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. THE- UeE OF DUALITY BETWEEN PRODUCTION, PROFIT AND COST rUNCTIONS

IN APPLIED ECONOMETRIC RESEARCH : A DIDACTIC NOTE

‘1, .INTRODUCTION-

ez }' ;*xh' H i T

In recent years the development ‘of duality theory between

Jproduction, profit and cost functions [17,u14m 7, 6 13] has opened
ﬁup powerful new avenues to applied econometric research in productionﬁh
leconomics1 However, these theoretical advances have not yet been -

,widely used by agr1cu1tural economic researchers despite the fact

the "allow a much richer spec1fication of production relation-

ot ‘}‘:.

?ships than, sav, the trad1t10na1 Cobb Douglas or CES productionmfw

ffunctions.4

One reason for the slow acceptance of these tools may 1ie in

.‘r;, e

fthe fact that most of the theoretical 11terature is in mathematical

T ’;.

known theoret1ca1 tools. No. proofs of these relationships will beiz

the historical dev°1°pm°“t:°f‘the’gheory;since'this canﬁbe f°“nd,ini[§1




Eiﬁi Hhat is a Profit or Cost Function ?

s A profit (or cost function) relates maximised profits (or mininised
?oosts) to factor and goods prices and to other exogenous variables such as
inxad inputs, or climatic and soils varisbles. Once it is estimated, its
oaraneter contains all the information about the underlying production
function or production process. A given profit or cost function under
certain conditions given in Section 3 corresponds uniquely to a given
production function. Hence instead of starting economic or econometrio
model building from the production function one can start it directly )
from the profit function without worrying about the specific fhnctionai
form of the production function. This is analogous to linear programminn”
where the primal formulation and the dual formulatlon of the problem ‘
correspond to each other in a one to one relationship and one can _M;

start any solution either from the primal side or from the dual side;

In linear programming, however. not much may be gained by startrng
~an emperical anglysis from the dual side, whereas substantiar szmplifica- i
tion of eoonometric work 1s gaiped if one starts from the profit or

:cost function rather than from the prodyction function. Ihese simplifioations

.nill be oiscnssed in detail in section (4).

Coat fupctlons can be regarded as a gpecial case. ogﬂprofit

' funotions in which output is given rather than being variablv

,therefbre concentrate primarily on the ptofit tunction;



“Profit functions are’ derived ‘From production functions in the

e

;fb11°W1ng Way Con51der the case where there are two variable’inputsi?

¢

5x1 and X, and one fixed 1nput Z Wthh are related to output Y by

production function Y = f(x 2, ) Since Z is fixed its opportunity

‘cost in a given. period 1s zero and the entrepreneur tries to’ maximise

o e g e b sttt ey

“the«sales'value;of:output' »ss'thejcost of variable inpuv

e “»”

Varisble profits (or retums to the fixed factors) ;%

R N SR Y] |t).f_..4 e

price of output nnd Q1 and inare 1/put prices.

35y it

(The nota-;+

R
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ﬁjClearly, profits can_never be higher than when the profit maximizingfgunti-

Tities are used Therefore, 1f we substitute the profit max1mizing factor

i'g_>ntities into the expression for profits, n'* of 1 18 becomes the maximum

of variable profits. Furthermore, Since all Xi are functions of the prices

L'and the fixed input quantity;We,can,substitute prices and fixed quantities

in the expressions of X; and write, after collecting toms,

‘F?}*“l"'*‘(p’ Qi3=Qé““z)5?*’ 16

jThis profit function relates maximized profits to the prices of outputs

1and inputs and to the quantities, if any, of the fixed factors. In the

Wi MRS w5 T T T S Wl T i

{next“"ection‘we'shall demonstrate this procedure to find a profit function

ek

,
ST

{bf.examples.v,

For econometric and theoretical work it is easier to work with a

‘fnormu'ised profit function as developed by Lau [7 11] because the &

Jnumber of variables is reduced bygone and because the ch01ce of. functional

'fforms is ‘wider*. Note first that the profit maximizing problem is not
'"'.' S e A Ty S et Riemrtaye mEdl aaient ool
altered if we divide both sides of 1 1. by a scalar or a fixed number.

I JN i '/'x'fi"_f;f s (a PRI ' "x ;, . ‘_F,fé.: . :;,-",‘ ) RS FH ,'k, o ,u!\t:.‘ sy i 1

QChoose the outpu* price as the fixed number (but any price can be chosen)

=

j;an «write.,
SO | |
5‘5—-- = f(x X 1.6,

12 X3 )'ql 1"12 2

f*gWhen working with profit functions one has to choose functional forms:

- which are homogeneous of degree one in all prices, whereas this is not
-necessary for the normalised profit functions. Por instance, the
quadratic function is not homogeneous of degree one but has: otherw1se
‘many desirable properties.



‘~~;.-"where qi -l;-i- is the input' price relative to the output price. 'l‘he

f"rlnormalised profit T is profits divided. by the output price and is now

Y:‘{related to- relative prices

One can again derive first order conditions and factor demand

RSN ﬁ. N

:I'fequations as before but in terms of relative rather than absolute i

?;.‘_"rices substitute these factor demand equations into 1 6 and obtain

:_f:the normalisee '\rofit function in terms of relative prices.

.j".‘-faf.f:l? R SRR ALV N

e n*(‘Ip ‘lz. z)- S ¥

13 The Usefulness of the Profit Function

Ay ;«-"‘:;' S e
l,»\

'lhe usefulness of the normalised profit. function arises:out: of

fShephard's (or Hotelling s).. lerma which states, that;.

. * . . L rellr cew 5
QWi SvpWnl pRE ol sy s
DRSS T ™ ) is= 2 1.8

e 3 = X4(95,95,2) % :
T =1;< vy e DEa ovand o aln s podfooosto 20T

Th fn'egati‘veif of ‘thei: first:derivative of the norialised p’r"ofi't"functién

Wit ,_,lrespect;to the normalised or: relative ‘prices’ is ‘the J:timal input

g titz or the factor demand curve. Instead of having to’ solve a”
'jjsystem of simultaneous equations as in the case of production function
'}ffapproach one can get the factor demand curves simply as the first

- PN
FRek ,Y:“ﬁ‘:v,

i’.derivatives of the profit function. This holds for any number of

'inputs or' outputs (Section S)

’ e  the. :
If one specifies the functional form of/hormaliscd profit function one

éan” estimate it directly in l 7 or in the derived demand function 8.
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Note that these functions are econometrically correctly specified so' -
that only exogenous variables appear as ndependent variables of the
regression equations. In production fhnction estimation the right
hand side always includes both dependent and independent variables iik
sﬁnce variable inputs such as fertilisers are Jointly_determined witn
output by the farmer. This misspecification'never arises with orotit,
;fonctions where one can classify inputs and outputs as fixed or

_varisble depending on the problem and situation at hand.

| Note further that for fhnctions which are more complicated (and
_more realistic) ‘than the Cobb Douglas or the CBS functiens ‘one cannot
iderive closed form expressions for the implied factor demand fhnctions
‘using the production function approach. But in the case'of complicated‘:
functions of the profit function which allow all sorts of substitut-
ability or complementarity relationships between inputs and outputs“
this is easily possible. This: aspect will be fhrther discussed inV'

section (4).




¥ \f : «:-J,

_ephyrd's lemma provides factor demand elasticities.‘ Output supply

ielasticities can be estimated from relationship 1 9 and marginal\

;pro’uc_s,of fixed factors from relationship 110,

In?the followxng section we. will demonstrate Shephard's lemma with¥

;functif;al fbrmswmhere factor demand equations cannot be derived from
;the produ tion function such demonstrations are- imp0551b1e. But 1t '

fis precisely the Lore complicated case 1n which Shephard's lemma s

fespecially useful. The reason is that one can chose ‘functional

Fforms for the profit function which are (a) linear in parameters and

i(b)‘dave the further characteristic ‘that they prov1de local second

j”rder ‘approximations to arbitrary production processes., One 1s

ithus provzded w1th functional fbrms which ‘can be estimated by least

fsquare method and which can accommodate much more complicated



trgimplett
fproduction processes than was ever p0551bie with/production functions.,

:This'1i11 be the topic of section.(4]ﬂ“Henceuthe examples given are

not‘intended for actual application but only fbr illustration.

‘TWBLE 1 G f’NOTATIONS

?-_,p outputs for Yi‘> 0

b-pvi.inputs for Y1 < 0 in the multiple input-output case

Cae e

oo He 7 e e e

= ;variable inputs in the one output case

N

'fixed 1nputs or outputs

" ,4?"‘,'1!-';5."

L lml .

.f’profit maximizing output and input quantities
gf f:O“tPut prices (or input prices for Yi SO)

inp‘u’t" »pr'ice's -

: v ~,-‘P""
_fnormalized output or input prices, i e., pi ——%—‘

Lpfiiﬁ

94 e;,';normaiised input prices in the ¢ne output case,

p'i e. qi;‘"t._.

= profits

5¢j} -i_;vnormalised profits i e., rE é‘*
e S Tl
;ﬁ§< = “maximised normalised prpfit&,.nozmalised pwoflt

::»"?fftmctiom |
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2 --:‘-nmms*wmm f’c’ox’ié ‘fsbuanxsggmacﬁon FUNCTION

:2;1i>

3 nésgiai
;where, ¢4l iThis iproduction ! _ftmcti’on'z:is ';sli,o,lli'og'en"'eous‘sdﬁefdegfeerz
ke | |

Profits to be maximi ed

AA‘L‘ ‘)

yuw-m 2,2

: A? 5 T e v

Note that maximising profits is equivalent to maximising normalised
profits. S‘ixnc‘e‘ the maximand is only divided by a scalar, d.e.,

\.'y t..w ity

.
popmdgta U ikeng wls e e

‘f;mwaY-qX=M aX 2.3

J S «..4,.- -

"? T & ‘\a

where q - Q/P. 'I‘his nomahsation can be doneLregardless 'of the

nud)er of inputs. Taking the denvatwe with respect to X leads

*.tp fﬂ“’; vfirst-iorder.wcondition %

4%-m#1upb 2.4
: s . #the
rofit maximsing input quantity (the demand function) is/solution




»fféﬁse?.)._iﬁ
T T T L N T el T ro U B 3
‘Substituting (2.3) into the production furction gives ‘tiis supply function

gv."“. 1} ‘ \t.
a-1 :
Y* = A “‘1 [ﬂ] : 2.6

al . .
i V8 (A

fS bstituting (2 S) and (2 6) into (2 3) leads to maximzsed profzts

ffunction of the normalized price, i e., the profit function



http:function.of

1% 45:8gain &’ Cobb-.

2.8

xs lemma‘can'be denenstrated easily by taking'the first derivative

I TR

: _The Fixed Igout Case

In the short run, when capital or land inputs'cannot ‘bealtered,’ profitl
e . :

""s the maxxmisation»of thehsum of sales receipts

as A A

11ess:the cost of the variable 1nputs. The: cost of . the:fixed inputs is"

;immaterial.:
Lot the prodaction’ fubetion again be Cobb-Douglas

2.9




112

Normalising on the output ’E" icemd substitutinlfmmetim functlon
for Y leads to :

v e A 2,108
¥e can rewrite tils as -

A g 2300.b;

Whero A = 28, Note that. (2:10:b) 1s :l.dent!.calto(zsjie*thgpmbl”

- Teduced to the one input case;

We therefore know from (2.7) 't-"iﬁ“jmﬁt"” f'_"‘l'ct:l_onl “

R € 3__\,a<.,i MO

‘™ ey E}l‘ (1-a) [ a—-r 'z;r (1-a) ﬂni (2,13
, o L]

of course, - -:;—. = X*  just as in the ong-i;ipuf ct"ése’,t as the‘readérﬁ;'c;gyz
verify for himself, |

derivatives of the marginal produét (or Opi;éi‘i:mity:'éo'sf of a fixed
factor) with the derivafivos of »* with .'ro!spiét to Z. From the productim

function we have

g} - 8 x® 281 2.12.



}ﬁiif?

‘Substituting into this the optimel input quantity x ‘= Z

leads
R r:-".‘ = %»- fai % ff'-'-' ';425)‘1 o
{to marginal product as estimated from the production function
. ‘l-u-B -9-
=== -1
3Y - o-1 [q a-. s
azm bl [u) 203"

'-x.l

;The same can be found by taking the derivation of the profit fhnction

‘(2'11) with Tespect to Z- ;:p:{‘

az

. ,;f o *a*f S
’aﬂ.* 1;(!- : a .. ‘ a'{Y1 i,* R

The expressions are identicel which completes the demonstration of

LA
PENLIE TN

'relationship (1 10)

'a special case of the normalized profit function with the output level

?fixed"
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¢an be transformed into a "profit" maximising problem
max, 7' = --Q1 1 szz + A(X x -Y)
Note that here the production function may be homogeneous of degree one’

or greater than one.

We'now?normalise on the price of the last input,,igel5

. l-o.‘ o

/ _is_the relative input price.

216

k. 2 't " ool :
Saplay

2.18

%SOIVing the productxon function of 2 18 for Xl we £1nd the solutionvféf

:the isoquant

12:19 -



2:20

Solving'?'this equation for X, leods to tho factor demand curvo

{f‘ i;(,\,J’: : \r, ;{,‘ 2‘ 5% UG RT Gr

Y ‘221

‘And. similarly for “1

o 1 a

AR

ff3§b$¥??¢fiﬁi.ba¢k,int° cz4is>:

223

) ; : E Cerf Bl o

'is homogeneous of degree~1.



@g,:::f;Note agein thet

o R 1-a (l-a)

. 3!" Uyl d

T '15“1 - Y[l‘“] .[:' ) e -xlt

1 e. the first derivative of the "profit" function with respect to the
:,.relet:lve input price again gives us the derived demand functi.on. 'misr
profit function gives us the negative of total costs per unit price
| oi_:"v the second input. If we want to go back to a more straig'htbfo;'wu"d
‘ .cencept of a minimum cestl fmction'l'we can nultipbly _rlegati_ve ne‘malized

profits by (-Pz) .

L e il
e f["l] ["2] * i

"-;}-In thi.s fnnction minimum cost is related to output and absolute input

"‘i',pr:lces. 1In general for a Cobb Dougles pmduction functxon Ye A nﬁxft
g w1 ™

{}] 11 [y | am

Forthis form of the cost fmcticn Shephard'sumai et ,'

'fhonogeneous of degree Ia, = 1 the cost function becomes

ac

= X * N
api i

1/ Such as gsed in [1, 2.
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1‘hema:ln tse f£or the cost function is precisely the case in which the’
'Tpgoduction function is homogeneous of degree ouevor greater than one
'end'when nobinputs are fixed. Whenever there are fixed inputs and the
production function is homogeneous of degree less than one 1n the

. variable inputs one might as well work directly with the profit |

~ function withﬂfixed inputs ‘s discuseed previously.

2.4 Tep Varisble Inputs
The interested reader can check his understanding of the

concepts used before by deriving the profit funct1on fbr the fbllowing

@

two variable production functions Y - xl xz where a+8 < 1 2 26

The solution.of this problem is a profit functien of the form

sme'ro ONE_CORRESPONDENCE AN meom:cAL “aasmx'c'rmns

Profit functions are not very useful when the underlying production
function is simple and known. The most powerful use can be made of them |
when one chooses directly an econometrically convenient form of the profit -
- function in such a way that one makes sure ‘that the cormesponding production,
function obeynthe restrictions lmplied by prodpction theory One would like_

to attain as much computational ease and as much flexibility. for the. under



giying production process as poséiblei:buf is in no way intereSted to‘knoﬁ
the precise functional form of the production functions.. (Thp theory of. one;
'to one correspondence between production and profit function as discussed re.
in [ 7, 6, 11 ] is the foundation on which this neglect .of, xhe functional

form is based. The fbllowing conditions are, imposed on the. production

process Y = F(X.Z2), where X and 2 are vectors of varisble and. fixed .ginpte;a-xgs,',-

s

'C'La'qmp{- 2)-_ ‘

e production function is strictly concave in X in the non-negative

orthant.

d Y = F(x.Z) isﬁfinite fbr all finite x and,z. ,F is unbounded as
x and z approach infinity.yw

A~1

;Assumptions (a) to (d) are sufficient to ensure that there’ exists’ a'unique, i
Loptimal solution to the profit maximising pfoblem ‘in thé ‘interior of’ the ft'
nogative orthant. Consequently ‘they also guarantee tho' existence ‘of single -
valued supply and derived demand functions “as continuously differentiable 8

’ B

functions of normalised prices and fixed inputs.
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Ono 'to'lOno' Correspondence

Corrcspondin; to any production function Y = F(x, 2) sotisfying tho
fassulptions (a) to (d) thsro ozists 2 unique nonolisod profit function

;s'-G(q,Z) satisfying tho constraints (c') to (d') boiow ond vico Vorsa.

i;(o') 'l'ho normalised profit function.is. continuous in: the normalised
f;.pricos N and the fixed input quantitios zj It:is twico difforontiablo
v/i.inf the 9y 's ‘and once difforontiabio in the: zj 's. These proportios fouow
-frou tho existence of" continuous' demand' functions conditional on the

‘levols of £ixed tnputs.

(b') “The: norulisod*profit function is: strictly docrocsing in:the qi

'id’”’strictlr incrocsing in the j 'l‘him clso i-plios thot thc nonclisod
profit function is incroasing in thc lonoy prico of output ond docrocsing

in tho money- prices of tho nrioblc inputs.

my P

) (c') 'l‘hc nomlisod profit function is strictly convox in tho qi's.

;No convoxity conditim are ilposed on tho j's.

(d') ‘l‘ho nonoliscivprofit function is finite- for oll finito:'nomlisod

fpricos and non-positive as all: nornoliscd pricos approcch infinity.‘

In< ccononotric opp’ticotions onc chooscs a nonolisod profit function

lli" i‘ 1 f

f_-;which »fgnous asanpions (c') to (d') ‘l‘hen one is surc*thot aii usulp-‘;

AR i u

‘l’.‘)ti s_ (a) to(d) hold for tho proauction procoss.
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In addition to the assumption (a) to (d) on the production process 1t;

N L3 i I‘
e T e Y ”»,,v.‘ i

fis well known that there ‘are other theoretical constraints which have to

1hold fbr production functions._ The most important in this context is the

H"A

fsymmetry constraint which statesrthat

4.2
;Acsimilar constraint applies to profit functions i.e.
‘ o w‘s LR L e
) ' l
‘311* S | 1
= - 4,3
%999 aqjaqi

. I3 _.'_;\;k A ",':} IR IE

¥
5 ;,:‘,z.
}a ' R

Of. course these constraints simply come from the laws of calculus but the
Zw.it ;,.n!-:‘f.‘f a4 C’-t,,‘.}s:sv Vi I u’ ‘ g ", AV

are extremely important in econometric applications to increase estimation

; ‘l- ,« .) “' ST (“ »'F L

‘ ,\‘r< oy

efficiency and to test the assumption of production theory.

N) KA

Let us now demonstrate the one to one relationship by finding the

, s oY
RS ’~;A s t»‘;’.‘u‘,x‘;.“ "-.i/ AR L AL ‘.‘u IR AT -

iproduction function implied in a given 51mp1e normalised prof)t function,,a

‘&Pl

;or more specifically find the production function 1mplicit in the example

'*i msection 2 4

We:wan fto der e_the production function implied in a profit function

by~a‘min1mizing procedure.

‘rs

We: know that for any given ‘input (not necessarily

Ve P a
L 2SO 1 i ke Bk

thefprofit maximizing ones) levels of actual norm

g.,gu"" .- .

alisedvprofits are always

LR f oy vkt o o
‘less than or equal—to the maximum profits, which 1mplies the followingg

inequality :




;

side with :respect'to‘ the :Aqi, i’.e. .”when‘ we find the values of qr,and q2 G

which minimizes the right hand side for g:wen values of the X's. , Such :

problems, of course, do not usually occur in economics. Suppose the profit
function is the Cobb-Douglas function of Section 2 4 'l‘hen the minimizing '

,problem has? the formf ‘

B 2 cuet

l-u-B
G (R ; e
) [s] S qlxl * q2"2 a2

A Eﬁﬁﬁ,é&?tgu]ﬁ_i Yo
35 Challb (latiwdi 4,9

PR S P A TR



;SgbstifufﬁhgnthsseueqUations,iniop(4;ﬂlw

Jafe-l) ’ﬁB{if";:awm

Y = (1-0-g) X, 1B x 1B g
Bt e e 1 -T2 *ﬂu)_, E %‘m;;;&':-g2uﬁfmy'(f

fOri

“.!

fand th;s is theﬂproductionffqution ofﬁexample 2 4 ;

; & EELLINS B R

he . profit functlon.

""""

,.5EC0N0METRIC APPLICATION OF DUALITY CONCBPTS

In thls sectlon fbur empir1ca1 application to agrlculture are

r"brief;y discussed first. Thefi "ew new functlonal fbrms and econometr1c

and Factor Demand Functions" [13], they se'd! Cobb Douglas norma11sed”*' ;
profit function (corresponding to a Cobb-Douglas production function) and

j01nt1y estimates a profit and a factor demand functlon w1th data from o
Indian Farm Management studies. For given land 1nputs they“estimate a
labour demand elasticity - 2.166 and an output supply elastlclt_vowsl 66

and tests various.restrictions of economlc theory.k
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I 8 slightly earlier article "A Test of Relative Efficiency and.
Application to Indian Agriculture" [12] the theery is pushed much
ot

further. Farms are no longer assumed to be equally efficient in '

either technical or economic terms. Instead differences in technicalw

efficiency and in allocative efficiency (i. . the successfhlness of ;‘

[;m\- o

farmers to equate marginal products to factor prices) are built into the
theory right from the start. This shows that the‘profit.function)
approach is not restricted in its application to cases of pure'competif
some of the most constraining assumptions underlying the pure competition
case. Building differences in efficiency levels of farmers right into
the theory also allows rigorous tests “of the relative efficiency of
various groups ef farmers or of the same- group of farmers over time [13]

ﬁ“ e

Again using a Cobb Douglas function and a data from the Farm Manage ntw~

Studies'Lau and" thopeulos find that small farmers are relatively more
efficient than large farmers,,i e. that small farmers attain higher levels

of price efficiency and/or operate at” higher levels of technical efficiency,

In [19] the same authors go a: step further by building a; modol
:'wbich enables ‘them" to din*inguish between techn1ca1 and economic
'efficinncy. Here they find the same result that small farmerS’are"
bmore efficient and that their superiority stems from higher technical
efficiency whereas small and large farmers are found to’ be equsily

-price efficient.
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In [1]' the author'of this paper used & non-hornalised minimim cost
?fhnction approach to estimate a full set of factor demand elasticities'
iand elasticities of substitution for five factors of production in U S.
agriculture using aggregate state data. The translog functional form ‘
discussed below was used. Inianother paper [2] the set of coefficients
“of the Translog cost function so measured are then'used to estimate

technical change biases in U.S. agriculture from 1912 to 1965 with

respect to the same five factors. A strong machinery using bias and labour-'
saving bias are shown to have occured during parts of_the period underv

investigation,

In the investigations of Lau and Yotopoulos the main advantage derived
from the use of the profit function is that (a) factor demand and output |
supply elasticities were estimated jointly, (b) that the econometric speci-
fication of endogenous and exogenousvariables was correct and the‘fixity |
of land size in the short run uas properly treated and that (c) differences
of technical efficiency:among farmers and derivations from pure profit
_maximisation were prOperly built into the estimation framework. However,
at that time the choice of functional forms was still severely restricted
$0 that the approaches are still tied to the constraining Cobb- Douglas\

framework.

By the time of my own uorh new functional forms allowing aﬁéh“wia;;hl
flexibility were available of uhich I took advantage. But with hindsiéht
it might have been better to use profit function in that research rather ,
than cost function, because the cost function approach still mixes up

ondogenous and exogenous variables.
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The new functional forms which have come to. the fbrefront in- recent
yeers “are the quadratic form [9], Diewert's Generalised Leontief4?unction
[4 5 5] and the Translog form [3, 1, 2]» ‘A1l three forms are second
order approximations to arbitrary functional forms and therefore allow

fa flexibility for modelling production processes unknown befbre their

‘sdvent."

Let q be the vector of n variable fectors (ql”"" qi,-..., qn)nend’“

.- Yy AR

E he Z the vec*or of n fixed factors (Zl, ...,“Zj,i..., Z )

isimplest locelasecond order approximation to an'arbitrdry twic"differen- o

itieble function is the quadratic (for further discussion of this fbrm‘see; eu@é

series expansion to the second degree.(

A '_

N SELA s el b R ;“::tw-';{;A,.w;,éf.;‘.'.-‘* -

2/ with two variable and one fixed input this form would réhd

. c_‘, A : ;""i'{
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In production function analysis the quadratic fbrm has been widely
used for fertilizer response functions but never was widely used for
other applications. The main reasons for its neglect probably were
(a) that production elasticities are not constant, (b) that 1t is not ‘

" necessarily concave (or convex) as implied by the theory of production
(or profit function) and (¢) that it could not approximate a production

function homogeneous of degree one, a concept¢ so dear to economists.

But constancy of production elasticities can only be achieved :
in otherwise very;const:aining'forms such that it is really not'a.velidg
Teason for not using more flexible forms- and anyway tbere are no.
reasons to assuQe that it ever occurs in real world production prooesses.
The lack of concavity (or convexity) is not a reel disadventegexbeeeuse
it allows us to test the assumptions of production theory as was done
in [3]. Purthermore, Lau [10] has now developed a constraint estimetion
Aprocedure wbich allow the imposition of this contraint in the estimationﬁ
procedure and in the case of the quadratic this is particularly easy.
bNon homogeneity is no constraint either because normalised profit
functions are not homogeneous in relative prices even if the underlying
production process is homogeneous in inputs. Note however that normeiisedf
profit functions are homogeneous,of degree one in absolute prices |
regardless of the homogeneity properties of the produCtion process.

Therefore the quadratic canriot be used for non-normalised profit functions:f


http:homogeneous.Qf
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For ‘the latter case (and when there are no fixed inputs) Diewert's

.generalised function is particularly useful. It has the following fb?@,
™o LqY Aq” 4.2

.;i;e. it has a quadratic form invsqnare roots; (For detailed discussiony
of this form see Diewert (4 5 6]. Convexity conditions are. also easy

"te\inpose on this fhmction.r

rhg third funotional fbrm is the Translog funotion

4 "tu P ke v e u

I)‘i--,u:»?" - L H "-;‘:?\"

log ™ wb +b1 log q-l-b2 log Z+k log q Bl1 log q+k log ZT§22

log Z . loé qT e;zﬁlog 2.'
which has, local: second order approximation\properties because it is a:
;Taylor series expansion in logarithmes 'to an arbitrary twice differentiable'
’function. (For further discussion and empirical work with this forn see
[3; 1, 2]. Note that the first two right hand side terms' are a Cobb-, |
Douglas fumction while the quadratic form allows that fhnction to become
more flexible and thus havd arbitrary elasticities of substitution anong

f&?tors.

These fhnctions can be estimated directly.' But it is more efficient
to estimate theﬁ sinultaneously with the derived demand equation implied
by Shephards (or- Hotelling s) lemma - For qnadratic fnnction these,hayegtng‘

forn



xk - s i.l By 9

m. L
j
" Equations 4.1 and 4.4 are then estimated simultanedusly"impoéiﬁﬁf

;iﬁﬁé constraints‘that‘the"a cafficients are identical in 4.1 and 4.4

, Note further that in estimatign thé symmetry constraints a4 ='aikJ
‘hnd.:hould be imposed and increase the efficiency of estimation. Thé;é
‘equations should be estimated jointlj,usiqg generalised least squares or.
maximum likelihood methods as described in thg‘fbllowing references

(18, 3, 1, 21¥/

. .For the other functional forms Shephard's lemma provides similar
jaerived aemandkequations. Noté‘that in the case of the Translog'functtqg‘

the derived functions are share equations gf the form.

i ‘g N

FEAS N

a Lu v+ .b+thHm +zsb.ﬁ§‘
D Tl SR T qi i Ky Ry

3/ The computational burden of these methods is quite heavy and requires
: fairly large core memory. For IBM machines packaged programs are
available at modest charges (such as the TSP program of the department
of Economics, Harvard University).



tuhere sk is the share of the input in variahle profits.; This againhfa
1poses some special estimation problens which are discussed in

‘[la.3.1 2 1.

~We have not discussed here the use'of‘duality for theoretical:
;purpoees. Houever, many theorOll of economics can be prdvcd much
“easier once duality is established (6, 7] and the tool*can also be:
;usedxto break;neu.grounds.in econemicjtheory,f

55 BXTENSION TO MULTIPLB INPUTS AND OUTPUTS '

PERSE S

' '...\ i

- 8431 - Theory: -

The duality theory can fairly easily be expanded to. multiple -

& \x»‘w FEREs bR,

-

AR I S SR Ptk f=t F

3inputs end outputs. For agricultural economics this is a very

F ‘- l‘
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"welcome advance because the agricultural production process involves .

,.Q»".-’-;, JX : }m ,.;\.A:; ;LZ?;‘::
usually joint production of several outputs on the same resource base;
with many veriable inputs. (for detailed theoretical discussion and Q'

functional forms see Lau [ 7, 8 5 ]

We adopt the convention that the vector Y of dimension n + l

‘denotes both inputs and outputs. All first Yifi'-_l, vers k < n +

s e CER
.U"“ x: a‘ L

are outputs and are measured as positive;quantities while the F_::w;j

i("‘

remaining Y i1=k+1, ....p n+1) are inputs and are measuredias
negative quantities. Inputs and outputs are: therefbre distinguishedf
by whether they are positive or negative. We number;them_tillbnﬂ+,l.

because we later will normalise on the n + 1 st iﬂput;price;7:



a0

“The ‘transformation function can bé written in implicit form'as

F(Y,2) =0 a 5.1
?ﬁhere Z again denotes fixed inputs (or fixed outputs). Following Lau
?[7 8] tho following assumptions are made for the transformation
[function.
“:, . s

f(a*) F is continuous in Y and z twice differentiaple in Y andmgngeﬁm%
;d}fferentiable in,z.;

A LI

“is’strictly increasing;in Y.

»3§§%$ﬁaffiplicit function theoremf

athis meensithat'uY

i Keeping in mind that inputs are negative

; o I,. =
3 ‘ga ;'§ PRy e J:J.xi",.i.‘ '%. Lo 2

-;ﬂdlding,all other inputs and outputs

i sy cemor

”(d*)' Outputs are. finite for finite variﬁble and;, fixed~input51$§?om%

unbounded variable and. fixed inputs outputs become unboundedﬁ
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fwh1ch can be set into 5.3 and give rise to the prof1t fumctlon.,

‘= I p Y* "Y* 5.4

: {’.'11-1"‘\ pd ;‘g

i
. ’_‘3' 15

: o . kY s
“Slnce a11 Y* arp funct1ons of P and Z the profit funct1on 5.4 can

s uG(p,Z) :5.5 .

aﬁﬁiéhjﬁqﬁfb;ms~fo"tﬁéfbeIOWing assumptions




b profit fmetion
_ : : _ ,'Therefore:one can
2ag;$n startnall econometric inquiries by choosing functional forms which |
Tconfbrn to conditions (a**) to (d**) and is sure that the conditions
f(a*) to (d*) hold for the production process. The functional forms of

”section 4 can be chosen. Further functional forms are given by

'Diewert [ 5],

[ AT 5 o o - ,,

“; ‘ o
Shepherd's or Hotelling s lemma hold again in this context -

“areinow the output supply and input demand functions. This lemma again
_sithe basis for econometric work to estimate jointly factor demand and

’foutput ‘supply elasticities for given values of fixed inputs.

= - — TR T T e T T %*W
f_/ Note that non-normalised profit functions are always homogeneous of
_degree one in prices regardless of the homogeneity properties of the £
. H

“transformationsfunctien.f



I am ot aware that this approach_has ever been used in agriculture.

}Also there have only been verylp ‘qattempts to estimate transform tion

~functions. The most important one was by Powell and Gruen [15] who

"ns

-estimated output’ elasticities»fbr Australian agriculture in a tranSfo

"t

mation model. However, they could not take actount of\variable"hnd**‘ilf

tfixed inputs and were restricted to the veryxconstra'ning Constant

fBlasticity of Transfbrmation fbrm.

i, T
PR TR

£~

Eﬁfhjfiain reason for not‘using transfbrmation function seems usually :

7to haveZbeenfthe-complexityzof working ‘with’ implicitffunctions as’ the‘*

Eth’ T requires.e This difficulty is entirely bypassed by:the profit

?function approach where a11 functions are explicit.

R R S R 2 14

i).\ ‘,‘ x; f.31; ”

Let the production function be Constant Blasticity of Transfor-'“

fmation,in outputs and Cobb-Douglas in inputs.



a3

P)p Y.

L "2"2

546,

-;{:?'Wo proceed in two-steps to find the nomalised profit function In
“step one we hold Ys fixed - and find the variable profit function t; with
v,"st ‘fixed. In the second step we then maximise profits with respect to

Yy

3 and find the proﬂt funct:l.on ‘I‘" ‘w:lth ,311 inputs and outputs variable

;,;-’Aft‘_'te:l.normelizot;on.'.f on: ziﬁef'have variable normalizedf profits
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The example so far'is also an sxanple of production with miltiple inputs

‘and’ outputs where oneinputisgiven



In the second stage of the problem ve have to maximize %, " with respéet to¥

TY to obthin the umconStraint profit functionti

(o-l],

“ el

xg&iiﬁ]

.
&

;2 1 with one input and one output. Therefbre, the reader may show, as an

S SRR

“pxerciSe , that :

;'f’; " B '—- Jelida

5719

;SﬁbStituting A back‘1ntoL(S;;gﬂ;ﬁ&tiéﬁﬁi;tﬁéé&;;;:;u;:ii::Et;:fﬁ



Noterthat " is again a separable bomb1nation of a;Constant;ElasticityvofiﬁT

‘Transformat1on functlon in normalized output prices and a Cobb Douglas

function in the normal1zed input price.,f

The {éﬁt;‘bﬁt supply :ftmctfiéxis' f noware




£

After this tortuous derivation and given the complexity of the

factor demand and output suply functions it should also be clear that

' - | ) )
the one to one correspondence of profit and transformation function is

very advantageous since it allows one to specify the/profit iunction :

£
in an econometrically convenient f¢hrm without worrying about the

'l.'

exact functional form of the transformat1on function. One 1s therefbre}

8pared of‘ail this tortuous derivation..
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5. FURTHER CONSIDERATIONS

Tﬁé’faader interested‘in app1155£16ﬁ‘of this theory willihavejtozéo
deeper into the literature on profit functions. This literature contains the
prooﬂrof the theorens presented here, discusses econonetric procedures fbr |
‘estimating the systems of equations and contains several further duality |

theorems which are useful in applied econometric worh;

Por readers familiar with calculus the most easily accessible reference
fcontaining proofs of the relationships, further theorels and functional forlsj
;13 Lau [7, 8]. Another paper by Lau [11] contains duality relationships”jiib
which make At possible to relate short term output supply and factor demand
‘ elasticities (erived in a variable profit function with fixed inpth to long‘

_tern elasticities when the fixed input quantities become variable..

L

v At a slightly more advanced level is Diewert's "Applications of Duality :
fTheory" Paper [6]. This paper also contains the theory of duality between
;direct and,indirect utility functions. Indirect utility functions provide‘
;similar advantages in consumer demand work than profit functions proyide}
iin-,-preduction economics. In addition the paper gives aﬁhistoricvrpvieual

“of the development of these theories.

In addition to the empirical work in- agriculture Christensen,at aZ :
:[3] have used the Translog profit function ‘to' test production theory
‘with aggregate US data. Econometric and statistical testing proceduresJ

are reported there. -



?A further reference which is easily accessible and which contains some

',w,‘v

lgraphic demonstration is Mc Fadden n4] Very rigorous statements of the

i-(theory which are much more general can be found in [11] [17] [16].

The ¢wo main problems with the profit funection approach‘relate~to*
data and the computational burden which they impoae.To use profit functionﬁ

.requirea good output price and factor price data. With crose eectional

t ) Wy

data the factor price data often have to be computed from factor costs eag
R R R

factor quantities gnd- if the data come from a small region there may be -

little variability in the prices. Also, eince usually systems of equatious.
with contraints across equations have to be estimated the computer time
required becomes quite high. However, once a packaged program for oy
eetimating these systems is available, programming work for estimetion‘
becomee easlly manageable. _ | ’
To close I would again ‘1ike to draw attention towthe treuendouaij
}flexibility which the profit function approach allowe to the ecoéédié‘
investigator handled with relative ease. Fixity of inputs or outpute
18 easily accommodated; deviations:from pure profit maxiuiaing'behaviour?
cfn be systematically built into the theoretical framework; factors -
which affect productivity such as soil quality or climatic variablegsge
built in as fixed variables and their contribution to production estimated;
-and far more complex production processes can be modeled than is poaeiblejg

with the standard production functions.

July 8, 1975
HPB/ss.
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