

diture depends only on the capital intensity k . since r, and a are
 

specified. Consequently, the only relevant changes in output mix are those
 

Since
 
effected by changes in the composition of private consumer 

demand. 


good 2 is labor intensive relative to good 1 (A3), these changes 
in the
 

bill of goods demanded will influence the level of aggregate 
output and
 

1The closed economy assumption (A6) has been introduced only to simplify
 

the exposition of the general equilibrium analysis. It is abandoned later
 

The detailed analysis, with trade included, is presented in [5].
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employment. The importance of capital dispersion as a variable affecting
 

growth therefore depends on its relationship to the composition of consumer
 

demand.
 

We will therefore first derive expressions for the aggregate commodity
 

demand functions. We will then solve a general equilibrium model to deter­

mine the employment rate and capital intensity, as well as the relative
 

shares of the two goods, when demand equals supply. Solution of the
 

general equilibrium system will yield expressions for the GDP per laborer
 

(y) and the employment rate () in terms of the capital intensity (k) , 

and the dispersion of capital (a) 

The Commodity Demand Functions
 

Aggregate private consumption per household for Commodity i may
 

be written in the form
 

(2.2) ci = ci(c, ac' P)
 

where ac is the standard deviation of the distribution and P is the 

commodity-price ratio (good 2 to good 1). Exact derivations of the func­

tional form of (2.2) exist in the case of the quadratic and the exponential 

demand functions for the individual household. See Klein (3]. Substituting 

the aggregate version of (1.9) in (2.2) we have 

(2.3) c c k. P)
 

Well-behaved household demand functions relating consumption of good i
 

to expenditure are monotone over the range being considered, and pass
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through the origin. It can be shown that the expenditure elasticities
 

are greater than (less than) unity according as the functions are convex
 

(concave) to the origin. Denoting the expenditure elasticity of demand
 

of the Ith household for the th  commodity by we have
 

ci > 
 A>
 
(2.4) 	 > 0 according as 1i1
 

c 

i.e., according as the household's commodity demand functions are convex
 

or concave.
 

The standard deviation of consumption a is related to measures
 
c 

of income dispersion through the variance-covariance matrix of the joint
 

(Every house­distribution of household capital holdings and employment. 


hold is assumed to face the same wage rate for unskilled labor.) The
 

unskilled labor employment of a particular household may well be an in­

creasing function of its capital stock, particularly if family enterprises
 

exist. However, for simplicity, we make the assumption
 

A7: 	 Employment of unskilled labor is distributed independently of capital
 

holdings and the employment rate of skilled labor remains fixed at unity.
 

This implies that the household unskilled employment rate is inde­

pendent of capital holdings and is binomially distributed. (From A4, workers
 

are either employed or unemployed.) Under these conditions, a2 the
 
w
 

variance of unskilled wage income per household is seen to be
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2 
2 2
(2.5) a w1' e e2 x- 1(e)( e) + (wWe ie) 

(sum of the weighted (weighted variance 
variances of of unskilled wage 

unskilled income income between 
within groups) groups) 

where w1 is the wage rate in terms of good 1, 'e is the ratio of unskilled
 

laborers employed to total households, X is the ratio of unskilled to
 

total laborers, and eu (-Z/X) is the unskilled employment rate. This
 

expression is derived from the total variance formula for two mutually­

exclusive groups--households with skilled and households with unskilled
 

labor. Denote average capital per household for the unskilled-labor group
 

2
 
by ku and the variance of household consumption by ac . Then, by means 

of the total-variance formula for grouped data, we obtain from the household 

consumption function and (2.5) 

2 =2 22

(2.6) a = 2 + a2a2 + 2w a(ku .k)k c w1 

Given the function for capital accumulation of a representative household
 

k)2
the percentage change in (k - can be shown to be the same as the
 
u
 

2
percentage change in a . This implies that (ku - k) is a fixed pro­

portion of a . Thus (2.6) may be rewritten as
 

2 2(2.7) a = 2 +C + 2w1 Oea 

where -1 < P < 0 . We assume
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(2.8a) > - 1 implying ?Aiwc> 0 

and 

(2.8b) .5 < e , implying - < 0 
2 ), u

(1-

We can therefore write (2.3) in the form
 

(2.9) c 1 = cr'(k, P, a, e 

with
 

(2.10) 1-> if > 1 

(2.11) - >0 if ci >0
 

(in the case of a quadratic demand function).
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Demand and Supply Equilibrium
 

How, then, do changes in the standard deviation of the distribution
 

of capital, a , affect the demand curve and the equilibrium point? Assume 

that the expenditure elasticity of good 1, is greater than unity and
 

that < 1 and that )ac 2/I > 0 . Then a reduction in the household
 

asset dispersion from a' to all (all < cy'1 will cause the demand curve22
 

D2D 1 to shift towards good 2 as shown in Figure 2.2 This is seen from
 

(2.10). The equilibrium point will shift upwards along the transformation
 

surface (from 1 to 2); this transformation surface is linear because of
 

the specified factor price. The new equilibrium point, 2, will represent
 

a higher level of GNP per household and a higher unskilled employment per
 
3 

household, e, than those attained at point 1.
 

By solving such a system we may derive expressions for the GNP per
 

household (y) and average unskilled employment per household
 

(2.12) y = f(k, a; 8) 

(2.13) e = g(k, a; e) 

where 8 is the exogeneously specified factor price expressed in terms of
 

one of the goods. Noting that y = r1k + wie,
 

2Note that each point on 
D2D I represents a fixed asset dispersion 
a , 

but a different wage income distribution due to changes in unskilled 
employment per household ' . 

3Introducing trade into model does not affect the qualitative results,
 
provided there are no intermediate good imports. See [5].
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we have
 

(2.14) f 0 as 0 

and
 

(2.15) ak<r I asa U <k 

where r1 is the rental rate on capital and wI the wage rate in terms 

of good 1. 

From the equilibrium analysis carried out above, we see that, as 

long as a lies above the point where aCa = 0 

.cI < 
=- 0 according as - 0 

c 

i.e., 

(2.16) k 2:0 according as I -1

ba1 <
 

=If a 0, then 2/ a= o 
c 

The compatibility of output and employment objectives implied by
 

(2.14) and (2.15) may well break down when the good intensive in unskilled
 

labor is inferior. In this situation, under certain conditions, g/k
 

is negative and increases in capital intensity may cause employment to
 

decline even as GDP per household increases. The details are presented
 

in McCabe [5].
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III. EQUILIBRIUM GROWTH PATHS 

Denoting total consumption (both private and public) by 8 , in­

stantaneous welfare is given by
 

(3.1) U(C) = Nu(c) 

= f(k)a) - rI k - r + ok
 

where u(s) determines aggregate utility per household. The possible
 

effects of changes in expenditure distribution on social welfare are not
 

considered in this function.4 We are concentrating on the analysis of
 

possible growth-equity conflicts along a consumption-optimal growth path.
 

Then the optimal growth paths are those that maximize discounted
 

future consumption per household, i.e., the quantity.
 

=T
 
(3.2) Te eeu(c^)dt C e'e U(c)dt
0 0
 

where p is the rate of social discount, n is the rate of household
 

growth (size constant), y ( = p-n) the net rate of social discount,
 

4Since the commodity price ratio is fixed, private consumption (in terms
 

of good 1) is treated as a single good; public and private consumption
 

expenditures are perfectly substitutable in this function.
 



is'the initial number of households and T is the planning horizon
No 


--assumed finite for simplicity.
 

Thus the paths of optimal capital accumulation and dispersion are
 

given by the solution of the following optimal control problem:
 

T-	 r(k - Ul) + ckJdt(3.3) 	 Maximize 
0
 
u19 u2 


subject to
 

(3.4) 	 dk ( u (n+ca+ 8)k
 
dt (k U)
 

da
 
(3.5) 	 do (r1U 2 -a- 8 - n)a
 

and the constraints
 

(3.6) 	 k >0, a >0 

(3.7) 	 0 < uI (rI -a/rI)k
 

(3.8) 	 0 < A< u2 

(3.9) 	 u1 S (1 - u2 )k 

Here u and 	 , the control variables have been defined as (equationu2 


(1.20)).
 

a0
 
a
(3.10) 	 U 0.i; u= 1 

-1-r1 21 
­
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The upper bound on u1 given in (3.7) is obtained from (2.1), as gross
 

investment per household has to exceed zero [G 
= al] . The lower bound
 

on 
u1 given in (3.8) takes note of the fact that government expenditures
 

are non-negative. 
The lower bound, A , insures that the marginal net
 

tax rate a" will be less than unity, thereby retaining the incentive
 

to save. Restrictions such as (3.9) must also be placed on the control
 

variables to insure that no household is taxed more than its gross capital

5
 

income. Although such restrictions may be binding during the transition
 

to an equilibrium point, they will not affect the values of 
k and a
 

once an optimal steady-state has been attained.
 

The above optimal control problem is linear in the controls u1
 

and u2 ; thus the optimal policies will be of the "bang-singular-bang"
 

type [1, pp. 261-265], i.e., the control variables will move between their
 

boundary values and an interior value(s) corresponding to the singular
 

arc(s).
 

5From expressions (3.17) and (3.18) derived later in the text, 
it is clear
 
that this condition will always hold as an equality in steady-state equi­
librium. In situations where k is rising and a is falling, this
 
constraint will not be binding. However, if k is falling, the lower
 
bound on disposable income may dominate the upper bound on 
uI , derived
 

from the non-negativity constraint on gross investment. 
 In any case,
 
our main qualitative results will not be altered, provided, as is the
 
case in the problem being considered, the transition to the optimal steady
 
state always implies a decline in u2 *
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We will only consider the case where, for all feasible values of
 

k and a
 

(3.11) U0 0
 

The function f(k,C) is only concave if the output share of the labor­

intensive good declines as k increhses [5]. Denote the undiscounted 

costate variables by ' and "a respectively; then the Hamiltonian has 

the form [1]
 

(3.12) H A e-7t[u(c) + Xk' + X 

Then the optimality conditions yield ([1], pp. 261-265)
 

(3.13) bH= 0 = Uor- r
 

(3.14) H r Cx
 

and
 

(3.15) - = Uc(fk -rI + a) + Xk (r l - a - n - 7) 

(3.16) =Uc(fo) ,(n + 6 + Y - ru 2 ) • 

In addition, we have the dynamics which are given by (3.4) and (3.5). 

In equilibrium, k = = k= =0 . This gives 
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(3.17) u 1 - n + a 

= nl+(3.18) u2 8+a 

Note that n 4. + air 1 > A for a steady-state to exist. Since r1 > 0 

and a > 0 

(3.19) %a =0
 

(3.20) Xk =Uc 

The two remaining variables k and a can be obtained from (3.15) and
 

(3.16)
 

(3.21) af(kq) .n+ 8 +,y p + 

(3.22) =f0,.
 

Given that gk > 0 , condition (3.21) will hold only if the net 

social rate of discount (y) exceeds the private rate of return (rI) 

from (2.17). Otherwise, gk must be negative. This may well be the 

case, as indicated in Section II) if Commodity 2 is inferior at the 

equilibrium point. 
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As yet we have not determined the standard deviation of the distri­

bution of income. Total income for the jth household, is given by
 

(3.24) J = net capital income and wage income 

jA
 
= rlk - NT + .
 

From the formula for the variance of grouped data, we have from (2.5) and
 

(3.18)
 

(3.25) + w2e(le) +y1 8+ U)22 1(n+ 2(n+ A+a)Caw e 

With a greater than or equal to its optimum value, it can be shown that 

a/ > 0 ; further, if a /r < 0 , then a-/0e < 0 
y C y 

We can now plot the movement of key target variables along the
 

optimal trajectory. For the case gk > 0 (neither good inferior)y the
 

curves of constant GDP per household, employment rate and ar , the
 
y 

shown6
 
standard deviation of the distribution of after-tax 

income are as 

(for a specified equilibrium point (k*,O*) ) in Figure 3. The behavior 

of the various quantities k , a , ar , e and GDP per household along 

the optimal trajectory clearly depends upon the location of the initial
 

6 

GDP= constant= = + gk ; gk > 0 r
)DP C 

e = constant = (d)e = Igk/gal 

a>0
a = constant = Id!k 11+ ;9>0
yY
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values of k and a (say) ko0 , 0 " This is summarized in Table 1 

*
for the cases where iy0 > a . 

From Table 1 it is clear that, in the case when gk > 0 , equity 

and growth are always consistent objectives, in the sense that increases 

in k do not bring about increases in the dispersion of after-tax income, 

as measured by a. . However, it is worth noting that in Region III, where
 
y 

k and a. both decline, a^ may well decline more slowly, especially
 
y y 

so, since the employment rate e , is tending to reverse this decline. 

In this situation the income dispers!on as measured by the coefficient 
7 

of variation aA/ may increase. 
y
 

TABLE 1
 

Region k a GDP e (TA
y 

II ® 0 0® 0 increasing 

III 0 G0 0 0 decreasing 

Iv 0 0 0 0 

7The expression for aggregate disposable income per household in steady­

state equilibrium, derived from (3.13), is
 

= y - flUI = f(ka) - rI - (n + a + 8)k 

w 1 k + (n + a + 8) 
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gk < 0 , owing (say) to the good intensive inIn the case when 


unskilled labor being inferior, the location of the level 
curves is for
 

the most part reversed, as shown in Figure 4. The behavior of the key
 

variables is summarized inTable 2. Here, growth and 
equity are not con­

sistent objectives over a significant portion of the 
(k,a) pla e. In
 

k increases. Thus, while
 
Region IV, aŶ is unequivocally increasing as 


capital intensity is increasing, GDP per laborer, the 
employment rate and
 

income equity are decreasing. In Regions II and III, there may exist situ-


CA this dispersion, as measured
 ations where 9 is declining faster than 

k andaA/ , is increasing along with by the coefficient of variation, 


possibly GDP per household.
 

TABLE 2 

gk<0 

Region k a GDP e ay
 

I G G0 

II G G E) 0 G increasing 

0 b decreasingIII G 0 0 

Iv G 0 0 
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IV. A TWO-CLASS MODEL 

In the model just presented, it is poqsible for households headed
 

own capital even though the marginal propensity
by unskilled laborers to 

to save out of unskilled wage income is assumed to be zero. This is true
 

simply because savings in these households can be financed out of subsidies.
 

Suppose, by contrast, that unskilled households are unaffected by taxes
 

and subsidies and thus never own capital; then a major change will occur
 

in the optimal growth trajectory. Specifically, a conflict may well arise
 

between output and .quity even in the case where ' , unskilled employment
 

per household, is an increasing function of k
 

Given a model in which unskilled laborers are assumed to be propertyless,
 

as the standard deviation 	of capital among skilled-labor
let us define a' 


households (which constitute the capitalist class). We define at as the
 
w
 

standard deviation 	of wage income within the unskilled labor group. In
 

such a model, the standard deviation of disposable income, a. I is given
 

by
 

1 	 .2 2 12 kl2V­
+(4.1) 	 OA =4 (l-u 2 ) rla (I-%) wy 

=(n+ 6+a)2 ,(.%) + w2(- e2 + Vzw­

where 	 (w'2 

(we - 9((n+ +cr(1 (+A2V-w 	 2• k 

w1 ]2 + l~)(n+ 8+ )k­
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The parameter VFV represents the weighted variance of disposable income 

per bousehold in the skilled and unskilled-labor groups around the grand 

mean, y 
A 

. Under not very stringent conditions, it can be shown that the 

slope of the level curve for a fixed a is negative in the (a', k) plane 
y 

where 2Z/bk > 0 . In other words, while BaA/la is unequivocally posi­
y
 

8
 
may also be positive.
tive, )a/k 

y
 

Since the variable a' is a measure of capital dispersion only
 

within the skilled labor group, expenditure inequality always decreases
 

with al . Therefore, the long-run optimal value of a' is its lower
 

bound, zero. Given a level curve for dA in the (k, a') plane which 
y 

is negatively-sloped, the long-run optimum value of cA y may be greater 

than its initial value when k0 < k* and a' > 0 . Since in this case
0 0 

it is possible for the percentage increase in aA to be greater than the 
y
 

percentage increase in 9 , the coefficient of variation of disposable 

8It can be shown that sufficient conditions for ba^/Bk > 0 , when 
Y
 

/Zk > 0 , are 


wIe
 
(a) -y < XB , where B =f ; and 

(n+ 8+ a) k
(b);6 1.

wl e-


Condition (b) implies that average disposable income per household for 

the skilled-labor group,, (n+ 8+a)k , must exceed or equal that for the 

unskilled labor group, ewI , an eminently plausible assumption. Assuming 

the ratio of unskilled to total labors, X I is greater than .5, condi­

tion (a) indicates that the unskilled wage share of disposable income
 

must be less than or equal to some fraction smaller than X ; e.g., if
 

wle 
= X .6 then -- < .454.y ­



27 

income may increase as k rises. Such a conflict between disposable in­

come and equity growth can occur, even though the unskilled employment
 

rate is rising. The difference in average disposable capital income per
 

household between the two classes rises as k increases, and this may
 

more than counteract the effects of a reduced variance and a higher mean
 

level of unskilled wage income associated with growing capital per house­

hold.
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V. SUNMARY AND CONCLUSIONS
 

In this paper, we have developed a normative model for the size
 

distribution of capital and income essentially free of assumptions regarding
 

the under .ying distributions. We proceeded to examine the impact of taxes
 

and subsidies upon capital intensity, capital and income dispersion, em­

ployment rate and GDP per household, along consumption-optimal growth paths.
 

We found cases in which output growth and income equity were not consistent
 

objectives even though it 
was assumed that output was a decreasing function 

of the dispersion of capital holdings. In the case where unskilled laborers 

own capital and save out of capital income, such a conflict can occur when 

the employment rate for unskilled labor is a decreasing function of average 

capital per household. Alternatively, in situations where unskilled laborers 

do not accumulate capital, increases in capital equity and the unskilled 

employment rate may well be accompanied by increases in the coefficient 

of variation of disposable income. 

The major assumption, explicitly stated in Section III, is that 

g/ a < 0 , implying that the income elasticity of good 1, the capital 

intensive good, is greater than unity, with I I > 12 and 12 < 1 . Only
 

in this case is g(ka) concave and the optimal control problem well­

posed [5]. We do feel that this is not an overly restrictive assumption,
 

inasmuch as all that is required is that g. be negative, however small
 

it may be in magnitude. It is also supported by the empirical investigation
 

of Cline 
[2, p. 176] and is consistent with Engel's law provided agricultural
 

goods as a whole are more labor intensie than non-agricultural goods.
 

In any case, the main purpose of this paper is to show that conflicts between
 



29 

outpqt and equity growth exist along a consumption optimal path even when
 

decreases in capital dispersion have a positive effect on output in the
 

static context.
 

Some apparently crucial assumptions may be altered considerably
 

without affecting the qualitative results presented in Section III. In
 

particular, we may adopt the alternative formulation in which the house­

hold savings function has a Keynesian form with identical marginal propen­

sities to save out of unskilled wage and capital income. We show, in the 

Appendix, that under these conditions the expressions the long-run optimal 

values of k and a are modified somewhat, but the main qualitative re­

sults of the comparative equilibrium analysis presented in Tables I and II 

in Section III do not necessarily break down. 
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APPENDIX
 

The Keynesian Savings-Function Case
 

Suppose that the savings function for a representative 
household
 

in the jth group takes the form
 

(M) 	 s ffi - + a1(YJ" NTh 

is the total gross income of the jth household and NTj is 
where y1 


Then the change in the capital 
per household of the jth
 

the net tax. 


group will be determined by the relationship
 

dk
 
+Wl) -	 (6+n)k 1a0/r - a"(k -k)](ii) dt.. a + al(r [k 	 i 10 1l 0l1
dt 

is held constant and government savings per house-
Let us assume that a" 


Then the accumulation equation for
 hold, 8g 1 is controlled instead. 


aggregate capital per household, k , may be written
 

AA
 
_a-t Irlkp + aW1e + s g - (n+8)k+a 11 

+crk~a ~~ - (n+8)k
(iii) 	 dt 00)ldp 

+ aIWle + s
+ 1ir1k
a0 


where kp is private capital per household assumed equal to k 1 and 

c = a + ala" . The percentage change in the variance of total capital 

is given by the following expression (provided each household 
receives 

the same amount of capital from the government):
 

(iv) 	 (da2 /dt)/0 2 2[ (I - a")a (n+8)] + lWl (ku- kp)1a21 

is average private capital per household for the unskilled-laborwhere k 


k = kp makes sense if government savings
The simplifying assumption that 


takes the form of public education and health expenditures; 
or if it takes the
 

yielding services otherwise bought by consumers.form of investments 
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group). The expression for the percentage change in (ku - kp) is given by
 

d(k -k )2 (-	 )2 ,(/%" I)'1 

dv-(k 2- 2 ~(1-a)a(+) 	 (/lec 
l

() dt U p 	 1 n k k2 

It can be shown that a stable equilibrium, independent of a" will be
 
2I
 

attained where the 	percentage change in a2 is equal to the percentage
 

2
 
change in (k - k . This will occur where 

(k -k k)2
 u 

2(llX- 1) = 

(vi) 
a
 

1/2 
Therefore, with (ku -  ) = -(1/% - 1) .a , we may write 

S11/2

(vii) a 	= [(1- al)Qir I (n+6)la - wle(l/% - 1) 

The sum of government expenditure plus private savings is given
 

by the relationship
 

+(viii) Cg g+s (l-a) + a0 ,(rlk +we) 

where a" is the fixed value of a," where s is private savings per
 
p
0 	 0 


household and cg is government consumption per household. Define the
 

control variables as
 

U =51 g 

u2 a-
 a l
 

If all the expenditures on the left-hand side of (viii) are included in 
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the final demand for the same good, then a function determining average
 

unskilled employment per household from k and u2a may be derived in
 

a manner similar to the one outlined in Section II. With
 

e = g(k, u2a)
 

and the dynamics given by (iii) and (vii), the steady-state optimum solu­

tion involves the modified golden-rule condition and an equation
 

(ix) g2 (k, u2a) = 0 

1 

which only give the optimum value of the product u2. . From the steady
 

1The condition (ix)is obtained from the optimality condition
 

NH (i + X (Orla wl2(/-11/21=U XkOg 2a + Xr - 0fc (1-al)g 2a w=g2 a(l/X-

by proving that h = Uc and =.= 0 . The equality between "k and Uc
 

is obvious from the condition
 

N = _ + 
 =0
 

It follows from the optimality condition H/bu 2 = 0 that, if k= Uc
 

g2Uc 2- [jalr 1 - wlg 2 (1/% - 1)1/21 . 

The adjoint equation multiplied by (1/u2) may be written as
 

H/ a(l/u2) = Ucg 2 + -faflr I - w1g2(i/X- 1)1/21 - k(n+ T) 0 

Substituting the expression for 92Uc into this equation yields
 

%a if >0
u2
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state equilibrium expression for u2 derived from (vii),
 

=n +8) w~g(k, u2 "a)(l/ - 1)1/2 

(x) u2 Oar, + a1rl 

it can be shown that
2
 

> 0(xi) u2 a= *(ak) , > 

Thus, a will tend to decline along the optimal trajectory until (xi)
 

From (x) it is clear that the effect of a change in the steady­is met. 


state value of e is given by 

(xii) 1u 2 

(xll) - = gl + g20 - ­

= g1(l+ Q)
 

2Multiplying both sides of (x) by yields
a 

- 1)1/2 

w1g(k, u2 a)(11%
(n+8) 


2 a 1r1 a11r 

By differentiating this equation totally with respect to a and u2a 
and rearranging, we obtain 

b(u2a) (n+8) > 0 

ba7 a1r1 -w1 g 2 (k, u 2a)(i/%. 1)1/2 

In a similar manner, we derive the expressionif g2 (k) u2a) < 0 . 

(u2a) w1 g1 (i/%,- 1)1/2 

- w1g 2 (i/. 1)1/2a 1r 1 

if g2 (k, u2a) < 0 . 
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g2 W(l/wI (l/X 1)1/2where where QQ = a r1 - - -l)/g 

If g2 <0, then Q > -1 and /Zk > 0 as g, 2 0 . The change in 

the steady-state equilibrium value of e with respect to a is simply 

, which is assumed to be negative. Since k and a affect theu2g2 


steady-state value of e in the same manner as they did in Section III 

when gk > 0 or gk < 0 , the relative slopes of the level curves in 

the (k,a) plane will be qualitatively similar to those shown in Figures 

3 and 4, and the value of the absolute slopes will be positive if gk > 0 

and negative if gk < 0 . 
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