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SHADOW PRICING, INTERNATIONAL TRADE AND
THE THEORY OF THE SECOND-BEST*

by
Peter G. Warr
University of Minnesota

1. Introduction

Consider a small open economy in which domestic market prilces are
distorted by fixed, non-optimal taxes. What are the optimal shadow prices
for use in gulding public sector production? The existence of distortion-
ary taxes is clearly crucial to this question and places it immediately
in the domain of the economics of the second-best. It is by now widely
accepted that, given the usual "small couniry" assumption, the appropriate
shadow prices for traded commodities are their international prices. This
result has been found to hold despite the existence of non-optimal taxes
in the domestic markets for traded and non-traded commodities.1 On the
other hand, there is still considerable disagreement over the appropriate
"second-best'" shadow prices for non-traded commodities in the presence of
distortionary taxes.

The influential contributions of Little and Mirrlees [6], [7] and
[8] have recommended connecting the public production of non-traded com-
‘modities'to international trade by valuing them at their "foreign exchange
equivalent," and this proposition has been supported in later work by
Dasgupta and Stiglitz [3]. Unfortunately, there has been substantial
ambiguity about the precise meaning of the concept of a foreign exchange

equivalent, both in the above writings and in those of their critics; in



particular, it has been unclear precisely what rates of transformation are
to be used in converting non-traded commodities into traded commodities in
the measurement of their foreign exchange equivalent.2 Boadway [1] has
claimed that the optimal shadow prices cannot be interpreted as "foreign
exchange equivalents,' although a proof is not provided, or a clear defini-
tion of the term. Instead, the correct shadow price of a non-traded com-
modity is said to be its producer price plus the change in total tax
revenue when public production is changed by one unit, a proposition that
seems to have its origin in Harberger [4], [5]. Still another approach is
taken by Dasgupta, Marglin and Sen [2] who attempt to value non-traded com-
modities and foreign exchange in terms of the impact of their generation
in the public sector on the value of final consumption at consumer prices.
This paper derives optimal shadow prices in the presence of distor-
tionary taxes from a simple, explicit optimization model in which the tax
distortions are incorporated directly as constraints. This exercise is
performed under three different sets of assumptions about the tradability
of consumer goods on the one hand and of factors on the other. In each
case, we then perform a comparative statics exercise on the equilibrium
solution to study the validity and precise meaning of the various shadow
pricing rules that have been advocated, as well as to indicate the 1«lation-

ships among them.



2. Some Preliminaries

Consider an economy with four commodities. Commodities 1 and 2 are
final consumption goods and commodities 3 and 4 are factors available in
fixed total supply. These fixed supplies are denoted K3 and K4, respec-
tively. There are two firms, one "private" and the other "public.'" The
private firm's implicit production function is denoted f(y) = 0 where
y = (yl, ceey y4) is a vector of the private firm's outputs of commodi-
ties 1 and 2 and inputs of commodities 3 and 4, respectively, where

Yy 20,1i=1, ..., 4 . The public firm's implicit production function

is denoted g(x) = 0 where x = (xl, ceey x4) and is defined similarly.
The functions f and g are each assumed to be strictly concave and twice
continuously diffentiable, but not necessarily identical. There is a
single consumer whose utility function (strictly quasi-concave, strictly
increasing and twice continuously differentiable) is denoted U(c) where
c = (cl, cz) and ey 2 0 1is his consumption of commodity 1.

The consumer is assumed to maximize his utility subject to the budget

constraint
M- qlcl - chz ; 0 ’ (1)

where M 1s his money income and 4 and q, are the market prices of
commodities 1 and 2 faced by the consumer. We normalize on commodity 1

by setting q, = 1. The components of M are: total payments to factors,
MF; the net profits of the public and private firms, MH; and total tax

revenues, MT. Hence
M=+ M, (2)

The consumer treats the market prices‘ 94 and q, parametrically



and ignores the effect of any tax component in those prices on his budget
constraint. Assuming a strictly interior solution as we will, for simplic-

ity, throughout this paper, this implies that in equilibrium
U2/Ul =q, .
The manager of the private firm is assumed to maximize profits, given by
y _ y2 _ T4
W= [ieg PyYy = Lyag PYy

subject to the implicit production function f(y) = 0, treating the market
prices Pys +e» Py parametrically. We assume throughout that commodity 1

is untaxed, hence Py =4y = 1. For an interior solution we have, in

equilibrium,
fz/fl = Pz ?
= f3/f1 = P3 ’
and - f4/f1 = p,

The manager of the public firm is assumed to maximize shadow profit,

given by
X _ v2 _th
T = Tl Sq%g = Li=3 84%1

4subject to g(x) = 0, treating the shadow prices s;, ..., 8, parametri-

cally. For a strictly interior solution this implies, normalizing by

setting 8 = 1, that

8y/81 = 85 »



- 8y/e; = 855

The determination of the shadow prices 855 83 and 8 is the responsi-
bility of a fourth agent, a "project planner," whose task 1s to set these
shadow prices so as to maximize the consumer's utility. However, this
planner 1s assumed to have no control over any taxes which may be present,
and hence must regard the existence of such taxes as constraints on his
planning exercise. His problem 1s thus an exercise in the economics of the
second-best. Our concern is with the properties of the "second-best"
utility-maximizing shadow prices.

Three different versions of the basic model are considered, differing
in their assumptions as to which commodities are traded and which non-traded.
In each case, two commodities are assumed to be traded internationally at
fixed prices (normalized at unity in each case), and two commodities are
non-traded. In Model I, both consumer goods are traded and both factors
are non-traded. This is, of course, the familiar "2 x 2" model of inter-
national trade theory. In Model II, one consumer good (commodity 1) is
traded and the other (commodity 2) is non-traded; one factor (commodity 3)
is a traded raw material and the other (commodity 4) is non~-traded. In
Model III both consumer goods are non-traded and both factors are traded
raw materials. In each case, we assume the existence of a fixed tax,
denoted g, on the consumption of commodity 2 and a fixed tariff, denoted T,
on the importation of one of the traded commodities. The market prices of
non-traded factors and consumer goods are in each case assumed to adjust
automatically such that the corresponding resource balance constraints and

commodity balance constraints specifiéd below are satisfied as strict equalities.



3. Model I: All Consumer Goods Traded; All Factors Non-traded

Let commodities 1 and 2 be traded and commodities 3 and 4 be non-traded.
We assume, for simplicity, that commodity 1 is a net export and commodity 2

is a net import. The trade balance constraint is
Xty ettty -y 20 3
and the resource balance constraints are
K3 - X3 - Y32 0 4

and Ky =%, =¥, 2 0. (5)

Let there be a tax at the rate t on the consumption of commodity 2 and
a tariff at the rate T on imports of commodity 2. From the profit max-
imizing behavior of the private firm we have (recalling that we are assum-
ing strictly interior solutiors throughout and assuming that commodity 2

continues to be a net import despite the tariff)
f2/fl =p,=1l+r (6)
and from the utility maximization of the consumer

U2/Ul =q, = l+1+¢t. (7)

3.1 Optimal Shadow Prices

The second-best optimization problem is now
Problem I: max U(cl, c2) subject to f(y)=0, g(x)=0 and (3) to (7).

We form the Lagrangian function



H U(cl, c2) + )\(xl + Y- ¢ + X, + Yy - c2)

o
!

*0g(Ry = x5 = y3) ¥ e, (R, - 3, = y,)
+ 5,10, - (Lhre)) . (®)

The first-order conditions for an interior solution are, taking optimal
public production first,

* *

N +ug =0 1=1,2, (9)

and - p; + u*gj =0, §=3,4, (10)

where an asterisk (*) denotes that the Lagrangian multiplier concerned
is evaluated at the optimum.

From these equations we have

8y = gzlgl =1, (11)
x %
84 % % 83/81 = 03/}\ ’ (12)
k%
and 8 = - g4/gl = p4/A . (13)

From (11) we see that the traded commodity should be shadow priced at its
international price (relative to the numeraire good, commodity 1) while
the shadow prices of the non-traded commodities depend on the values of
the Lagrangian multipliers A*, p; and pz . Note that A* is the

shadow price of foreign exchange (in utility numeraire).



We now proceed similarly for the control vectors ¢ and y to obtain

1 0 0 0 0 - ¥ U
*
1 0 0 0 0 -e 0 U,
1 0 0 £ b, 0 o 0
1 b o , )
1 0 0 £ b, 0 v 0
*
0 1 0 £ by O 8 0
' *
0 0 1 g b 0| |6 o

where b, = a(lefl)/ayi and e; = a(UZ/UI)/Bci . In the above system
Wwe now have six linear equations in six unknowns which can be solved for

the values of the Lagrangian multipliers at the optimum, giving

(by + pgby)

8, = pi /A = p. +1 (15)
373 37 (by - pyby)
(b, + p,b.)
kK 4 7 PPy
8, = p4/A =p, + Tdﬁ;trszgz) . (16)

3.2 Final Consumption Interpretation

Definition 1. The final consumption effect of a commodity is the rate of

change of the value of final consumption, at consumer prices, with respect

to the public sector's net output of that commodity.3

Proposition 1. In the case of Model I, the optimal shadow price of a

non-traded factor is its final consumption effect, relative to that of the
numeraire commodity, valued at the optimum.

Proof: Writing H, for the final consumption effect of commodity k

k

we have, for commodity 3 (a net input),



dcl/dx3 + qzdcz/dx3

H
3.
=3 (17)

1 dcl/dx1 + qzdcz/dxl
Now, totally differentiating the private firm's production function and

equations (3), (6) and (7) with respect to X, and Xgs and noting that
(from equation (4)) dy3/dx3 = - 1 and that (from equation (5)) dx, =0

implies dy4 = 0, we obtain the system

F - . - -
1 1 -1 -1 dy,/dx, dyl/dx3 -1 0
1 p, 0 0 dy./dx, dy./dx 0 -p
2 2/dxy dypfdxy | c .
bl b2 0 0 dcl/dxl dcl/dx3 0 b3
i 0 0 e; e, 1L ch/dxl dcz/dx3 ] i 0 OJ

This system can be solved, using Cramer's rule, for the desired derivatives

dci/dxj, where 1 =1, 2 and j =1, 3. Substituting into (17) glves

E@.=p +T(b3+p3b1)=s
Hl 3 (b2 - p2b1) 3

The proof proceeds identically for commodity 4.

The intuitive explanation for this result is straightforward. Clearly
dU/dxk = Uldcl/dxk + Uzch/dxk = Ul(dclldxk + q2dc2/dxk) .
Hence,
dc:l/dxk + qzdczldxk } dU/dxk
dcl/dxl + qzdc:z/dxl dU/dxl

Consider the addition of a constant oy to the trade balance constraint

and a constant o to the resource constraint for factor k, giving
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Xy + Y1 - ¢ + Xy Yo = Cy + oy 20, (19)
and

K~ % =y +o 20, k=3,4. (20)

Now, from the duality relationships of non-linear programming, it is well

known that the values of the Lagrangian multipliers at the optimum are given by

*

Py dU/dak
Sty =0 k=3,4.
w0y gl

But it is easily seen that

dU/dOtk dU/dxk
dU/da1 =T dU/dxl ’

k=3, 4.
Consequently, at the optimum,

dU/dxk dcl/dxk + qzdcz/dxk

- = - . (21)
dU/dx1 dcl/dxl + qzdczldx1

> ©
L Lo

3.3 Government Revenue Interpretation

Definition 2. The government revenue effect of a commodity is its producer

price plus the rate of change of total tax revenues with respect to the

public sector's net output of that commodity.

Proposition 2. In the case of Model I, the optimal shadow price of a

non-traded factor is its government revenue effect, relative to that of the

numeraire commodity, valued at the optimum.
Proof: Writing RT for total government tax revenues, and Rk for the

government revenue effect of commodity k we have
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T
R™ = te, + 7(cy = %y = ¥,) (22)
T
Eé i py - dR /dx3 ) py = (t+t)de,/dxy + 'rdyz/dx3 (23
Ry 14 dRT/dxl 1+ (r+t)dc2/dxl - Tdyzldxl

Now returning to equation system (18) and solving for the above derivatives

as before we again obtain

R (b, + pob,)

3 3 3°1

= =p, + T——— =g, . (24)
R, 3 (b, = pyb;) 3

The proof 1s isomorphic for commodity 4.
It 1s of some interest to see how (23) can be derived directly from
(17). By differentisting the trade balance constraint totally with respect

to X and x3 we obtain

dcl/dx3 + q2dc2/dx3 - dyl/dx3 - dyz/dx3 + (-r+t:)dc2/dx3

- = « (25)
dclldxl + qzdcz/dxl 1+ dyl/dx1 + dyz/dxl + (r+t)dc2/dx1

Now, differentiating £(y) = 0 totally with respect to x; and X3 »

dy,/dx; + dy,/dx; = - tdy,/dx, , (26)
dyl/dx3 + dy2/dx3 ==-pg-~ 'rdyz/dx3 . (27)
Equation (25) now becomes

Py + rdyZ/de - ('r-H:)ch/dx3 Py - dRT/dx3
1- Tdy?_/dx1 n (t+t)dc2/dx1

- (28)
1+ dr /dx1
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The intuitive interpretation for this result is as follows. Consider
the effect of public production (use) of a commodity on the consumer's
budget constraint. Since all government revenue is handed over to him, a
change in government revenue directly affects his budget constraint.

n

Writing R for total government revenues, R = R + RT, where RII is the

net profit of the pulLlic firm, so that

Il T T
dR/dx3 - dR /dx3 - dr /dx3 _ Py - dR /dx3

Rfdxy  aljax, + aR"/ax, 1+ a’V/dx
Hence, the "government revenue effect" of a commodity gives the effect of
a change in public production or use of that commodity on the consumer's
budget constraint via its effect on total government revenues.

In Model I, the shadow price of foreign exchange is given by

e 1+£1~E—)—e-l (29)
1 e; ~ e

In Boadway [1], Proposition 2 is stated correctly except for an error con-
cerning the shadow price of foreign exchange. Boadway states that the
shadow price of a traded commodity is its international price and the
shadow price of a non-traded commodity is its government revenue effect.
This assumes implicitly that the government revenue effect of the numeraire
‘commodity in equation (23) is simply its producer price (unity) or, alter-
natively, that ghe shadow price of foreign exchange is given by A* = Ul .
Boadway's analytical procedure is to define the shadow price of the non-
traded commodity n to be l/UldU/dxn . But the shadow price of the traded

commodity . k 1is not set equal to
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(t+t)e
Tl e ey (30)
1 %% M1 s

where . is the international price of commodity k (unity in our analysis),

*
but simply Iy Consequently, Boadway implicitly assumes that A =U1. [1, p. 426]

3.4 Foreign Exchange Interpretation

Definition 3. The foreign exchange effect of a commodity is the rate of

change of the total foreign exchange earnings generated by the private sec~-
tor with respect to the public sector's net output of that commodity.

Proposition 3. In the case of Model I, the optimal shadow price of a non-

traded factor is its foreign exchange effect, as given by Definition 3,
defined at the optimum.

Proof: The private firm's contribution to total foreign exchange earnings

is given by B = A + vy Hence,
y =
dE /dx3 = dyl/dx3 + dy2/dx3 .

By solving for these derivatives from equation system (18) we obtain, on

substituting,

ae¥ _ P, + r-——-————(b3 * P3by) (31)
dx3 3 (b2 - pzbl)

Definition 3'. The foreign exchange effect of a commodity is the rate of

change ofthe value of final consumption at international prices with respect
to the public sector's net output of that commodity.

Proposition 3'. 1In the case of Model I the optimal shadow price of a

non-traded factor is its foreign exchange effect, as given by Definition 3',

defined at the optimum.
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Proof: Given Proposition 3 it is only necessary to show that, for Model I,
Definitions 3 and 3' are equivalent. Writing EC for the value of final

consumption at international prices’
c
dE /dx3 = dcl/dx3 + dcz/dx3 .
But, differentiating the trade balance constraint totally with respect to Xq
dclldx3 + dcz/dx3 = dyl/dx3 + dy3/dx3 .

Hence, dEc/dx3 = dEy/dx3 .

The intuitive explanation for these results is again quite straight-
forward. When all final consumption goods are traded, public and private
production can affect the consumer's utility only via the trade balance
constraint--by providing foreign exchange. The consumer's utility is max-
imized by maximizing foreign exchange earnings; this is achieved, even given
the tax distortions, by allocating non-traded factors between public and
private use such that their marginal contribution to foreign exchange earn-

ings 1s equated between the two sectors.

3.5 Market Behavior Interpretation

The shadow price expressions of equations (15) and (16) can be inter-
preted in terms of observable market behavioral quantities as follows. The
strict concavity of f implies that the first-order conditions for profit
'maximization of the private firm generate single valued supply functions
(i=1, 2) and input demand functions (i=3, 4) of the form vy = Yi(p2’ P3» p4)
which, by the implicit function theorem, are differentiable. Substituting
these functions into the equations £(y) = 0 and b(y) = Py and differen-

tiating with respect to Pys Pg and P, We obtain



Y99 Yy
Y3 Y33
Yoo Y34

Y

3
4

You
Y

4
4

(b,- pzbl)
(b3+ p3bl) =

(b4+ p4b1)

15

where Yij = ayi/apj . Now, substituting into equations (15) and (16),

we have
Y3 Y34
. = p. -t Yoo  Yuy
3=P3-
Yy3 Y3
Yo Yas

and 8, = Py + T

Y

Y

23 Y33
You Y34
Y33 Y34
Y3, Y44

A special case of some interest is the partial equilibrium case of zero

cross-price effects; thét is, Yij =0, 1+# 3 . The above expressions

then reduce simply to s, =

P

3

8, = Pye
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4. Model II: Some Consumer Goods Traded; Some Factors Traded

Now let commodities 1 and 3 be traded and commodities 2 and 4 be non-
traded. We thus have a non-traded final consumption good (commodity 2)
and a traded raw material (commodity 3). We assume, for simplicity, that

commodity 3 is a net import and commodity 1 is a net export. The trade

balance constraint is now
Xty ey HKy - X3 = y3 20, (32)
and the commodity balance constraint for commodity 2 is
x2+y2-c2_>__0, (33)
while the resource constraint for commodity 4 is

Let there again be a tax at the rate t on the consumption of commodity 2
and a tariff at the rate T on imports of commodity 3. From the profit-
maximizing behavior of the private firm we have (assuming strictly interior

solutions as before, and that commodity 3 continues to be a net import

despite the tariff)

—fa/f1=p3=l+r, (35)
and from utility maximization of the consumer

U2/Ul = 4y = Py +t= fz/f1 +t ., (36)

4,1 Optimal Shadow Prices

The second-best optimization problem is clearly
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Problem II: max U(cl, °2) subject to £(y)=0, g(x)=0 and (32) to (36).

We form the Lagrangian function

LII = U(cl, c2) + A(xl + ¥y - + K3 - Xq - y3) + pz(x2 + ¥y = c2)
oKy =%, = y,) + ug(x) + yE(y) + ny(f5/f; + 1+ 1)
+ n2(U2/U1 - f2/f1 - t), (37)
Deriving first-order conditions for optimal public production as before,

we have, for an interior solution

k%
8y = By/8; = p,/A ", (38)
83 = - g3/g1 =1, (39)
* %
and 8, = = g4/gl = p4/A . (40)

We now see that the optimal shadow price of the traded input is its inter-
national price while the shadow prices of the non-traded commodities depend
on the Lagrangian multipliers p;, pz and A* (the shadow price of
foreign exchange).

Proceeding similarly for the control vectors ¢ and y we obtain

the system
- - K o p
[1 0 0 o o -e; A RA
*
0 1 0 o 0 -e, Py U2
*
1 0 o0 f a -b P 0
1
1 L4 - : (41)
*
-1 0 O f3 a, -b3 ny 0
*
i 0 0 -1 f4 a, b4 J i n, ] i 0 -
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where a, = 3(f3/f1)/9yi, b, = a(lefl)/ayi and ey = a(UZ/Ul)/aci.

Solving by Cramer's rule we obtain

*
. £y o £Byy * t(ay, = Pya;)(e, - qye;) “2)
2 3 P B(4) + (a3 + p3al)(e2 - q2e1) ’
*
p t B - 7[B + (a, + p,a,)(e, - q,e,)]
(2) (3) 4 4717272 21 (43)

and g, =—7=19p, + -
4 A* 4 B(é) + (a3 + p3a1)(e2 qzel)

where B(j) is the determinant of the matrix

(1 5 P3P,

with the jth column deleted.

4.2 Final Consumption Interpretation

Proposition 4: 1In the case of Model II, the optimal shadow prices of the

non-traded consumption good and the non-traded factor are their final
consumption effects, relative to that of the numeraire commodity, defined

at the optimum.

Proof: Writing Hk for the final consumption effect of commodity k

as before we have

EZ _ dcl/dx2 + qzdcz/dx2 )
= ’
By dclldxl + qzdczldxl
and
H de,/dx, + q.dc,/dx
H, 1/ 9%, + dyde,/dx, 45)

H dclldxi + qzdczldx1

1
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Now, totally differentiating the private firm's implicit production function
and equations (32), (33), (35) and (36) with respect to X715 X, and X,

we obtain, noting that dyl‘/dx4 = -1,

[~ ] —dy dy dy 7 [ ]
1 0 -1 =1 o0 dxl dxl dxl -1 0 0
1 dxp  dx,
dy dy dy
o 1 0 0 -1 de dxz dxz 0 -1 0
1 dxp  dx,
dy dy dy
3 dyy dyg
1 p -p3 0 0 &, &, dx, 0 0 -p, |. (46)
de dec dec
1 4 dey
a a a 0 0 0 0 a
1 2 3 dx1 dx2 dx4 4
de de de
g dey dey
|51 By By e o] & &, &, ] | 0 0 By

We can now solve for the derivatives dci/dxj (i=1, 2 and j=1, 2 and 4)
and substitute into equations (44) and (45). This gives

H2 tB(4) + 'r(a2 - pzal)(e2 - qzel)

By 72 B,y * (ag +pga))(e) - apey)

and

g 4 2@ T[B3) * (a4 * pu3y) (e, - apey)]
H " P4 By * (33  P3ap) (e, - Gyep)

Proposition 4 is expected, given that, by argument similar to that

of section 3.2,

dU/dx4
- dU/dx1 '

Lo 2

*
Py dU/dx2 p
—= = ——= and
A du/dx,

x|
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4.3 Government Revenue Interpretation

Proposition 5: In the case of Model II the optimal shadow prices of the

non-traded consumer good and the non-traded factor are their government
revenue effects, relative to that of the numeraire commodity, defined at
the optimum.

Proof: In light of Proposition 4, it is sufficient to show that

R2/R1 = HZ/H1 and R4/Rl = H4/Hl' Total tax revenues are given by

T
R™ = te, + T(y3 + Xq = R3) .

Hence

T
dR /dxk = tdcz/dxk + 'rdy3/dxk k=1, 2, 4 . (47)

Differentiating the private firm's production function and equations (32)

and (33) totally with respect to X5 X, and Xy we obtain, on substituting,
‘rdy3/dx1 = dclldxl + pzdczldx1 -1,
rdy3/dx2 = dclldx2 + pz(dczldx2 - 1)
and rdy3/dx4 = dcl/dx4 + pzdczldx4 +p,
Substituting into equation (47) gives

T
p, + dR"/dx, ) de,/dx, + q,dc,/dx, _ H,y

= = ’
1+ dr"/ax, de,/dx) + qyde,/dx; — H)

T
p, - dR /dx4 . de,/dx, + qyde,/dx, _ Eﬂ
dcl/dx1 + qzdczldx1 H,

1+ dRT/dx4

Finally we note that, in the case of Model II,
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el{r(a2 - pzal) - t(a3 + p3a1)}

B(4) + (83 + P3al) (ez - pzel) - Tel(az - pzal) . (48)

*
J\/Ul=l+

The version of Proposition 5 stated in [1] must be modified accordingly.

4.4 Foreign Exchange Interpretation

The existence of a non-traded final consumption good poses an im-
mediate problem for the definition of the foreign exchange effect of either
the non-traded consumption good or the non-traded factor in Model II.
Public production (use) of these commodities will clearly affect the pri-
vate firm's foreign exchange earnings and hence the amount of the traded
consumer good (commodity 1) available for consumption. But there will
also be an effect on private production of the non-traded consumer good
(commodity 2) and the amount of that good available for consumpticn. The
problem 1s to define the foreign exchange effect of public production in
such a way as to eliminate this effect on the amount of the non-traded
consumer good available for consumption and to channel the effect of
public production entirely into extra foreign exchange earnings, that is,
extra potential consumption of traded commodities.

Definition 4. The foreign exchange effect of a commodity is the rate of

change of the foreign exchange earnings generated by the private sector
(foreign exchange value of final consumption of traded commodities) with
respect to the public sector's net output of that commodity, when the
consumption of non-traded commodities is held constant.

To see what this means, differentiate the commodity balance constraint

for good 2 with respect to X,, to obtain

1+ dyz/dx2.= dcz/dx2 .
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If dc2/dx2 is to be held to zero, then dyz/dx2 = -1, That is, for

there to be no net increase in consumption, private production of good 2

must be made to decline at the same rate as public production increases.

This amounts to an additional constraint on the behavior of the private

firm, over-determining equation system (46). Hence, to perform the con-

ceptual experiment described by Definition 4 we must, in general, violate

the market equilibrium condition for commodity 2, namely that f2/f1 = U2/U1- t.
Differentiating the private firm's implicit production function and

(35) totally with respect to X, and X, we obtain, setting dcz/dx2

=1+ dyz/dx2 = 0 and dcz/dx4 = dyz/dx4 = 0,

1 -p, || dy,/dx dy,/dx P -p
3 1 2 177 - 2 4 ] (49)
a, 2, dy3/dx2 dy3/dx4 a, a,
Solving by Cramer's rule
deg dy1 dy, (a, - pzal)
dx.,  dx, dx, P2 + T(a + p,a.) (50)
2 2 2 37 P3¥
and
dc1 . dyl dy3 ) (34 + Paal)
&, TR, TN G, ey (5L
4 4 ¥ 37 P3%

To see the meaning of these expressions, consider the following problem.
"Problem II': max cy subject to £(y)=0, g(x)=0, equations (32), (34),
(35) and X, + Yy - cg:; 0, where cg is a pre-specified positive constant.

We form the Lagrangian function
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= - - ' - c°
L = cl + A'(Xl + yl - cl + K3 x3 }'3) + pz(xz + Y?_ cz)

+ pz(K4 - X, - y4) +u'g(x) + y'E@y) + ni(f3/fl +1+ 1) . (52)

Deriving first-order conditions as before we obtain

(a, - p,ya,)

2 271
8) = g,/g P, + T — (53)

2 AR 2 (a3 p3a1)
8y = - g3/gl =1, (54)

and
(a4 + paal)
' -

557" 84/ = Py T TG T pap) (35)

Clearly, Problem II' is isomorphic to the valuation of the traded
factor at its international price and the valuation of the non-traded con-
sumer good and factor at their foreign exchange effects as given by
Definition 4. It is now of interest to see what must hold for Problems II
and II' to be equivalent. We will focus on the case of the non-traded
consumer good.

Proposition 6. 1In the case of Model II, the optimal shadow price of the

non-traded consumer good is not necessarily equal to its foreign exchange
effect as given by Definition 4, defined at the optimum.

Proof: Suppose that Problems II and II' are equivalent. Then in Problem II',
cg = c;, the optimal value of ¢, in Problem II. Now, setting equations

(42) and (53) equal to one another and rearranging, we obtain
B(A)[t(a3 + paal) - T(az‘— pzal)] =0 ., (56)

That this is a necessary condition for equations (42) and (53) to be



24

identical follows directly from the fact that their identity implies (56).
That it is also a sufficient condition can be seen by substituting either
(1L B(4) =0 or (ii) t:(a3 + p3al) = 'r(a2 - pzal) into equation (4Z2).
In case (1), equation (42) reduces immediately to equation (53). In case
(i1), both (42) and (53) reduce to 8, = s; = Py +t=q,. Hence, the
optimal shadow price of the non-traded consumer good is its foreign exchange
effect 1f and only if (56) holds. But (56) does not necessarily hold.
For example, a sufficient condition to exclude either case (i) or case (ii)
is that sign (al, 3y, a3) = (+, 0, +) and sign (bl, by, b3) = (-, +, 0).
It is easily checked by differentiating a = f3/f1 and b = f2/f1’ that
these sign assumptions are fully consistent with the strict concavity of f£.
Hence, while it is a mistake to claim that the optimal shadow price
of the non-traded consumer good is never interpretable as a foreign exchange
equivalent, it is clear that, in Model II, this interpretation is not gen-
erally valid. It is easily shown that this result also holds for the non-
traded factor in Model II. Clearly, it is the existence of a non-traded
final consumption good whose consumption is in general affected by public
production that causes the difficulty. For the final consumption of good 2
to be unaffected by public production we must have dy2/dx2 = -1. The
necessary condition for this to occur automatically is, solving from

equation system (46),
B(4) = el[pz(a3 + p3al) + 'r(a2 - pzal)] . (57)

The above sign assumptions, together with the assumption that e, =

u,, - q2U11)/U1 > 0, are also sufficient to preclude (57) from holding.

12
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4,5 Market Behavior Interpretation

The shadow price expressions of equations (42) and (43) can be inter-
preted in terms of market behavioral quantities by substituting the output
supply and input demand functions y; = Yi(pZ’ P3» p4) into the equations

f£(y) = 0, a(y) = - Py and b(y) = Py- Differentiating with respect to

Py» Py and P, glves

Yoo Y3 Yy, || (8 = Ppap)  (by ~poby) 0 1
Yo, Y34 Ygq || (4 * P43 (by tpby) °0 0o

Now, differentiating the equation e(c) = q, with respect to q, gives,

writing C for dc,/3q,,

i2

C., +e =1, (59)

e; Cjpte,C

22

Assuming (a) zero cross-price effects on the production side (Yij=0’ i#i),
and (b) either (i) ey = 0 or (ii) 012 /C22 = -q, on the demand side,
we obtain

o = p 4 t8c2/8q2 ) pzayzlap2 - q28c2/3q2
2 2 " 3c,/3q, - 3y,/3p, 3y,/3p, - 8c,/dq,

, (60)

and 8, = Py - (61)

The first of these is the well-known partial equilibrium Harberger ''weighted

average" formula [4].5
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5. Model III: All Consumer Goods Non-traded; All Factors Traded

We now consider briefly the case where both consumer goods are non-
traded and both factors are traded raw materials. Let commodity 3 be a

net import and commodity 4 be a net export. The trade balance constraint is

K +K—x4-y4;0, (62)

37 %3737 R
and the commodity balance constraints are
X, +y; -¢ 20, (63)

and Xy =¥, f c, >0. (64)

Let there be a tax at the rate t on the consumption of good 2 and a

tariff at the rate 7t on imports of commodity 3. This implies that

U,/U; = a, =Py +t (65)

1+, (66)

ard - f3/f1 = Py

The second-best optimization problem is now

Problem 1II: max U(cl, cz) subject to f(y)=0, g(x)=0 and (62) to (66)
Given the techniques developed in the previous sections the reader

may easily derive the optimal shadow prices for the non-traded consumption

goods and verify that the optimal relative shadow prices for the traded

factors are their international prices. Given our earlier results it is

easily veriified that6
8, dU/dx2 dcl/dx2 + qzdczldx2

81 dU/dxl dcl/dxl + qzdczldxl

(67)

Our concern here is to show that the final consumption effect and the
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government revenue effect of the non-traded consumption goods are equiva-

A

lent in Model III, but that the notion of the foreign exchange effect of
a non-traded commodity has no meaning in Model III.

Total tax revenues are given by
RY = te, + t(x, + y, = K.)
2 3 3 3
and the government revenue effect of commodity 2 is given by

py + dRT/dx2 =py + tdcz/dx2 + Tdy3/dx2 . (68)

Differentiating the private firm's production function totally with respect

to x2

dyl/dx2 + pzdyz/dx2 - (l+r)dy3/dx2 - dy4/dx2 =0, (69)
Differentiating the trade balance constraint we obtain
dy3/dx2 + dy4/dx2 =0 . (70)
Hence (69) becomes
'rdy3/dx2 = dyl/dx2 + p2dy2/dx2 . (71)
Now, differentiating the commodity balance constraints,
dyl/dx2 = dcl/dx2 and 1 + dyz/dx2 = dcz/dx2 (72)
and equation (68) becomes
Py + dRT/dx2 = dclldx2 + q2dc2/dx2 : (73)

and we see that the government revenue effect of commodity 2 is equivalent

to its final consumption effect. The .same obviously applies to commodity 1,
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Now consider the effect of public production of non-traded commodities
on the private sector's foreign exchange earnings. Totally differentiating

the trade balance constraint,
dy3/dx1 + dya/dxl =0 (74)
and dy3/dx2 + dy,/dx, = 0 - (75)

Since there is no consumption of traded commodities in Model III, the
trade balance constraint implies that the foreign exchange effects of
non-traded commodities are by definition zero. The concept of a foreign

exchange effect therefore has no meaning in such a model.
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6. Conclusions

This paper has analysed the properties of '"second-best' optimal
shadow prices for guiding public production in a small open economy in
the presence of fixed distortionary taxes. This exercise has shown that,
using a traded commodity as numeraire:

1. The second-best optimal shadow price of a traded commodity is
its international price.

2. The second-best optimal shadow price of a non-traded commodity
is its "final consumption effect," relative to that of the numeraire
commodity, defined at the optimum.

3. The second-best optimal shadow price of a non-traded commodity
is also given by its '"government revenue effect,”" relative to that of the
numeraire commodity, defined at the optimum. In these models this concept
is logically equivalent to that of a "final consumption effect."

4, The second-best optimal shadow price of a non-traded commodity
is given by its "foreign exchange effect," defined at the optimum, when
- all final consumption goods are traded. When only some are traded, and
some are non-traded, this result does ﬁot hold generally, and when all
final consumption goods are non-traded, the concept of a '"foreign exchange
effect" is meéningless.

Some limitations of the analysis should be made explicit, First, we
_have considered only distortions due to non-optimal taxes, and some of the
‘results, especially those on the equivalence of final consumption effects
and government revenue effects, are dependent on this.7 More broadly,
however, the analytigal exercise pursued ﬁere of deriving shadow prices

from the first-order conditions from an optimization model provides
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information about the properties of the optimal solution, but not neces-
sarily a mechanism for reaching that solution.8 This point is overlooked
throughout the literature on shadow pricing. Shadow pricing formulae
derived from first-order conditions are spoken of as '"rules" for benefit-
cost analysis as if it were known that iterative application of those
rules, starting from some non-optimal positibn, would lead to the attain-
ment of the optimum that the first-order conditions describe. This
implicit assumption is not always correct, and it obfuscates the infor-

mational and convergence problems involved in such an adjustment process.
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FOOTNOTES

This paper has benefited from the author's discussions with E. M. Foster,
J. M. Henderson and J. S. Kelly, none of whom is responsible for any
errors it may contain. The research was supported with funds provided

to the Economic Development Center of the University of Minnesota by
U.S.A.I.D.

See, for example, [7], [9], [3], [1] and [10].

Dasgupta and Stiglitz [3, pp. 16, 17, 23 and 30] actually seem to suggest
that the rate of transformation that is meant to be used is the rate of
transformation between the non-traded commodity concerned and the traded
numeraire commodity applying in the public firm at the optimum. This

is tautologically correct because the object of the shadow pricing exer-
cise is precisely to find this rate of transformation; it could hardly
be an input into the calculation.

Note that "net output" is negative in the case of a net input and that
all other inputs and outputs of the public sector are being held constant
in Definition 1.

See footnote 3 above.

It is worth noting that, despite its numeraire error referred to above,
the Boadway [1] rule also reduces to equation (60) in the case of the
above assumptions.

Note that the numeraire commodity in (67) is non-traded.

In [1, p. 429] it is claimed without proof that results similar to the
"government revenue effect” results derived here generalize to distor-
tions due to "monopoly, externalities, risk, etc." This claim is
unjustified.

The author has tried to demonstrate this point and suggest some solutions

in a somewhat simpler model, in [11].



