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FLOW THROUGH VORTEX TUBE SEDIMENT EJECTORS
Abstract

An analytical model of the flow and sediment conduction through
a vortex tube has been developed herein. This model combines the
spatially varied flow equations with the sediment transport model in
sand bed channels. The empirical coefficients introduced in the model
have been investigated with the help of Robinson's 8-ft. {lume data (10).
It is found that the cocfficicents of velocity Cv’ of area C" and of
lateral momentum inflow C]L can be considered as constants for the
tubes investigated by Robinson. lowever, the vortex flow coefficient,
CI is found to be a function of the tube geomtry and the Froude
number of flow on the tube. Knowing the C] - 1F relation for a
specific tube peometry, it is possible to use this mode! to investi-
gate various characterisuics of the vortex tube flow. Three numerical
examples have been used to show the verification of laboratory study

data, and the ceffect of varfation of parameters on the sediment

conduction through the tube.
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Figure 1. Schematic Layout of & Vortex Tube.
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HiDRAULICS OF A VORTEX TUBE

Hydraulically, there are two characteristics of the vortex tube
flow! (1) the flow is spatially varied along the length of the tube
and (2) a vortex is superimposed on the longitudinal flow due to the
flow entering the tube. To analyze the flow through the tube, the
force-momentum relations are applied as follows:

Equations of Flow

Consider a cross-section of the vortex tube normal to its length
(Figure 2). At this sectici, one dimensional continuity and momentum
equations can be written along coordinate s measured along the
centerline of the tube as:

L 9 =C ac /g thy=C a v (1)
and ”
dF - d_ 9: e
s "3 ) - € e qVcos o (2)

where Q = longitudinal discharge in the tube, q, = inflow discharge
intensity por unit length of the tube, (C a) = Lffective area of

the slit per unit length of the tube, normil to the velocity of inflow
(V,), F = sum of all the forces acting on this cross-section along

8 “direction; o = rass density of the fluid, A = cross sectional

ares of the tube normal to its length and (| = coefficient of lateral
momentum inflow in the tube due to q;. In bquations (1) and (2),
quantities, q;, a, V;, F, Q and A are functions of coordinates.
However the coefficients C , C_ and Cy are considered independent
of s and entirely dependcgt on'the tube geometry. ‘Their evaluation
will be discussed later,

Vortex Flow

Based on the escriptlons of the flow in the laboratory and proto-
type vortex tube structures (5,9,10,11), it is known that at the
cross-section under consideration, a forced vortex, is generated due
to the inflow. It is assumed that the vortex has an angular velocity,
w (& function of s) and that the tangentiul velocity V. at the
periphery of the tube is related to the inflow velocity component
normal to the tube axis, V| sin ¢ (ligure 2) as

(]

VC D 5%»- Clvlsin ¢ = Cﬁ;l sin ¢ (3)
where d » depth of tube invert below its upstream Jip (Figure 3) and
the vortex flow coefficient C; depends on geometry and layout para-
meters of the tube as well as on the velocity and velocity distribution
of the approach flow., It ls assumed that C, » 0 2ven when :he down-
stream lip of the tube is at or below the level of the upstream lip
(e < 0 in Figure 3).

Pressure I,stribution in the Flow

To resolve the pressure d'stribution in the cross-section, it is
assumed that the flow can be decomposed in s nearly parallel flow
slong the length of the tube and the forced vortex as described above.
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426 COMPETITION FOR RESOURCES

The pressure distribution is then obtained by the superposition of:
(1) hydrostatically varying pressure along the depth of the tube and
(2) the pressure field due to the vortex. Considering a point (r,0)
in the cross-section, Figure 3,

el
20q] cf sine
p(r,0) = p, - ogr sin O + ——EE——i_—____ @ (4)
a

where p_ = pressure on the centerline of the tube (r«0) and g =
gravitatfonal acceleration. At the top of the tube, in the plane of
the slit, 2 2 2
q, C; sin” ¢
Plop (gD =p, -ogge ot (s)
1 c 2 ¢t
and the average pressure on the cross-section is
q2 C2 sin2 ¢

Pep* §—— 6)
¢ Cu a

Inflow Discharge Intensity

The inflow discharge intensity, q, can be related to the
pressure difference across the slit as

qy =€, €, a0 she (7
P

where C_ = coefficient of velocity and she = H - 1 . Equations (7)
and (5) Yan be combined to obtain oR

q = A, Ay (8)
" Cé C: .2 ) (
where A, m 2‘(_2_"—"—7—" 9)
2 locV Ci sin® ¢
d Pc
and Ah = (H + 3 - 'p-i-) (10)

orces Acting on the Cross-Section

Considering all the forces acting on the cross-section

g—f— s pgA sina - 1P - -g-; (pA) (13)

Component due to: gravity-boundary shear-prossure

where o = inclination of the tube invert with the horizontal considered
positive downward in the direction of tube flow, 1 = boundary shear

£qQ2

stress 9—9’— , f = Darcy-Weisbach friction factor, P = wotted peri-
8A

meter of the tube and A = the cross-sectional area of the tube.
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Equation of Flow

Introducing Lquation (11) anc the expressions for other quantities
in Equation (2), yields ’

Qe+ AQ? +B,0Q" + 0% ¢ b, = 0 (2
where
2aC.. Cos ¢ 2
« 9Q - 39’ wLdA 1da 1™ ¢ .. As
-2 7AdS “ads ' ThAi— B A
1
-2a° fP dA -2a d, dA  2a
C-';T(T'ds)'n' (AAlg(“ E)T‘Al g sin a}
1
2
2 + (C.C sin ¢)
and A.____V__L__—_

1 2

(€.

Equation (12) is a second order non-linear differential equation with
variable coefficients., The solution of this equation describes the
flow and pressure vaviation along the leng*th of the tube. The manner
in which this equation is usually solved makes it a boundary value
problem. It can be numericall' solved if two boundary conditions are
specified. However, in some particular cases, this equation can be
analytically solved. The case of a horizontal laid prismatic tube

is one such case. The rest of this paper is exclusively concerned
with the water and sediment flow through horizontal prismatic tubes,

Soiution for Horizontal Prismatic Vortex Tubes

Equation (12) is considerably simplified for the case of a
horizontally laid, prisma..c tube, that has a consxant slit width, For
this condition, D, = 0 and Equation (12) becomes a homogeneous
equation with constant coefficients:

Q" + A0 ¢ B, QQ v 7= 0 (13)
The boudary conditions for Equation (13) are

Q(0) =6 and Q(L) = Q
where QT = discharge at the exit of the vortex tube. Assuming as a
solution i
Q(s) = Q; exp (ks) 14)
where Qo = & constant greater than 0, .Equation (13) becomes

3

Qy exp [2ks] - (k> + AK® + Bk + C} w0, (15)

For a nontrivial solution of Equation (15),

K eak?ebkec, =o0. (16)
To be compatible with the physical situation, the largest positive
root of Equation (16) substifuted in Equation (14) will nrovide a
solution of Equation (13) along the length of the tube. This solution
can also satisfy the downstream boundary condition Q(L) = QT' 30
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that from Equation (14), exp (-kL). However, it can only
satisfy the upstream boundagy coxdltlon asymptotically because Q(0) +
0 as L+ and the tube is not infinitely long. Assuming a long tube
so that Q(0) = Q. exp (-kL) = 0, the solution for the discharge in
the vortex tube 17

QUs) = Qp exp [k(<-L)] . a7

For this solution, the variation of hydraulic quantities in the tube
can be obtained as:

Inflow discharge intensity, q = QTk exp [k(s-L)) (18)
Differential pressure head from Equation (1),
&h = (H + d/2 - p_/rg)

and from Equation (18), Q 2k2
th = L exp [2k(s-L)] . (19)
A o 2,2
Centerline pressure in the tube, 6%-- (H+ %J -3 exp[2k(s-L)] (20)
A
2
and
! ZQTkClsin ¢
Angular velocity, w = ~— e d — &P [k(s-L)] . (21)
a

Equations (17) through (21) indicate that the flow parameters
vary exponentially along the length of ‘he tube. The exponential
parameter k is delcrmined from Equation (16) lt is a function of
the tube geometry and the coefficients and C introduced
at various stages of the model. Given thx tuge gLometry a*& the
appropriate values of these coefficients, a unique value of k can be
determined.

Evaluation of Coeff:cients

Coefficients C , C and C can be indirectly measured
by investigating varJous? comﬁonents o} the flow through vortex tubes.
In general hydraulic quantities available from the previous vortex
tube studies (refer Fig. 1) are the discharge intensity q in the
channel, the depth of flow H over the tube, the tube discharge Q
and the centerline pressure Pce 8t the discharge end. 1In the atuxy

reported herein, the writer has used Robinson's data from his 9
experlmental series (10) for evaluation of these coefficients.
Essentially Robinson, investigated different vortex tube shapes and
sizes over a sand bed with the median size, = 0,54 mm and the
gradation coefficient, o = 2.0 in an 8 ft reé?rculating flume. His
experimental procedure is described elsewhere (10). All these tubes
were placed at ¢ = 45° and a wide range of ¥ was investigated for
each vortex tube. The data aro listed in Table 1. In analyzing
Robinson's data, the writer assumed the following values based on his
own experience with similar situations in spatially varied flow:

CA = 0.60

C, = 0.985
CrL = 1.00



TABLE 1. ROBINSON'S VORTEX TUBE DATA IN 8 FT FLUME.
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Flow oB the Tube Bod Material Concemtration
Flume Di::::r -t'::i::rh‘:u Vortex coefficient Flume flow Tube
Discharge Depth of Flow Ll pTharge [Eq. (16) & (19)] {upstresa of tube) Flow
ot Froude No. H QT Sh(L) c
L] £ F fr cfs fr 1 ppm vpa
Tebe ARR-O1, A = 0.244 fr2, d s 0.417 fr, P = 1.330 ft, a = 0.625 fr, e=<0.062 fr.
ARR-01-12 3.9 0,481 0.320 0.92v 0.528 2.621 - -
ARR-81-13 a7 0.714 0.278 0.872 0.486 2.760 - -
ARR-01-14 S. 16 1.058 0.227 0.785 0.436 3.478 - -
ARR-01-15 6.9 u.A7s 0.314 0.535 0.51¢ 2.393 - -
ARR-01-16 7.23 1.3.a 0.245 0.435 0.454 2.862 - -
ARR-01-17 5.3 0.410 0.43%5 1.030 0.644 2.466 - -
ABR-01-13 7.3 0.538 0.447 1.060 0.656 2.278 - -
ARR-O1-19 8.50 0.693 0.4128 1.050 0.62¢6 2.160 - -
ARR-OL-20 7.45 0.786 0.352 0.975 0.560 2.327 - -
ARS-01-21 7.79 1.197 0.27¢ 0.935 0.482 2.038 - -
ANR-0}-22 8.15 1.378 0.257 0.77% 0.466 4.507 - -
ARR-01-22% S.68 0. 340 0.534 1.200 0.722 1.685 195 S22
ARR-01-23 5.56 0,309 0.603 1.200 0.812 1.7¢9 39 10
ARR-01-2a 7.12 0,154 0.581 1.270 0.7%0 1.602 207 34
ANR-01-2S 4.8S 0.5386 0.327 1.090 0.536 1.343 188 9
Tube ARR-02, A = 0.261 flz, d = 0417 ft, P s 1,460, & = 0.561 ft, e = «0.005 fr_
ARR-02-27 7.4 C.852 0.334 1.080 0.542 1.900 821 1477
ARR-02-28 7.87 1.09 0.285 1.020 0.49¢ 1.967 1418 3950
ARR-02-29 6.98 0.431 0.503 1.200 0.712 2.143 226 406
ARR-02- 30 7.33 0.450 0.479 1.180 0.688 2.140 o17 1450
Tube ARR-L3, A = 0.280 ﬁz, d=0.4}7 ft, P = 1590 ft, g = 0.50 ft, e = +0.064 fr.
ARR-03- 31 &.00 0.401 0.477 1.15¢ 0. 686 3216 2 831
ANR-03- 32 7.02 0.499 0.458 1.170 0. 666 2.788 194 672
ARR-03- 33 7.41 0.548 0. 440 1.130 0.65¢4 3.132 S8 153§
ARR-03- 34 7.5% 0.713 Q.379 1.100 0.588 2.71712 831 2960
ARR-03- 35 5.68 0.310 0. 546 1.230 0,754 2,941 46 117
ARR-03- 36 7.54 0.71s 0.3°? 1.1s50 0.586 2.285 594 1720
;]
Tube ARR-04, A = 0.170 ft°, d = 0.440 ft, P2 1,110 ft, a = 0.37S fr, e = -0.062 ft.
ARR-04-37 5.44 0.422 0.432 0.770 0.652 1.915 181 987
ARK-04-33 6.53 0.582 0.3% 0.802 0.614 1.434 482 1550
ARR-04-39 7.38 1.0i0 0.296 0.714 0.51% 1.621 1044 41%0
ARR-04-40 7.42 1.165 0.270 0.086 0.490 1.717 1142 $940
ARR-04-4) 7.20 0.0% 0.373 0.756 0.593 1.705 1088 5400
ARR-94-42 .10 0.676 0.3?7 0.777 0.597 1.545 826 3350

a3y



TABLE 1 (CONTINUED)

Flow om the Tube Bed Materisl Conceatration
Flome Dimr -t':::;:: h:':“ Vortex coefficient Flume flow
Discharge| L . . Depth of Flow e et (Eq. (16) & (15)] | (upstream of tube)  ilow
L, F He fs @ ¢ Ry R

am s [4 Pre Prm
Tube ARR-0S, A = 0.184 fr?, d = 0.440 fr, P = 1.240 fr, a = 0.308 fr, € = 0.020 fc.

AR-0S-43  S.14 0.328 0.492 0.780 0.712 3.050 6 97
ARR-0S-44  5.54 0.455 0.436 0.756 0.656 2.918 27 106s
ARR-0S-45 6.85 0.597 0.400 0.764 0.620 2.468 258 3510
ARR-0S46  7.27 0.751 0.357 0.644 0.577 4947 864 $730
ARR-0S-47  7.60 0.875 0.332 0.654 0.552 2.509 905 urn
ARR-0S-48  7.18 0.992 0.295 0.640 0.514 3621 700 a0s0
Tube ARR-06, A = 0.197 ft°, d+ 0.440 ft, P = 1.350 fr, a = 0.287 fr, e = +0.091 ft.

ARR-06~49 5.59 0.325 0.525 0.820 0.745 3.76i [ 14 123
ARR-06-50  6.74 0.440 0.486 0.817 0.706 3.335 24 e
AR-06-S1  6.95 0.607 9.399 0.800 0.619 2.716 92¢ 5790
ARR-06-52 7.26 0.669 0.387 0.867 0.607 1.878 79 3860
Tube ARR-07, A = 0.170 fe°, d = 0.440 ft, P = 1.110 ft, a = 0.375 fr, e v -0.062 ft.

AR-07-528  18.94 0.622 0.768 1.070 0.988 1.133 1096 3660
ABR-07-53  18.72 0.630 0.756 1.050 0.976 1.207 111 18317
ARR-07-54  14.72 0.357 0.940 1.130 1.160 1.283 s 3105
ARR-07-S5  21.11 1.178 0.540 1.030 0.760 0.566 2067 14453
ANR-07.-56  21.23 1.054 0.583 1.040 0.203 0.669 1880 11582
ARR-07-57  20.79 0.829 0.675 1.040 0.895 1.012 1298 11565
ARR-07-58  21.68 1.321 0.5t9 0.770 0.729 2.363 2062 13769
ARR-07-59  18.65 1.311 0.463 0.700 0.683 3.100 2536 25382
ARR-07-60  1B.41 1.18 0.452 0.700 0.712 3.401 1337 9615
ARR-07-61  20.84 1.340 0.491 0.770 0.711 2.249 2915 18662
ARR-07-62  12.05 0.307 0.911 1.110 1.131 1.314 202 m
ARR-07-83  16.47 0.424 0.905 1.170 1.125 0.982 o3 4394
ARR-07-64  20.56 0.83s 0.667 1.060 0.387 0.875 288 13699
ARR-07-65  18.89 0.675 0.727 1.080 0.947 0.957 2038 18433
AKR-07-65a  18.25 0.763 0.665 1.050 0.385 0.92¢ 2633 24506
ARR-07-66  18.87 0.705 0.708 1.080 0.925 .88 1 15758
AXR-07-67  18.92 0.999 0.560 1.040 0.780 0.5%0 1651 9462

ogy
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TABLE 1 (CONTINUED)

Flow on the Tube Bed Material Conceantration
Flume i e e orking head  yortex coefficient | Fluse flow Tube
Discharge | Depth of Flow | -i3charge ischarg [Eg. (16) & (19)) (upstream of tube)  Flow
Toude No. Q ah(L)
RN Ly Hee Tets £t 4
ppa ppe
Tube ARR-08, A = 0.182 ft2, d = 0.440 ft, P = 1.220 ft, a = 0.325 £r, © = +0.009 £r.
ARR-08-68  18.84 0.403 1.023 1.190 1.243 1.607 806 - 2067
ARR-08-69  18.85 0.414 1.005 1.170 1.225 1.671 s88 2593
ARR-08-70  21.39 0.532 0.925 1.150 1.145 1.561 740 3329
ARR-08-71  21.29 0.636 0.818 1.120 1.038 1.418 1255 11506
A. 08-72  19.12 0.713 0.706 1.050 0.926 1.465 1227 7394
ARR-08-73  19.03 0.689 0.720 1.080 0.940 1.338 1142 8455
ARR-08-74  18.74 0.842 0.623 1.030 0.843 1.296 2151 23982
ARR-08-75  18.8S 1.086 0.528 0.940 0.74, 1.489 2679 31221
ARR-08-76  19.32 1.129 0.523 0.980 0.743 1.217 1993 24097
ARR-08-77  17.17 0.845 0.587 1.010 0.807 - 1.282 1772 13862
ARR-08-78  17.00 1.036 0.509 0.930 0.729 1.476 1641 11714
ARR-08-79  17.27 1.085 0.499 0.970 0.719 1.181 1784 20344
ARR-08-80  17.72 1.015 0.530 1.000 0.750 1.127 2840 25303
ARR-08-81  16.51 0.485 0.827 1.110 1.047 1.501 as8 4403
ARR-08-82  16.37 0.692 0.649 1.030 0.869 1.387 1256 7150
Tube ARR-09, A = 0.194 £t2, d = 0.440 fr, P = 1.330 ft, a = 0.232 £, e = +0.080 fr.
ARR-09-8a  17.90 0.375 1.037 1.150 1.257 2.465 568 2846
ARR-09-85  19.11 0.464 0.939 1.140 1.159 2.164 742 32719
ARR-09-86  21.12 0.533 0.916 1.160 1.136 1.939 1171 2565
ARR-09-87  21.32 0.687 0.778 1.110 0.998 1.788 1915 15612
ARR-09-88  18.73 0.520 0.859 1.100 1.079 2.164 936 3614
ARR-09-89  18.41 0.606 0.766 1.090 0.986 1.874 1365 12611
ARR-09-90  18.65 0.651 0.738 1.050 0.958 2.054 923 7823
ARR-09-91  19.51 0.845 0.639 1.050 0.859 1.650 1649 17383
ARR-09-92  18.64 0.897 0.595 1.040 0.815 1.540 2257 25727
ARR-09-93  17.81 0.813 0.617 1.030 0.837 1.693 1092 10570
Note: 1 ft = 0.305 m

1 £t2 = 0.093 o?
1 cfs = 0.028 m¥/sec.
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Admittedly, specific investigations made to evaluate these coefficients
may lead to somewhat different values. It is assunied that the vortex
flow coefficient, Cj 1is the only variable that changes with the
channel flow. For eech run, the value of Cp was computed by trial
and error, using the cubic Equation (16) and Equation (19) evaluated
at the discharge end (s=L) for pc, = 0. For each tube these values
are plotted in Figure 4(a) through (1). To explain the scatter in
the calculated Cy - F relationship, the sensitivity of calculated
C; to errors in measurement of Qr and H was investigated. It was
found that:

(1) A change of + 2 percent in Qr caused a change of + 9 percent

in the calculuted value of Cj.
(2) A change of ¢ 2 percent in H caused a change of 1 3 percent
in the calculated value of Cj.

The maximum probable error in the computed value of ( due to about
5 percent measurement error in both Qr and H amounts to about 23
percent. The mean curves drawn for different tube configurations
should be viewed in this light. However, these figures do indicate
that C; depends on F. The Cy - F relationships are different for
different tube shapes and the mean curves for Robinson's tubes shown
in Figure 4 are taken as the characteristic values of individual tube
shapes. A combined plot of these mean curves is shown in Figure 5.

Approximate Solution for k and C;

The preceding analysis of Robinson's data was made by a trial and
error solution of Equations (16) and (19). It is also possible to
obtain an approximate solution of these equations. Comparing the
magnitudes of A,, B,, and C, in Equation (16), one finds that for the
usual values of f(=0.016), C, is almest negligible as compared to
A, and B,. Neglecting C, in comparison with A, and B,, Equation
(16) is reduced to a quadratic form with a non-negative real root.

C..cos ¢
IL
k=2 -1} (22)
. A caAl ’
As a further approximation
' ‘ , 2aC C L
K o 2a va ‘(2;)

/7 "
M A / 2+ C\zlcisinzwb

1§na€fot\th6“9dlﬁékﬂof C,» C, and Cpy used herein,

- 0.836 a 24)

A/l + 0.485 € sin® ¢

The preceding model can be used to analyze the flow through a
vortex tube, provided the tube geometry, the Froude number of the flow
on the tube, the depth of flow H, the centerline pressure at exit
Pce 8nd the IF- Cp relation for the tube is known. This analysis
can be based on the direct solution of Equations (16) and (19). This
method is later illustrated herein.



'VORTEX BEDIMENT EJECTORS Ay

(s . . o
40p Tube ARR-O} " _s~ : (o)
A 0.244 08 | ge0 4T 11 N SRR
Pe1330M , 64062511 , 00-0.0 S
G'aof ' resno ‘”: b
. ’ [
a0} o ¥
5 . FI
(L “1.:‘
L L
g 10} »
e [ R PO s s ey
c 'l 'l 'l i 2 2 r]
—
4.0 Tube ARR-02 (b)
T
i Ae0.2681 118 | ¢ 10417 1t Pt
- P r1.46011 , 0+0.861 11 , 00¢0,0081 i
J's.ok Lt 3
¥ P
§ 2.0} .
.
Q R
-}
§ 1.0 3
L ot
; .
c 1 h §
PP P
il (o)
sof
J
i 20} .
L — i o
Tube ARR-03’ o
3 1 o ~J Note: Ift +0.308m .
1ol - #0200, gs04ity. cp Lo r 11990,093m0
5 P+1.3901 , as0.52011 , ¢540,08411 b
0O A F A i ' 'l I}
o o2 04 08 0.8 10 12 . 14
T T Froude N T

Figui'é 4(a) - 4(c). Variation of Vortex Coefficient CI with Froude No.
IF.in Robinson's Vortex Tubes. In"all Tubes, .B =:
80 ft.and ¢ = 45°, o



L] COMPETITION FOR RESOURCES

40r Tube ARR-04 o[ p (4

As0.17011% , ¢20.4400
PobnOft , 4eO378 11 , 00~0.082

.S
S

Costfi
~»
?

i
. & .5

et c,
b
k-]
L2
./
e
SRS P

e
Tude “ARR-03 'U'

g ok AeD. 104117, 40,4401 ¥
’ Pe1.24011 , 0+0.308 11 , o5 +0.0201

S

“r ("
Jsof o
N — Nete: i1 0.300m
: Tube Ann-08 oy C 00nme
1.0f ASCISTI®, 4104401
£ 130011, €90.20711 , 054008111
A 0 i 4 i " 1 N )
0 0z o4 o8 o8 1.0 2 i4

Froude No. F

ST TR S . .
Figure 4(d)- -~ 4(f). Variation of Vortex Coefficient C; with Froude
No. IF in Robinson's Vortex Tubes,” In all Tubes,
B=28.0ft and ¢ = 45°,



-VORTEX BEDIMENT EJECTORS 1)

—
Tube ARR-O7 V

AOITONY , de0 4401
s or Pel1ON , 6cO378 11 ,00-00821

400 — n
Tube ARR-08 "7 J”

A0 18211%, 4:0 440N
sop P s 22000, 04032511, 0240009N

\‘N
1 of
o L i 2 4 i Fl ]
4 —
or Tubs ARN-09 Y YT )

A20.194 1%, ¢:0.4401
Pe).3301t ,0+0.232 1, 004008011

ey
o
T

~n
=)
v

Vortex Coefficient , C;

1.0F
Note: (ft +0.308m
1119:0.093 m*
° A i A 'l L ' -l
0 02 04 08 (1] 10 1.2 4

Froud No. F

Figure 4(g) - 4(1). Variation of Vortex Coefficient C, with Froude
No. IF in Robinson's Vortex Tubes. In all Tubes,
Be 8,0 ftand ¢ = 45°,



w
5 ©

Vortex Coefficient, C;
o

O

o

(<)

Tube No. | Shape | A 11* d.h q,ft e, hh
h ARR-01|{__f | 0244 | 0417 | 0625 | -00&
apR-02|{_J | 0261 | 0417 | 0561 | +0005
ARR-03{7_J | 0280 | 0417 | 0520 | +0.064
ARR-04| T J | 0.170 | 0440 { 0.37s | -0.062
ARR-05| T J | 0.184 | 0.4a0 | 0.308 | +0.020
ARR-06| 1) [ 0.197 | 0,40 | 0287 | +0.09:
ARR-07| {_J | 0.170 | 0.440 | 0.375 | -0.062
7 | ARR-08] TJ [ 0.182 | 0.440 | 0.325 | +0.009
ARR-09} 1) | 0.194 | 0.440 | 0.232 | +0.080
0z o4 o8 ) 0 2 Note : It 20.305m
Froude No.F 1112:0.093m?

Figure 5. Average (:I - F Relations for Robinson's Vortex Tubes.

SAOUNOSIY UOA NOILLLAJKWQO



VORTEX SEDIMENT FJECTORS 497

Variation of Hydraulic Quantities Along the Tuke

As stated earlier, the flow model shows that all the hydraulic
quantities relating to the vortex tube decay exponentially from the
discharge end of the tube upwards. The implicution of this exponential
variation is that the discharge Qp entery through a relatively small
length of the tube close to the discharge end. To illustrate this
point the variation of different hydraulic quantities pertaining to
Robinson's run ARR-01-12 has been calculated. For this run, the data
are:

(%) »0.528 ft, p, =0, Fx0.49, Q = 0.92 cfs,

¢ = 45°, B = 8,0 ft, f = 0.016, Cv = 0.985, ClL = 1,00,

C‘ » 0.60 and CI = 2,621, The corresponding values

A, = 0,395, B, = -1.720, C, = -0.009 and the largest veal
root of Equation (16) is k = I [25.

The following dimensionless quantities are introduced to illustrate the
variation of hydraulic parameters along the tube:

s, = s/L

Q, = Q(s3/Qp (25)

a, * ap(s) L/Q; (26)

Ah, = sh (s)/ h(L) (27)
and w, = w(s)/u(l) . (28)

Figure 6 shows the variation of Q,, qp,., sh, and w, along s,.
Also shown in these figures are the variation of the same parameters if
C; 1is reduced to half its value, 1.310. It 1s seen that:
1. The active length of the tube is about 0.4 times the total
length.
2. A lower value of C; increascs the total discharge Q
through the tube, but it dccreases the effective lengtg
of the tube to 0.33 of the tube length.

1t is concluded that the role of the vortex motion in the vortex
tube is to increase the active length of the vortex tube for a given
flow condition. This conclusion bears on the sediment conduction
through the tube and is discussed later.

SEDIMENT INFLOW IN A VORTEX TUBE

The vortex tubes are generally built into bed contractions. The
flow starts to develop n2w velocity and sediment concentration profiles
at the bed contraction which are different from the profiles in the
developed flow of the approach channel. In suberitical channel flow
the depth constricts over the bed contraction thus providing a favor-
able pressure gradient. If the transition between the channel bed
and the bed contraction is well rounded and gradual, the flow does not
separate from the boundary. In such cases, it may be possible to com-
pute the velocity and sediment concentration profiles approaching the
vortex tube. However, if the flow does not undergo separation from
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the solid bourdary and the distance between the upstream edge of the
contraction and the vortex tube is small--say less than about two flow
depths depending on the bed material size and the amount of bed con-
traction--it is possible to make some simplifying assumptions. It is
assumed herein that if the preceding conditions are satisfied, then
the sediment concentration in each stream tube remains unchanged
between the equilibrium channel flow and the flow approaching the
vortex tube. With this assumption and with the use of the hydraulic
solution of the tube flow, it is possible to determine the sediment
conduction in a vortex tube. This approach requires an analytical
model for the velocity and sediment distribution in the equilibrium
channel flow. A number of such models are available but mostly they
involve implicit functions requiring numericzl and sometimes trial

and error solutions. In the following development, an approximate

two dimensjonal model of velocity and sediment distribution in sandbed
channels (8) is used. This model uses explicit power relations for
all the hydraulic and sedimentation quantities in terms of the depth
of flow. Phenomenologically its structure is the same as the Einstein
bedload function (4) and the writer's model (6) for flow in sandbed
channels. The details of this model have been described elsewhere (8).
The advantage of using this model in the context of the present problem
is that one can calibrate the model when needed and the results are
obtained in closed form.

Model for Flow in Sandbed Channels

Consider an equilibrium flow with a discharge intensity q on
a sandbed with the median bed material size, D and a Froude number
IF (Fig. 1). Then the resistance function for the flow (8) in fps
units is i

a,..b
n = k0 (29)
n' = 0.0342 p'/6 (30)
and H = Ha(-:-'-)” 2 (31)

where n = Manning's roughress coefficient for the flow, k¥ = an
empirical coefficient, a and b = empirical exponents, n' = grain-
associated Manning's n for the flow, Hy = depth of equilibrium flow,
pgH'!'S = pU's = grain-associated boundary shear stress and S = energy
gra&ient in the flow. In Equation (29), k;, a and b are evaluated
in the vange of flow conditions experienced in the channel. In
addition to Equations (29) to (31), the bed material transport and
shear parameters, ¢, and ¥, are defined as:

[ 1 ]1/2 2
¢y = 8 l—m———= ‘
® “g(6-1)0° |
¥, = (G-1) E?‘s' (33) |
a S

and ‘\‘fVQ. = a V'b} Ea (34) :
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where g, = bed-load in solid volume per second per unit width of the
channel, G = specific gravity of the bed material and aj;, by are
determined from Figure 9 of reference (4) for a range around &,.
Alternately, a, and b1 can also be determined from the available
field data.

Suspended Load Distribution

The bed-load is assumed to move in bed layer of thickness 2D and
the velocity of sediment in the bed layer is 11.6 U!. Thus the
reference concentration of bed material, ¢, at the edge of the bed
layer is

&
€a © (1.6 U (2D) (35)

where c¢_ is in units of solid volume per unit volume of space. The
vertical®distribution of bed material concentration is not very sensi-
tive to the underlying assumption of the variation of sediment diffu-
sion coefficient, ¢_ (or the shear distribution) along the depth

of flow. The major uncertainty in the computation of suspended load
distribution comes from the selection of the Rouse number, z (6).
For simplicity, it is assumed herein that the turbulent diffusivity

€_ varies linearly in the depth of flow as €4 = x U,y, where « =
vin Karman's constant, U, = shear velocity and y = distance from the
average sand bed. The resultant bed material concentration profile is

z
2D
= £ 36
cy = () (36)
where 1z = K; , and w = fall velocity of sediment size D.
*
The velocity distribution in the vertical is assumed to follow a
power law b

) 2
= B (37)
where the exponent b, is selected herein as 1/6 and coefficient a

can be determined by equating the grain associated resistance factors
from Equations (30) and (37).

The discharge q, and bed material load g, from the meaﬂ bed
up to adistanco y froh the bed can be calculated’ as:

fy d | “(33)
qy 0- uy y [ SR}
X fy Cu,-d 39
-, + : y . .
o By B SN (39)
fpr; a';§ec1f1ed dischdrgq qy,j,Eguagioq (39) can be expressed as :
m, om, m m -
. 1 2 40 3
& nga it 42?3 fc(qy) L, 40

,"Qhe}éf¢ny?théidis;hhce from channel‘bed up to which the discharge per
© -unit width of the channel is qy, gy ® total bed material load up to.
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Yo my= (1 +b,-2)/(1 +b,) and £, 2,, £., m, m, m, are
funct?ons of thg known bed mgterlal, cﬁannef flo8 andltrangport param-
eters earlier introduced in Equations (29) to (37). Equation (40) can
be used to calculate the bed material inflow in the vortex tube
corresponding to the inflow of a discharge intensity, gq, per unit
length of the tube. Use Jf Equation (40) will be illust¥ated with

a numerical example later.

WATER AND SEDIMENT CONDUCTION IN A VORTEX TUBE

The hydraulic and bed material inflow solutions for the vortex
tube can be combined to yield the water and sediment conduction under
specified conditions of channel flow.

Let a vortex tube with specified size, shape and C; - FF character-
istics be laid at an angle ¢ in a rectangular channel of width, B
(Pig. 1). Let the bed contraction have an elevation Az above the
channel bed. The depth of flow over the vortex tube is given by

2 2
He Ao =i+ Ao -4, (41)
ZgH2 a 2gH2

a

To solve for the flow through the vortex tube, the analysis was based
on coordinate s measured along the length of the tube. In the
following development for the water and sediment conduction, it is

more convenient to work in terms of x, the distance measured from

the blind end of the vortex tube along a direction normal to the
channel flow (see Fig. 1). Let qp, be the discharge inflow rate for
the vortex tube per unit width of tﬁe channel at distance x (Fig. 2).
From Equation (18),

qlx = QT k* exp [ki(x-B)] (4?)

where k, = k/sin ¢, x = distance measured normally to the channel -
axis from the blind end of the vortex tube and QT a total tube dis-
charge at the outlet.

Combining Equations (42) and (40), the tube discharge and the bed
material load inflow up to any distance x is .

X s
Qx) =/ q dx (43)
0 cEl e

X
and 4 Go(x) = [ g, dx (44)
[}

There is a questjon about the lower limit of integration in Equation
(44). Because the discharge within the tube varies exponentially

it is understoand that up to some distance xg from the blind end, the
water dischargs Q in the tube will not be enough to move the sediment
inflow to the -lischarge end of the tube. The lower limit of integra-
tion in Equation (41) should therefore be replaced by x,. It is
assumed that for 0'< x 2% the tube does not contribuge to bed
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material removal after the tube has been filled up in this reach by
the fallihg bed load., To develop a criterion for xj, it is further .
assumed that the incoming sediment load will be deposited in the. :
tube as long as )

v S
L<i -(45)

w .
/ 2 «
where Vr = effective velocity in the tube = (%—) + Vz and w =

fall velocity of sediment size D. With this criterion,

172
a9 kA C sin ¢ 2
xo » r: In [m {1+ (—-q-a—-—) } ] (46)

Rl

whe;e»kQ»q; Qr ekp (-k,B) and other terms have beci defined earlier,
The disclarge’ Q,(B) at the ond of the ube. v Q; and the bed material
load .. .. .

B
G,(B) = (x) d
xé gy g

X "'0Q Mo ,
« O
o ] @7

Equation (47) defines the total bed material load removed by the tube
in solid volume per second. The bed material concentration in the
extracted flow is

ek,mo(xo-B)

SN ’5‘ ml m2 ' m3
" EH, T Y Bxg) ¢ e (-

c_ - Giaﬁﬁ). 10% ppa (48)

where G = specific gravity of the sediment. The use of this sediment
conduction model is next illustrated for the vortex tube used in
Robinson's series-8 (refer Table 1}).

NUMERICAL EXAMPLES

The use of the preceding model of sediment and water conduction
in vortex tubes is illustrated in the following for Robinson’s tube
No. 8 (ARR-08, Table 1). The dimensions of this tube are shown in
Table 1. The C; - F relationship for this tube is shown in Figure
4(h).

Three numerical examples are solved in Tables 2, 3 and 4. 1In the
first example, the sediment extraction through the tube is studied for
the variation of IF. in the channel flow while keeping the discharge
end of the tube flowing free (pc. = 0). In the second and third
examples, the effect of varying © Az and Pce ©On the sediment
ejection is studied. Similar investigations can be made to study
the design aspects of a given vortex tube provided its C; - F chara-
cteristics are known. The following data are given:



TABLE 2. CALCULATED VARIATION OF WATER AND SEDIMENT CONDUCTION IN VORTEX TUBE (ARR-08) FOR DIFFERENT VALUES
OF FROUDE NUMBER, F (Az = 0.10 ft).

a
1 2 3 4 5
Channel:

Froude mmber, F. 0.30 0.40 0.50 0.57 0.58
Flow depth, H.. ft " 1.292 1.067 0.919 0.842 0.832
Energy gradient, S x 10 2.208 2.851 3.480 s.912. 3.974
Shear Velocity, U,, ft/sec 0.303 0.313 0.321 0.326 0.326
Grain-associated U] ft/sec 0.116 0.1n 0.159 0.172 0.172
Bed loed, &, cfs/ft width x ID‘ 1.388 3.609 6.268 8.401 8.748
Re‘erence concentration, :

¢, , solid v!l\ne/unlt

volume x 10 2.906 6.350 9.614 1.190 1.228
Rouse mumber, = 1.82¢ 1.766 1.723 1.698 1.694
Total Bed Material loed, ’

8y 1b/sec/fe x 102 4.491 1.245 2.27¢ 3.226 3.29¢
Concantration, ppa s 198 1459 2068 2113

Vortex Tube:
Flow depth, H, ft 1.180 0.943 0.770 0.645 0.623
Froude number, F 0.344 0.481 0.652 0.850 0.896
Coefficient Cl 1.687 1.587 1.454 1.308 1.280
Parameter A‘l 9.72¢ 9.223 8.662 8.103 $.001
Exponent k. 1.342 1.371 1.407 1.445 1.452
Parameter Az 0.996 1.034 1.083 1.139 115
Differential head st outfall, ah(L) fr 1.400 1.163 0.990 0.865 0.843
Tube discharge, QT. cfs 1.241 1.150 1.084 i.037 1.029
Distance, xye fe S.164 5.297 S.428 5.552 557

Water and Sediment Discharge
Discharge QT. cfs 12 1.150 1.084 1.037 1.029
B>d Materisl load,

G, 1b/sec. ©.123 0.320 0.550 0.719 0.744
Concentration, ppa. 1584 4460 8129 11101 11583
Note: 1 ft = 0.305 = 1 1b/sec/ft » 1.488 kg/sec/m

1 ft/sec = 0.305 w/sec 1 cfs » 0.028 a%/sec
1 cfs/ft = 0.093 m/sec/n 1 1b/sec = 0.454 ka/sec

SUOLOALT LNAWIATS XALUOA
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TABLE 3. CALCULATED VARIATION OF WATER AND SEDIMENT CONDUCTION IN VORTEX TUBE (ARR-08) FOR DIFFERENT BED
CONTRACTION, Az (l-'a = 0.30).

1444

| §T0MNOSIY HO4 NOLLILAIWOD

1 2 3 4 5
Same as in Case 1 Table 2
Vortex Tube:
Bed contraction, Az ft - 0.10 0.20 0.30 0.40 0.482
Flow depth, H ft ' 1.292 1.064 0.940 0.798 0.579
Froude number, F 0.344 0.401 0.483 0.618 1.000
Coefficient, CI 1.697 1.648 1.584 1.479 1.230
Parameter, A1 B 9.726 9.496 9.210 8.765 7.829
Exponent, k, - 1.342 1.355 1.372 1.400 1.465
Parameter, A2 o o 0.996 1.013 1.035 1.074 1.170
Differential head at outfall, aAh(L) ft 1.400 1.284 1.160 .. 1.018 0.799
Tube discharge QT cfs 1.241 1.197 1.149 1.094 1.010
Distance, X, ft 5.164 5.226 5.300 5.405 5.617
Water and Sediment Discharge:
Discharge, QT cfs 1.241 1.197 1.149 1.094 1.010
Bed material load G, 1b/sec 0.123 0.121 0.117 0.112 0.103
Concentration, ppm 1584 1617 1630 1646 1640
Note: 1 ft =0.305m 1 1b/sec/ft = 1.4C8 kg/sec/m
1 ft/sec = 0.305 m/sec 1 cfs = 0.028 m3/sec
1 cfs/ft = 0.093 m>/sec/m 1 1b/sec = 0.454 kg/sec



TABLE 4. CALCULATED VARIATION OF WATER AND SEDIMENT CONDUCTION IN VORTEX TUBE (ARR-08) FOR DIFFERENT VALUES
: ' OF WORKING HEAD AT THE DISCHARGE END Ah(L) (BED CONTRACTION, Az = 0.10 ft, Fa = 0.30).

Channel :
Same as in Case 1 Table 2 -
Vortex Tube: S T S
Differential head, Ah(L)'fti . 0.980
Distance, x, ft ” : w‘;7 ‘f}_:gif“
All other quantities except S
QT remain unchanged

14000 1.540  1.680° U2.100

L 1.1207 . |
- 5:64° - 5.128 5.096  5.013

Water and Sediment Discharge: -

Discharge, Q cfs -7 1.038  C 1.10 yl;ii§‘5i‘ ‘1.241 1.302
Bed material load, B N - : - . .

G, 1b/sec L 0.117 0.119° 0.121  ~ .123 .124
Concentration, ppm ' 1803 1718 . 1646 1584 1530 g
Note: 1 ft = 0.305m - 1 1b/sec/ft = 1.488 kg/sec/m - - '

1 ft/sec = 0.305 m/sec 1 cfs = 0.028 m/sec e
1 cfs/ft = 0.093 m3/sec/m ) 1 1b/sec = 0.454 kg/sec

 /SHOLOALY LNAWIATS XILUOA
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: Approaching Channel Flow.
20,0 cfs (0 566 m /sec)
1’8 0 ft (2 438 m)

Dgg = o 54 mm = 0.00177: £t
S E 221 ft/sec (0 067 m/sec)
kD8 '00192
b= 0.6667
‘1F;‘7Q vérie%
Vortex Tube S
Az = 0.10 ft (0.030 m)
¢ = 45°

Table 2 shows the variation of hydraulic and sediment transport param-
eters as IF_ is varied from 0.30 to 0.58, The bed material concentra-
tion in the adischarge extracted through the vortex tube calculated

in this table is plotted in Figure 7 against F. Robinson's data for
series 8 is also plotted on this figure. It is seen that for F <1,
the results of analytical model 11> close to his data. Note that

the total discharge in Robinson's data_used in Figure 7, varies from
Q = 16,40 to 21.39 cfs (1.53 to 1.99 m”/sec). The correspondence
between the results of the analytical model and the laboratory
measurement seen in Figure 7 is very encouraging. Note that the
hydraulic model for flow has been verified from the gross measurements
of the tube flow (Figure 4(h)) and Einstein's bed-load function (4)
has been used for sediment transport quantities.

Another example of the use of this model is illustrated in Table
3. In this cxample, the channel flow is the same as in case 1 of
Table 2 but the bed contraction, Az is varied and the consequent
change in sediment conduction through the tube is studied. This table
shows that as 4z is increased from 0.100 to 0.482 ft. (0.031 to
0.147 m), the bed material concentration remains almost unaltered,
while the discharge Qp decreases by about 19 percent.

The third example is the study of the effect of differential
head a4h(L) at the discharge end of the vortex tube on the water and
sediment conduction through the tube, In the previous two examples
it was assumed that the tube is discharging freely, so that the center-
line pressure at the discharge end pg¢, = 0. In the present example,
it is assumed that Ah(L) can be decreased by submergence of the
discharge end or increased by passing the tube discharge through a
conduit and discharging it at a lower level. The basic data in this
example also pertain to case 1 of Table 2,

The results in Table 4 show that an increasing Ah(L), also
increases the discharge, Qp and the total sediment load, G«(B).
However, the bed material concentration in the tube discharge
decreases. This result can be explained by the fact, that by increas-
ing Ah(L) the distance y from which the discharge is withdrawn in
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" Robinson's. Flume Data ®
Analyticel Model o
(Refer Table 2)

Vortex Tube ARR-08
d=0.440ft (0.134m)
A=0.182 f12(0.017 m?)

Bed- Material Concentration in Ver?ex Tube Discharge, Cr ppm

P=l.220ft (0.372m)  ,
e E & [
jo¢}= 0=0.325 fi (0.099m)
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o Froude No. of-Flow-on Tube ,F.

Figure 7. Variation of Bed Meterial Concentration in Vortex 'mbe
i Discharge. Robinson's 'mbe ARR-08,
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"the tube, is increased throughout the active length (B - xg)/sin ¢
of the tube and the average sediment concentration in a layer close
to the bed decreases as the thickness of this layer increases. It can
be stated here that the maximum bed material concentration can be
extracted with a sediment ejector if the bed-layer alone is extracted
from the total width of the flow and for a given Qp in a vortex
tube, the maximum bed material extraction can be obtained if the inflow
discharge intensity q; is constant throughout the tube length.
Analysis shows that this ideal inflow distribution cannot be achieved
with a prismatic tube.

CONCLUSION

The continuous fluw sediment removal structures depend on the
unequal distribution of sediment concentration in a flow. In these
structures a portion of the flow is extracted from the region con-
taining the higher concentration. In fully developed two dimensional
flows in straight sandbed channels, the largest concentration occurs
in the bed layer and decreases rapidly towards the surface resulting
in a skewed concentration profile. Also the difference in concentra-
tion from the bed to the surface is greater for larger particles
(larger z) than for smaller particles (smaller z). Therefore, in
two dimensional fully developed flows, a larger bed material concentra-
tion can be removed for the coarser sizes and for withdrawals close
to the bed. It is important that the flow be fully developed so the
skewed concentration profile exists., If the skewness of a fully
developed concentration profile has been disturbed, say by large
scale turbulence, this principle cannot be used. In the case of
three dimensional channel flow, as in bends, there is a skewness of
sediment concentration along the depth of flow as well as along the
width of the channel. This leads to an even greater facility in
sediment removal because the concentration is higher on the inner
side of the bend than under corresponding conditions in two dimensional
flow. Another consideration in the design of sediment removal systems
is that the sediment removed should also be conveyed out of the system.
Otherwise, the removal structure can become inoperative due to clogging,

The vortex tube sediment ejector is basically designed for two
dimensional flows. However as the analysis presented herein shows,
a prismatic vortex tube does not draw uniformly through its length.
In fact, under most operating conditions, a prismatic circular tube
with a # d/4, and Qp * 0.5 Q/B may only have an effective length
of the tube equal to about 6d. For this reason any arrangement that
can increase the channel bed material concentration near the discharge
end of the vortex tube will increase the sediment concentration in the
tube discharge. Parshall's riffle-deflectors (9) served the same
purpose in a predominantly bed load stream. Ahmad's (2) design of D.G.
kKhan Canal ejector increases the effective length of the tube by
dividing the tube length in smaller segments and providing an indepen-
dent discharge tube for each segment.

Of necessity, the sediment ejectors are placed in reaches with
unstable bed conditions. Due to the seasonal nature of most excess
sediment loads, the bed elevation and the bed forms in the approach
channel may vary in time within wide limits. A vortex tube located



‘VORTEX SEDIMENT EJECTORS 49

in dune bed may get buried and become inoperative. Bed contractions
help if the bed form on the contraction is flat bed.

An analytical model of the flow and sediment conduction through
a vortex tube has been developed herein. This model combines the
spatially varied flow equations with the sediment transport model in
sand bed channels. The empirical coefficients introduced in the model
have been investigated with the help of Robinson's B-ft flume data (10).
It is found that the coefficients of velocity Cy, of area C, and
of lateral momentum inflow C L ©an be considered as constants for
the tubes investigated by Robirison. However, the vortex flow coeffi-
cient, Cy 1is found to be a function ot the tube geometry and the
Froude number of flow on the tube. Knowing the Cy - F relation
for a specific tube geometry, it is possible to use this model to
investigate various characteristics of the vortex tube flow. Three
numerical examples have been used to show the verification of labora-
tory study data, and the effect of variation of parameters on the
sediment conduction through the tube.

The analysis reported herein is restricted to a limiting Froude
number of 1 on the bed constriction, which is the range applicable
to most sand bed channels,
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