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.THE USE OF DUALITY BETWEEN PRODUCTION, PROFIT AND COST FUNCTIONS 

IN APPLIED ECONOMETRIC RESEARCH : A DIDACTIC NOTE 

1. I1NTRODUCTION.-


In recent years the development of duality theory between 

production, profit and cost functions [17, 14, 7, 6, 131 has opened 

up powerful new avenues to applied econometric research in production
 

economics However, these theoretical advandes have not yet been
 

widely used by agricultural economic researchers despite the fact
 

that they alow a much richer specification-of production relation­
"4"4 .. ' - trDouglasal Cobb 

ships. tan, say, the itional Cobb orCES production, 

functions 

One reason for the slow acceptance of these tools may lie in 

the fact that most of the theoretical literature is-in mathematical 

language not normally taught in ani agricultural 6 oo"i ''-d rc'u 
- 1 * ' ' elation "4') 

This note will therefore present the essential duality relationships
 
:
n 1l'


"inthe usual calculus notation relying as much as possible 


known theoretical tools. No proofs of these"relationships"will be
 

given, but they..,will be demonstrated.with ,the,use of examples. _No
 

'attempt ismade,4 to,give an exhausting: listing of the literature, or 

tbue historical development,of the theory'since this can be found inr[61
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'What is a Profit or Cost Function
 

A profit (or cost function) relates maximised profits (or minimised
 

'costs) to factor and goods prices and to other exogenous variables such as
 

fixed inputs, or climatic and soils variables. Once it is estimated, its
 

parameter contains all the information about the underlying production
 

A given profit or cost function under
function or production process. 


certain conditions given in Section 3 corresponds uniquely to a given
 

Hence instead of starting economic or econometric
production function. 


moael building from the production function one can start it directly
 

from the profit f#nction without worrying about the specific functional
 

This is analogous to linear programming
form of the production function. 


where the primal formulatiop,and the dual formulation of the problem
 

a one to one relationship and one can
correspond to each other in 


start any solution either from the primal side or from the dual side.
 

In linear programming, however, not much may be gained by starting.
 

an emperical an4lysis from the dual side, whereas substantial siplifica­

tion of eqQnqmetric work is gaiped 4f one starts from the profit or 

cost functiop rather than from the prodiption function. These simplifications 

will bo discussed in detail in section (4). 

-
a gpocial case ofpkrofit
COSt funAqions can be regatdpd as 


fwctions inwhich output isgiven rather than being variable.,& We will­

therefore concentrate primarily on thQ profit functi-on..­



Profit functions are derived 'frm production functions in the' 

following way : Consider the case where there are two variable inputs
 

A and X2 and one fixed input Z which are related to OutputY.by
 

production function Y. f(XI,. X2, Z). Since Z is _fixed,its opportunity..
 

cost in a given -priod is zrand.the entreptreneur ,tries to -maxiiige,-, 
the sales value of output lessthe cost of variable jits, i.e
 

Variable profits '(or returns.to the fixed factors) :Y::
 

: . f-..X. A .11 

where P is priiceof output and Qand Q are:nput price. (The note­

-tions of the paper are sumerized in table 1.) 

The first order conditions of this problem are
 

here = -'i"s- the marginal product of X. 
::..."- "' .. . . - 1 

For specific functional forms this system of two equations can be solved
 
- * " ' ! i " '" ' 

for the optimal input quantities X. (or the demand functions for the inputs)-.
 

X (I'Q1, Q2 Z) i , 22 

If we substitute,these fifctions'into the.expression-fbprofis lAwe
 

'get the following. :.­

Pf.X,, ,: .-... ',::ii,) .-
IT. .. - *:: i:::Q1 X:.,,1 * K.,2 u :. 
*r ~ .2* 2" 

http:returns.to


,,Clearly, profits can never be higher than when the profit maximizing qunti­

ties are used. Therefore, if we substitute the profit maximizing factor
 

quantities into the expression for profits, ''*of 1.18 becomes the maximum
 

of variable profits. Furthermore, Since all X. are functions of the prices
 

and the fixed input quantity we.can substitute prices and fixed quantities 

in the expressions ,ofX1 and write, after collecting torms, 

frf* W 7r' (P, Q"1 QQ. l+,,ZYS';' 

This profit function relates maximized, profits. to the prices of outputs 

,and inputs and to the quantities, if any, of the fixed factors. In the 

next section we shall demonstrate'this procedure to find a profit function 

by examples. 

Tor econometric and theoretical work it is easier to wor% with a 

normmlised profit function as developed by Lau [7, 11] because the+ 

number of variables is reducedbyonand.because te choice of functional 

forms is wider*. Note first that the profit maximizing problem is not 

altered if we divide both sides,of l.Lby a scalar or a fixed number. 

+Choose the output price as the fixed number (but any price can be chosen) 

and write. 

f(X X Z q, X, " q2 X2; 1.6­
-- i'-:l 2'0 Z--16. 

* .,When working with profit functions one has to choose functional forms­
which are homogeneous of degree one in all prices, whereas this is not 
necessary for the normalised profit functions. For instance, the 
quadratic function is not homogeneous of degree one but has otherwise
 
many desirable properties.
 



where is the input price relative tohe output price. The 

'normalised p~ofit fris profits diVided by the+output price and is now
 

related to. relative prices.
 

One can again derive first order conditions and factor demand 

.,equationsas before but in terms of relative rather than absolute 

prices,substitute these factor demand equations into 1.6 and obta.n 

the normalised _profit function in terms of relative prices. 

ir*%. ..q. .Z), 

1.3. The Usefulness of the Profit Function 

The usefulness of the normalised profit, function! arises :out..of,.., 

Shephard's (or Hotelling's). leama which states-that 

= -X X ltq-- Y i- 1 2 1.8
 

The, negative", of: the first,1derivative6 ,of the n*rmalised profit fUhCtin 

Vith;:gespqct,, to,, theior alisedor.crelativrpjrices isthoptimal input 

'quantity or the factor demand curve. Instead of having to'solve :a ' 

system of simultaneous equations as in the case of production function 

approach one can ge the-factor demand" curves simply as the first 

derivatives of the profit function. This holds for any number of 

inputs,- r outputs (Section ) . 

the 
If one specifies the functional form ofthormalised profit function one'., 

can, estimate it directly in 1.7 or in the derived demand function 1.8. 



Note that these functions are econometrically correctly specified so': 

that only exogenous variables appear as, 'idependent variables of the 

regression equations. In production function estimation the right
 

hand side always includes both dependent and independent variables
 

srnce variable inputs such as fertilisers are jointly determined with
 

output by the farmer. This misspecification never arises with profit 

functions where one can classify inputs and outputs as fixed or
 

variable depending on the problem and situation at hand.
 

Note further that for functions which are more complicated (and
 

more realstic)-than the Cobb Douglas or the CBS 
 functions -one cannot
 
derive closed form expressions 
 for the implied factor demand functions 

using the production function approach. But in the case of complicated 

functions of the profit function which allow all sorts of substitut­

ability or complementarity relationships between inputs and outputs, 
this is easily possible. 
This aspect willbe further discussed in 

section (4). 

Once a normalised profit function hasone n 
also estimate the optimal output. quantity:yY. NO e that-in :(I.6)tli 

first right hand side term i's simply out o htean, estiate,.., 

it as 

. X*•, . . 
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•Another Uuality,,relationship which sometimes4 is i"mportant'relates' the , 

t the ,fixedderivatives, o the, normalised profit function with, respect 

'adctors to the "mganal product of these:factors,.:,e.,
 

z az_ 

'With this relationship one,canestimate.thexretrs to or shadow 

price, ofthe fixed-, factors from the normalised . profit, function, 1The 

,-three iality relationships 1.8, 1.9, and 1".10 show that all important. 

econotc magnitudes can -be estimated from the- profit function. 

Shephard s lema provides: factor demand elasticities. Output supply 

elasticities can be estimated from'relationship 1.9 and marginal 

products,:offixea factors r'om relationship 1.10.
 

Inthe following section we will demonstrate Shephard s, lemma with>. 

-exaplessimple, functional forms.- Note that" for, complicated 'and 

functional' fOrms"where factor demand equations cannot be' derived from
 

the-production'function such demonstrations are-impossible. But it
 

is precisely themore complicated case'in which Shephard-s lemma is 

especially useful. The reason is that one can chose functional 

foms ,for the"profit function which are (a) linear in parameters and 

(b)- have the' further characteristic that they provide local second 

order approximations to arbitrary production processes. -One is
 

thu provided 'with functional forms which can be' estimated by, least 

square method and which can accommodate much more complicated 
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pruction processes than was ever possible with/producti on futnctions. 

This will be the topic of section (4) Hence the examples given are 

not, intended for. actual:'application: but only for illustration. 

TABLE 1I! 'NOTATIoNS 

Y outputs for Y > 0 

. inputs for Y < 0 in the multiple input-out cse 
- variable inputs in the one output case 

fixed inputsp e e 

fixed inputs or outputs 

"y _X profit maximizing output and input quantities 

a output prices (or input prices for Yi <0) 

• 	 u." input prices 
-~ P 

Pj• normalized output-or input prices, i.e., Pi 

q1 , normalised input prices in th9 one output. case. 

i~.q 

profits 

w - normnalised profits, Le, wF, 

.*, *m maximised normalised,p~rpfit *, &O 'lis.fit 
+',- , . ~ .~ ~ ~ -~~-' • . ,. .. ,. . - . - . , . . •. ; 
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EXANES WITH THE COBB DOUGLAS.PRODUCTION FUNCTION 

2.1. 	 One Variable input'. 

Assume' th e e Douglas Production process 

/whoe ,. ia :,This Iproduction f£mctionc:is. homogeneous' of. degree :' 

Profits to be maxmi zed ar, 

2.2= PY 	 - QX 

Note that maximising profits is equivalent to iising normalised 

Srofits.., Since the., maximand is only dived ,by, a scalar.i.e.( 

w 	 Y 'qX AX-qX 2.3 

HOw~jeq,= Oft This -noimalisation ican be doneLiregardless of the 

.nuiber of .inputs. Taking the derivative with,.respect to X leads 

to, he.frtordercondition
 

2.4S. y= A.X -quO 
78I 

n(hehproftemaimdsng iput uanttyisthe 

71i ifit quan.tty(the de'mand function) ti/soutionmximsig ipu 

to this 'equation. i"e.
 

1~
xsl. ..




X*AA~ c- 2.5S 

(qaCrying -t in the denominator.o.,q rather than assem 1 it with the 

antercept.a9has:advantagiefs netationally,,i especially in mre complicated 

,cases). 

SUbstituting (2.S) into' the production: fuziction' givs pet supply: fuction 

Y*=A 2.6 

Substituting :(2 S), and' (2 ;6) 0into leads m ised, proitsa(2. 3) to 

function.of the normalized price' i.e., the profit function': 

A"[ .a : -' 2. 7;a 

, n..lti:and:,aggregating the,: terms in':-[ we.get, the :_,ofitci '-" 1 n 
clct 

tj)l:". 'l .. ..C lW-A ci (1c) I]27b 

http:function.of


The' profit fucini ooeeu~of, veI'to is-aanV ob­

uDbnfs. ormction of the. 

* 2.8 

where B:- Ao -0,,t(l-als. ..'. andl 0-:" -- ' C 0 . 
M-1 

SiephardIs" lemma caz"be- demonstrated easily,:,bytaking ,1 he first derivative 

with respect, to- C 

.Which is' identicalg-to-'(2.5). Hence Shepha1d's lemma-has been demonstrated. 

SOptimal,:output level.wiord.by (1.;9):,.'O'Y* - P* - qX* which the reader 

:can compute himself"as 'an-exercise. 

2,2.2 ;The Fi-xed"Input Case 

Inthsor r-,when- -capital. or, land. inpus, cannot be;Ykitiered,"r6fit 

miaximising behaviour .impli..,, the riaximisatjon of Ah~urceipts­ofaale 

.less the cost of the variable inputs., The'.,cost of itheifixed -inputs is 

immaerial. 

Let thekproduction.f u etion again be'Cobb-Douglas 

where Z i's the- fixedinput. Vaible profits ae .'
 

".T * IPY-QX
 



ormaisig on the' d substitutngtho uto nctiOn 
for Y leads to 

We can Zewrite t;ts as 
aw AX qX 

. .. ,O : 

Where A ZO, Note that C2.10 b) is Identcal tO (2.3) Is' th Poble 
reduced to the CMe input CSve-:
 

We therefore knOf from 
 (2.7) that,'*.oft ctionstl 

A(1) Il Q=Mr **T -2.-11 1 

Of co~se, - . X* just as in theX one :iipu case, as the readercin 
verify for himself. 

But in this problem we can dwnjbnstxrate the relationship (1.10) of thederivatives Of the mgnal prdt (or opprti tYco of a fixedfector) with the derivatives of "with respect to Z. Fron the production 
function we have
 

2,12 
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- -sc~ °4 t~" . l..-'Substtuting itothinto--- thiss the optimal input quantity X.-i-Z leads:, 

to marginal product as estimated from the production ,function " 

1-0 ­
.By M-1 
 -


TZ BZjL 201 

The same can be found by taking the derivation of the profit function 

(2 2'.11) with respect to Z : 

2 .'1
4
Z 


The expressions are identical, which,completes the demonstration of
 

relationship (1.10).
 

U_ .i3 T"

The Cost function -as a special case ofthe'jprofiti fiction
 

, It has been mentioned previously that the minimumcost function.is 

a.special case of -the normalized: pro t function with the output level 

Shephard's lemma holds. as well, for .the cost.,function.-, 

The cost minimising problem..
 

:.,,.;in '.C U;: 'x'....', l-,,2,'. , ( i 


http:function.is
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can be transformed into a "profit" maximising problem
 

1-ax
 
max. ii' -Q1X1 Q2X2 + X(Xl X2 -Y)
 

Note that here the production function may be homogeneous of degree one
 

or greater than one.
 

We now'normalise on the price of the last input, i.e.,
 

2 u -qlx 1 X X -y) .2.415X, 

where q Q/Q 2 is the relative in t i. 

ITe first-order conditions are,:
 

,From 8:1 a 6
 
21 

From 3w 

X, X 2 **1 2 '7I 
!: mFaro_8i<2X +XuX I1 ....• y..2.18 < 

Solving the production function of 2.18 for X we find the..solutin T.r 

the isoquant 

x 11X 2:012 



Eluiae Abydvidig(.6 y(.7 and solvefo 

Substitutibg (2.1)19lntbr z .ZU,:x2 u':{L qiq X1 2)iad ~ 

I'X 
qx2 

. 4n .( 2 1 9 ) J il,,si ftut I t o +"0 ) -leads't o I 

Ix * ,~)' + -,+, 

:Solving :this equation for X2 .leads to the factor demand cur.vo 

man c r2. 
xr. 


J J1 

And similarly for *X
 

1 ­
2.2
 

Substituting back into (2.15)
 
v+, T 

InA~ 

ggregting toxms in q' leads to: 

And simpli fying further' 

T h e;,-:o +. .f u+ t i.+ i ,.n+.,-r p r t o a i" ' q .o, s/. pIr 24.23 

The. cost function is proportional o output because, the production funCtio 

is homogeneous of,<gree 1:. 

21 



.16.
 

Note again that 

ie. the first derivative of the "profit" function 'with. rspect to the: 

relative input price again gives the derivedus demand function. This 

profit function gives us the negative of total costs per unit price 

of the second input. Iff we want to go back to more straightforward 
~1/concept of a minimum cost function--e can multiply negative nozmealized 

profits by (-P 2 ). 

C= .-P2w'. Y 
-2.24 

In this function minimum cost is related to output and absolute input 
prices. In general for a Cobb Douglas production function *AYis .I 

homogeneous aofm degree ~~~~. i i: ~ ,1 the cost function becomes 

- f **[Yi2.25 

horeothis form of the cost function Shephard's bleumisittn 

1/
Sc 
asl seI in" ,2].l 

11 Such-a "usedin 11, 210­

1 
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'e main use for the cost function is precisely the case in which the 
production function ishomogeneous of degree one or greater than one
 

'and when no inputs are fixed. Whenever there are fixed inputs and the 

production function ishomogeneous of degree less than one in the 

variable inputs one might as well work directly with the profit 

function with fixed inputs ,.s discussed previously. 

2.4 'ToVariable Inputs 

The interested reader can check his understanding of the 

concepts used before by deriving the profit function for the following" 

two variable production functions :Y X where a+ 1 
1 Y- wee 22
2 l 


The solution of this problem ii a profit function of the.form
 
• -s -8
 

3.ONE TO ONE CORRESPONDENCE AN' MORETICAL RESTRICTIONS 

when the underlying production
Profit functions are not very useful 

function is simple and known. The most powerful use can be M4 Of them 

when one chooses directly an econometrically convenient form of the profit. 

function in such a way that one makes sure 'that the corresponding production 

function obeysthe restrictions implied by production theory. One would like 

to attain as much computational ease and as much flexibility. for the, under, 



lying production process as possible, but is in no way interested to know
 

the precise functional form of the production functions. The.,theory ,o.one­

to one correspondence between production and profit function as discussed.. , 

in [ 7, 6, ] is on this neglect 9 functional11 the foundation which of. he 

form is based. The following conditions are imposed on,the production . 

process Y m F(X,,, where X and Z are ,vectors of variable and.fixed inpu..s, 

(Lau[7Jp. 2), 

a. The production function is continuous'in X and Z (twice differen­

tiable in. X and once differentiable in Z). . 

b, The production function.is strictly increasing in X and Z i.e.
 

"aY ''::"•" 4.1I
 

,In:addition" ,.:rd . O-l41 

c. IThe-production functin li:strilctly concave :in X-in the non-negatiVe. 

orthant.,
 

d- Y = F(XkZ) iiO finite for all.finite,_Xaisd,. ,unbounded as 

X and Z approach infinity.
 

AsSumptions (a) to (d) are sufficient to-ensne' that there exts'a,.u 

optimal solution to the profit maximising "...." -nthe.interorof the. 

negative orthant. Consequently they also guarantee tho oxistnce of single 
-

valued supply and derived demand functionsias continuously differentiable 

functions of normalised prices and fixed inputs. 



i 

. 'toe One, -Corzespondencet 

.Corresponding to any production. function .¥Y Z)-(,satisfyingthe , 

:Sssumptions (a) to (d)' there exists a unique normalised', profit function­

'w*aG(q$Z) satisfying the constraints (a) to (d') 'below and vice versa. 

(a') -The normalised 'profit 1,unction,i, continuous in, the normalised
 

the fixed input quantities. Zj.. It:is twice differentiable
priIcesqi and 

the q1 ' 's" and, once differentiable~in. theZ 's. .These properties follow 

fron the existence of"continuous, demmand functions conditional on the 

levels of' fixed inputs. 

's(b) The-onomalisedproflt • function, is strictly, decreasing in':the qi 
F u F--- ~1 ' 4. ' . 

a . increasing in.h s';.' This,' also implies that- the normal sedstit ' 

profit function' is increasingin~the money' price- of output and decreasing
 

in-the money'. prices of the variable injpats. 

(c') 'The normalised profit, function is'strictly convex 'in the qI's.
 

No coulvexity' conditims are imosed on the Z Is.
 

(d') The normalise4"profit function' is fi ite %forall;' finite normalised
 

prices and non-positive as all nomalised prices approach infinity.
 

Inn econoetric -app.ications one.-chooses a normaulsed profit function 

which follows auaions a')~,.to d9.- Theneone- is sure"that all ump 

'iioS (a) to- (d) hold for' the pioduction -process. 
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In addition to the assumption (a)to (d)on the production process it
 

Liswell known that there are obter theoretical constraints which have to
 

hold: for production functions. The most important in this context isthe
 

symmetry.constraint which states that
 

J * , for al l i " ax -MAX 

,A,similar c6onstraint applies to profit functions I.e.
 

- -qjq 4.3 

Of.course these constraints simply come..from the laws of calculu but.,they-.
 

extremetant in econometric lications to increase estimation..,
 

efficiency and to test the assumption of production theory.
 

Let us now demonstrate the one to one relationship by,findingthe
 

productio" function implied in a given simple normalised profit function,,
 

or more specifically find the-production function implicit in the example
 

givein.,section .,4-2.4.. 

We want to derih'e production function implied in a profit functi6n 

by a minimizing procedure. We,know .that for any given -input (not necessarily 

pthe maximizing''ones) levels of actual normalised profits are always 
less than or equal to the maximum profits, 'which implies the following 

inequality
 

'f(X1, X4) q1 1 q2X2 ir*(q, q2 4 .-
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W6ncan ishewrit Coe ionequas 'asfollows
 

Note-tha a the vaue o-is n ;Yin

fI(Xr, K()l. 72)Note that Y - - C qidefr- 2 X2 aus of 4.5suf(X,, X).ql:h~da2 q ie X and'. 

pticular thisinequalicy ha 

s ihde threspect fnd. e.find thte valies 6 f 

In o to hold when 46e inim.ie the right hand
 

wi to, the when "an
 

'whichminimze the right hand side for,given values of the.X!s. S ruch
 
., . '7A 4."5. 

pr~oblems, of- course,. do, not, usually occur in ,economics. Spoethe profit 

.function is the Cobb-Douglas fun6tion of -Sectioni 2..4' Then 'the iniizig 

iproblem haS' efmi.porth 

mm .* M(' X2). C.q q + q1X1 + 4.6 

Now2choose C andTyand 6such that they-correspond to the profit function 

ofSection 2.4 'and rewrite 

By,deriying:,theIfirst -,or o..conditions with r pettoand solving them 

~frthe 9ptimal q ~Theeader. can verify: that. the-.optimal, normalizedpie 

lAevels) for.-this,minimizing, prbe re 

12 4.9
 



Substituting these equations into;.(4.7).,, 

a-c--, 1-a-1
 
Y - (1-ct-1) X1 - -3 X :.- -B ..." .- '1-ct-..
 

. .
x l x
.,: xS +1 ,1 2 

aB
 
tAX X2 + 0X -tXB
 

° 
Y.X?. . x,
 

Y*X X (1 1-ciB+ct+O) = .1 
- , ,dto .cex1i 

and this is ithe iroductionfunction of example2.4.
 

This completes the demonstration of the une to one .correspondence ince we 

derived the production function of example 2.4 simply from the knowledge
 

Of the,profit function.
 

.4.::ECONOMETRIC APPLICATION OF DUAITY CONCEPTS
 

In this section four empirical'application to agriculture are
 
.brie3ily discussed first. Thena £ew newf"-tional forms and econometric
 

estimation procedures are ;discusse,.,
 

To my knowledge the first"a pc'tiis"ofjrdfit c'osto 

Supply
.agriculture by Lau and Yotopouos arin three.articles. In,i"Profit, 

and Factor Demand Functions" [1.3, heyiisea Cobb-uglas ormalised)'" 

profit function (corresponding to a Cobb-Douglas production function) and 

jointly estimates a profit and a factor demand function 'withdata "from 

Indian Farm Management studies. For given land inputs they estimate a 

labour demand elasticity - 2.166 and an output supply elasticity Ofl1.66, 

and tests various.restrictions of economicl theory. 
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In a slightly earlier article "ATest of Relative Efficiency and 

Application to Indian Agriculture" [12] the theory is pushed much
 

further. 
Farms are no longer assumed to be equally efficient in
 

either technical or economic terms. 
 Instead differences in technical:
 

efficiency and in allocative efficiency (i.e.'the successfulness of
 

farmers to equate marginal products to factor prices) are built into the
 

theory right from the start. 
This shows that the profit unction
 

approach is not restricted in its application to cases of pure competi­

.tion but can indeed be used as a vehicle to systematically relax
 
some of the most constraining-assumptions underlying the pure competition
 

case. Building differences in efficiency levels of farmers right into
 

theitheory al'so aLlows -rigoroiis tests f the relative efficiency ofr 

various groups of farmers or of the group of farmers timesame over [1&3 

Aain using a Cobb Douglas function and a data from the Farm Management-, 

Studios Lao"anfd'Yotopoulos fInd that sml armers are relatively ' iore"
 
efficient .thIn large farers, i.e. that sma lfarmers.ttajn higher levels 

of pricaa higher'lVesof technical Afficiency. 

,-In [191, the same authors go a step .- a: modelfurther ,by.building 

which,enables them :to dinihgdtfghbetween. technical::; andc.economic 

efficivncy. 
Here they find the same result that small farmers are:,
 

more efficient and that their superiority stems from higher technical
 

effici-ency whereas small and large farmers are foi1nd.to be equally 

.price efficient. 

http:foi1nd.to


In (1] the author of this paper used a non-normalised minimum cost 

function approach to estimate a full set of factor demand elasticities 

and elasticities of substitution for five factors of production in U.S. 

agriculture using aggregate state data. The translog functional form 

discussed below was used. In another paper [2] the set of coefficients 

of the Translog cost function so measured are then used to estimate 

technical change biases in U.S. agriculture from 1912 to 1965 with 

respect to the same five factors. A strong machinery using bias and labour­

saving bias are shown to have occured during parts of the period under' 

investigation. 

In the investigations of Lau and Yotopoulos the main advangderived
 

from the use of the profit function is that (a)factor demand and output
 

supply elasticities were estimated jointly, (b)that the econometric: speci­

fication of endogenous and exogenous ariables was correct and the fixity
 

of land size in the short run was properly treated and that (c)differences
 

of technical efficiency among fargers and derivations from pure profit
 

maximisation were properly built into the estimation framework. However,
 

at that time the choice of functional forms was still severely restricted
 

so that the approaches are still tied to the constraining Cobb-Douglasi
 

framework.
 

By the time of my own work new functional forms allowing much wider
 

flexibility were available of which I took advantage. But with hindsight
 

it might have been better to use profit function in that research rather
 

than cost function, because the cost function approach still mixps up
 

endogenous and exogenous variables.
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The, new functional forms which have cdiie to, tbe forefront in recent 

years are the quadratic form '[9], Diewert's Generaltsed Leontief Function 

'[4, 5, 6] and the Translog form [3, 1, 2]., All three 'forms are second 

order approximations to arbitrary functional forms and therefore allow 

a flexibility for modelling productiion' processes unknown before their 

advent. 

Lot q be the vector of n variable factors (qp,,..., q4, ... , qr) and 

the Z, the vector of m fixed factos-(Z1 , . .. ,4 ... , Zm). The 

simplest, local second order "approxmtion to ,trr icdifftren­
-tiable function is:*the quadratic (foir fit1ir? cssibxio iis fornm'&Lau,.

[93). 

TT
 
.. 1T :+-+ T z'+ 

+ Z 2 Z+q+A2 Z, .....A. 


where the 'a++vectors and the A matrfxes.re the coefficients of the function-. 

This ?s~a ' local approximation simply-because,jt can be regarded as a Taylor 

series expansion to the second degree. 

2/ with two variable and one f-xed'input this form would rdd': 

"*" o +.alql 4 +a3 Z + al 1f m+*a! +: .+ ,*a33ZW* ao a2 q2 2 +2q2 +q++.I 12 qlq21 +- a13 q1 ,Z+2~l+-: 2 ­

, 2 2 %2 q ,. 

http:matrfxes.re


Inproduction function analysis the quadratic form has been widel
 

used for fertilizer response functions but never was widely used for
 

other applicaticns. The main reasons for its neglect probably were
 

(a)that production elasticities are not constant, (b)that it is not
 

necessarily concave (or convex) as implied by the theory of production
 

(or profit function) and (c)that it could not approximate a production
 

function homogeneous of degree one, a concert-so dear to economists.
 

But constancy of production elasticities can only be achieved.
 

in otherwise very constraining forms such that it is really not a valid.
 

reason for not using more flexible forms- and anyway there are no 

reasons to asst~e that it ever occurs in real woTld production processes.
 

The lack of concavity (or convexity) is not a real disadvantage because
 

it allows us to test the assumptions of production theory as was done
 

in [3]. Furthermore, Lau [10] has now developed a constraint estimation
 

procedure which allow the imposition of this contraint in the estimation
 

procedure and in the case of the quadratic this is particularly easy.
 

Non homogeneity is no constraint either because normalised profit
 

functions are not homogeneous in relative prices even if the underlying
 

production process is homogeneous in inputs. Note however that normalised
 

profit functions are homogeneous.Qf degree one in absolute prices
 

regardless of the homogeneity properties of the production process.
 

Therefore the quadratic caniot be used for non-normalised profit functions.' 

http:homogeneous.Qf
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Por the latter case (and when there are no fixed inputs) Diewert 's 

generalised function is particularly useful. It has the following form­

* q I 4
[]Aq 


L~e. it has a quadratic form in squre roots. (For detailed discussionT 

of this form see Diewert (4,5,6]., Convexity conditions are also easyj
 

tq impose on this function-, 

Tk. third functional form is the Translog function 

logw*.b o b . gq 1 1 gq lg 2zlog log.J. 

log Z + log T B12 log z 

which hasjoca, second order approximationxproperties because,it is a
 

,aylor series expafision in logarithes 'to an arbitrary twice differentiable 
|. 

function. (For further discussion and empirical work with this form see 

[3, 1, 2]. Note that the first two right hand'side terms are a Cobb-, 

Douglas function while the quadratic form allows that function to become 

more flexible and thus have arbitrary elasticities of substitution-.among 

f&.ctors.
 

These functions-can be estimated directly. But it is more efficient
 

to estimate them simultaneously with the derived demand equation,,implied 

by Shephards (or Hotelling's) lemma. For quadratic function these have th 

form
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~ n. m 
X' - ak aki qj + 1 akj Zj 1, ooon 4k 4°4
 

ini jj
 

Equations 4.1 and 4.4 are then estimated simultanedusly imposing.
 

the constraints that the a cceficients are identical in 4.1 and 4.4
 

Note further that in estimation the symmetry constraints aki = a
 

and should be imposed and increase the efficiency of estimation. These
 

equations should be estimated jointly.using generalised least squares or,
 

mximum likelihood methods as described in the following references
 

/ " [18, 3, 1, 2] -

For the other functional forms Shephard's lemma provides similar.,
 

derived demand equations. Note that in the case of the Translog function
 

the derived functions are share equations of the form.
 

b k  'ra' qk = k Z bki tu qi E . bk t Z 
•i~l. 	 " "jl J : 

3/ 	 The computational burden of these methods is quite heavy and requires 
fairly large core memory. For IBM machines packaged programs are 
available at modest charges (such as the TSP program of the department 
of Economics, Harvard University). 



where S ,istheshare of the, input iAi-i pofiS.. is akainvi"ribi 

poses some special estimation problms which are discussed in 

I[ 3, 1,2 1 

We have not discussed here the useof dualityfor theoretical 

purp9ses. However,. many theoreo, of economics can be px4#d much 

easier once duality is established [6, 7] and the tool can also be 

used o-break,,new grounds in economic 'theory., 

5. EXTENSION TO MULTIPLE INPUTS AND OUTPUTS 

5. Theory 

The duality theory can fairly easily be expanded to multiple 

inputs and outputs. For ,agricultural' economics this is a very 
welcome advance because the agricultural production process involves
 

usually joint production of several outputs on the same resource .base 

with many variable inputs. (for: detailed ::theoretical discussion. and 

functional forms see Lau [ 7, 8, 5. 

We adopt the convention that 'the' vector Y,of.dimenion,.1 

denotes both inputs and outputs. All first Yi.(i - 1, k<.. n 1) 

are outputs and are measured as positive.quatities while the 
remaining Yi (i - k + 1, .... , n+l) are.inputs andsare~'easuredas K 

negative quantities. Inputs and outputs are 'therefore distingzishscdV 

by whether they are positive or negative. We number them till n * 1 

because we later will normalise on the n + 1 st input price, 
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r-The 'transformation function can be' itten in Inplicit for"m as 

F(Y, Z) * 0 5.1 

where Z again denotes fixed inputs (or fixed outputs). Following.Lau 

[7, :8J the following assumptions are made for the transformation 

function.
 

(a*) F'is continuous inY Atd ;Z twice differentiable,in Y,a!d_ once 

d fferentiable,inZ. 

(b*) . g ;th'?implicitfUnction theorem
F is strictly,increai~jij 'VY.-' 

this m6ans that.aY . Keping in mind that inputs are+.nega ive 
<U.4 

.3 . . ,o .. f . 

quantities this iplies that an inrease " a Input will always 

.lad0toan increase inan output', dldii+g all other inpus and outputs 

constant. Inaddition: 

.rn ..: . - .forY
 
X0 C
 

lyi,n R
 

Wc*) F is stricly Convex. 

(d*) ,Outputs are: f.nite for,finite varidble and"',fiid input. 'For 

unbounded variable.and fixed inputs :o.utputs become unbounded. 
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Dual to the transformation function thereiagain exists a normalised 

,variable profit function arising out of the: followingm aimisation
 

Problem' 

~ "Vin: ~ i 

Normal-sing :bn the priced' of".th6 ,n lst input,, this*becomes: 

.Thiis can be solved for the optimal outp~ut and input quantities Y*.
 

n
 

E P.-Y*i + Y*nl 5.4
 

Note that F(Y*,Z).O so that this term does not appear ii 5.4
 

Since,.all Y* are functions of p and Z-the profit function 5.4 can
 

also be: written as
 

1*.Y"G(py Z)f­

which-conforms to the •following assumptions 

(a*).7 is'contiiiuis, tw ce differentiable inip nd one 'differentiable 

'in Z. 

(Cb**). r* is strictly increasing in, p if, Y;: is an output and :st r.!,,.-. 

decreasing in if Yi s an input. i.e. ,,profits'increase with increases 

in outputprices and decrease with,increase in.input prices. 



W*(c.zit stty convex 

(d** w is finite for all finitep 

Again the, transformation, function and' the, .omalised profit function 

are related to each.other -iniai one; lto one relationship;.: Therefore i,one ;ccan 

.,again start ail econometric inquiries by choosing .functional forms which 

conform to conditions (a**) to. (d**)!- and is%sure that the'condtions 

(a*) to (d*) hold for the production process. The functional forms of 
section 4can be6chosen.i'Furtherifict onal oirs are given by 

Diewert ["5] 

.
Shephards or Hotellings lema hold again in this context 

Y'
 

:EBept, that due to, the sign convention on YTthe positive derivatives. 

are now the output supply and input demand -functions This lemma again 

is the basis: for econometric work to estimate jointly factor:4emand, and. 

output supply elasticities for given values of fixed inputs. 

Note that non-normalised profit functions are always homogeneous of 

degree one in prices regardless.of the homogeneity properties of the, 

transformation functiont 



I amnot aware that this approach has ever been- used 'in agriculture. 

sbthere have only. been veryfew,attempts to estimate transformation
 

functions. The most important: one was by Powell and Gruen [15] who 
S_~ -rla ariut'e n:iiItran!f6 -' 

estimated output elasticities'for= Australian "agrfulture"inS' "........ 
-


mation model. However, they could not take'ac oint f variabled vr 

fixed inputs and were restricted,.to .the. very ,constraining, Constant 

Elasticity of Transformati6n form. 

'!V "
Themain: reason for not using transformation functin seems usdally
 

.to have been the (6complexity,-of _working :with",implicit•functions as' the 

theory requires. This difficulty is entirel bypssd, the proft...
 

,functionapproach where all functions are explicit.
 

.2-An Example
 

Lt production function be Constant Elasticity of Transfor­

mation,in outputs and.Cobb-Douglas in 4pputs. 
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wheIe ji71 , *~d ~ i ayi be', identified, asthe elasiticity :-ofi
 

transformation. Solving for,, 4 ""
 

.No* It B - (-Y3)1~ and C lacYs y a P
 
. ...3.. 1 .1;:. .2
 

tttransfoimatlon writeSo ta.. . can fuction iAn simpler 4,'form! 

y -B C S~, 

:We proceed in two-steps to find the normalised profit function : In 

step one we hold Y fixed and find the variable profit function w* with,, 

.fixed. In the second step we then maximise profits with respect to" 

Y and find the profit function w*,.:with all inputs and outputs variable. 

After normalization on: Pp we e i'tabl ro
 

-T Y1p. B .Y.p 5.".9 

The first-order,conditions :are
 

4." C "S 0,o 
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Dividing (5.10) by (5.11) leads'to 

2 , P-1 r2 p 1. . 

Raising this equation ton the 

to the . expai ded C'term o f 
Substitute; 


I- Pl ­

-(AA + c'(H (P2) 1.(•L3 [. 
Now outside brackets "and collect tems ith Y10Iranfer of te 

.. . 1. ,.. '... . . . -k:".' ' . p -,;, 

,and perform thethe.brackets byj 
"" J -7 

.
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caWYa outstdo~ Vf~fbrickits and 

collect theti t6the with left hand sde GrJThiv.(1, ..*t.<.1 O ) 

1-1. .- 71 1) May8) 
y.0 P P2 'P I 

Yq£Y 

p 1 

Setting D" 0*1 ­

optim,..py4, t quantities of the constraint problem which we denote by Yi 

t+ T*, 5.14 

SimilarlyI 
.d 'rqbap &~~Au )rl:Y mri~o eti X4±ijum baz4:,GT rd ni 

1-0 

.,:-.''5 52 ,5 
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ariable nomlized profits,Now susitt ths ou ak ito v b and ljetl 

N w,,susite thse tems,t 

** . 

j6 vra;" 

11 

2.. B 1 

* ** 

21 2 

V.+ j,. 

' 2 
-l 

• " "- -- - " p,l- ) 

j~i-..~.66 .J
_ _ I:LiL_.,_L­

sofari alo a xml tpoutonwtputpeipt 
and~hr~ nenu ~~~-

Th~ xampe 

sgvn
~ oupt 

... 1-.. _-_ -B 

tais leftuto he reade t vify that:: 
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In the second stage of the problem we have to maximize Iz with re*p6ct lo
 

Y3 to obtiin the unconstraint profit function..
 

D fv 

A " (
Let 


,Then 3 

S. ,.. ; , 

maximize
 
S - 17.." ., Y 

Noe p2Y e sae.fA(oYr) a 5 r17t 

Note.,that this problem has precisely'he same fom as 2.3) in the example 

2.1 with one input and one output. Therefore, the reader'may show, as an 

exercise , that : 

- - .N 

and -setting'this into-w:
 
3. P3. 

Substituting A back into, (5.14and recalling .v *-- .1p ') leads. toJ:: 
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" I
 
I - P'i I P''
 

acoebs­ancraofoao tems; 'And 'bringinge ou bA k tnaaDttepritces3 

*q ,,I , .-L J
 

A-tert some y£ucinno.-r 

; esNot is again a-separable bombination of a Constant fthat ir lasti 

Transformation function innormalized output prices and*aCobb-Douglas:, 

function in the normalized input.price 

Th1e-output supply functions now-are 

. 1-8 - " - _­

* (1-0) , zl DP(l tPSPlP3 i 521api 1 

and, similarly. for.2 

The input'demand function is, 

P 10 
I 

This is negative as it'shouIld be under our sign. conventions. 

It should again be stressed that this. functional, form is not particularly 

useful for applied ecoometric work'but,'se.rves' ily.' .'.: for illustratin,purposes, 
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After this tortuous derivation and given the complexity of the 

factor demand and output" sur13y functions it should also be clear thatII 

the one to one correspondence of profit and transformation function is 

very advantageous since it allows one to specify thi profit -function 

in an econometrically convenient f*m without worrying about the 

exact functional form of the transformation function. One is therefore 

Spared of all this tortuous derivation.. 



6. PURI'tiER CONSIDERATIONS 

The reader interested in application of this theory will have to go
 

deeper into the literature on profit functions. This literature contains the.
 

proofof the theorems presented here, discusses econometric procedures 	for
 

estimating the systems of equations and contains several further duality
 

theorems which are useful.in applied econometric work.
 

For readers familiar with calculus the most easily accessible reference
 

containing proofs of the relationships, further theorems and functional forms 

is Lau [7, 8]. Another paper by Lau [11] contains duality relationships 

which make it possible to relate short term output ' supply and .fact6r demand 

elasticities (derived in a variable profit function wvith fixed inputa to long 

term elasticities when the fixed input quantities become variable..
 

' At a slightly more advanced level is Diewert!s "Applications' of Dillty 

.'-Theory" Paper [6]. This paper also contains the theory of duality between 

,direct and indirect utility functions. 'Indirect utility functions provide 

similar advantages in consumer demand work than profit functions provide,
 

in production economics. Ip addition the paper gives a historic review
 

of the development of these theories.
 

In addition to the empirical work in-agriculture"Christnsen,_"if4 

[3] 	have used the Translog profit function to tfest-poduction theory
 

'
 
with aggregate US data. Econometric and statistical testing: procedures "
 

are reported there.
 



:.A further reference which is easily accessible and which contains some
 

graphic demonstration is Mc Fadden R41. Very rigorous statements of the
 

theory which are much more genera.1 can be found in il>, [t7, [I, 

The two main problems with the profit function approach relate to"' 

data and the computational burden which they impose. To use profit fucti in ' 

requires good output price and factor price data. With cross seqtional
 

data the factor price data often have to be computed from factor costs and
 

factor quantities qnd.if the data come from a small region there may be 

little variability in thepricis. Also, since usually systems of equations.
 

with contraints across equations have to be estimated the computer.time
 

required becomes quite high. However, once a packaged program for
 

estimating these systems is available, programming work for estimation 

becomes easily manageable. 

To close I would again like to draw attention to the tremendous
 

flexibility which the profit function approach allows to the economic 

investigator handled with relative ease. Fixity of inputs or outputs
 

is easily accommodated; deviations from pure profit maximising behaviour 

can be systematically built into the theoretical framework; factors
 
can
 

which affect productivity such as soil quality or climatic variables/be 

built in as fixed variables and their contribution to production estimated;
 

and far more complex production processes can be modeled than is possible: 

with the standard production functions.
 

July 8, 1975
 
HPB/ss.
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