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ABSTRACT: The maximum seasonal runoff volume Q for an ungaged stream site is
 
derived using (1) an event-based rainfall model for thunderstorms, and (2) a
 
linear rainfall-runoff model. Major emphasis is placed on effect of uncertainty
 
in parameters of rainfall inputs on the return period of maximum runoff volume:,
 
in a season. The event-based rainfall model, derived previously by the co­
authors dnd others, has the following features: (1) the distribution of the
 
number of events per season IT is Poisson with =mean m; (2) the distribution of 
point rainfall seacnt R per event is exponential with mean 1/u; (3) N1and R are
 
independent. More explicitly, we obtain a correct distribution function for the 
return period T (x) under the uncertainty in m and u, and demonstrate the neces­
sity of fcllowin'g this approach for a decision-theoretic analysis of a wate­
resource design problem. The approach enables us to design structures, relying

only on rainfall data, on watersheds with ungaged strezms by taking into account 
uncertainty of design site parameters. Also, we can tailor the design to a
 
specific problem rather than use a pre-specified design flood, such as the
 
magical 100-year flood.
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1.0 	Introduction
 
Floods or stream discharges are properly described by their durations and
 

volumes above a certain flow level and their instantaneous peak flows. Of
 

these three properties, this paper is concerned with the uncertainty in the
 

return period of maximum flow volumes which is a design parameter for flood pro­

tection and other structures. In particular, we consider the uncertainty due to
 

inadequate data on small watersheds (up to 500 km2 ).
 
It is well known that there is a good chance that a flow event Q with a
 

large return period TR may be exceeded at least once in an N-year design period.
 

Typically, however, calculated risk diagrams (Gilman, 1964) do not consider the
 
To a 	design
uncertainty in the return periods of rainfall and flow events. 


engineer, the uncertainty of inadequate rainfall or flow data can result in either
 

cverinvestment (overdesign) or underinvestment (economic losses) in the design of
 

flood retarding or retention structures or of water storage facilities (farm 

ponds or water supply reservoirs for small towns or industries). The Bayesian
 

framework presented in this paper allows for Ln explicit consideration of hydro­

logic uncertainty as noted above and for a methodology to evaluate potential
 

losses associated with that uncertainty.
 
of the return period of hydrologicApproaches taken to arrive at estimates 

flow 	properties include:
 
(a) Empirical fitting of probability density functions to historical data;
 

in particular, the Soil Conservation Service (1965) fitted Pearson
 

Type III distributions to flow volumes for various time periods in
 
Arizona. This approach disregards any available information in pre­
cipitation records or any knowledg2 about the rainfall-runoff process. 

(b) Use of phenomcnological relations such au a linear transformation of 
rainfall volume to flow volume as a basis for obtaining probability 
density functions (pdf) of flow. The pdf of rainfall volume may be 
described empirically (with its consequent uncertainty) or from a 
process viewpoint Whrein individual rainfal events; are modeled as 

a stochastic proc us 8 along the tine axii, (Ojucl tein 0, Il . 1972). 

(C) Use of dotaitied dyntunical flow (juat ion: to reliate Of rainfall(1' 

pd f Vlu irc per ties e son , 

In thin paper we ii.:e tie ;ec(ond approaCh. ]!CrVill we build ilonp)rvi1ou work 
(Davis et __. 1(9)7 ) whare we ,v:tluaited the unci.artni ty in the return period of 

point ruinl.1F Ivns ,nt.i : a, nh, thunle r t r; s . We d fl nC An VVe'It--hlitletd 

proceis in thi,; h:; fit fSqut lu('e of thllnd 4r:;tor:s; fil titm. T return period 

T (k) of armx):iutnu ;,jnt rttfii!,'ii ti (with P the'. alall g',,u1t or vulut) (,. thO 

rhIndoin vio-ltb i, it) 1'. der.vcd tjy constiderinig the foll ow ig eleci: t of 0t1t 

@vont-blt td r',C e 

propert ic:; to of w (iu 19't 2). 

(a) 	 Tile nmber Ui of eventut per neatiton iIsot .o n dintributed with momn m 
(or nulmnber of event , pvr vei llOn) 

Wb 	 Itainfol! rwtt L11, LI""'ve are Ind ,ncdot ideontIC41Y diatribt#4te 

rftndo viiirflos. 
(a) 	 The wuturt p t poui ra~lo~l per vv'nt ip @xponntally ditrflbuto4 

vith prnetr u ('ju 41 to rolprock1 of *ml mount rotlnfoll r event)l 

m4l* It r#lnen4nt. 

I 

http:ruinl.1F


Then, the return period of k units of rain in a season, given the event-based
 

parameters m and u, is
 

TR(kim.u) = Fl-exp (-me'u)r 1 	 (3) 

Because m and u are uncertain due to small sample size, TR is uncertain.
 

To encode the uncertainty, the posterior distribution of m and u represents
 
the likelihood of the values of m and u which produced the data. This posterior
 
is given by the conjugate distributions for the exponential and Poisson distri­
butions (de Groot, 1970, Chapt. 9). The distribution that is conjugate to both
 
of these is the gamma:
 

ba a-l -bx
 
l '
 gX(x a,b) = r(a) 	 (4) 

For the Poisson distributution,
 
X = m , the parameter of the Poisson and estimated as M.
 
b = n , the nunber of seasons.
 
a = An , the total number of rainfall events in n seasons.
 

For the exponential distribution, 
x = u , the parameter of the exponential and estimated as u. 
a = An , the total number of infall events in n seasons. 
b = an/0, the total tu:ount of' rainfall for the in events. 

The resu]ting F x)s in each case are posterior distributions and represent 

the likelihood that varous values, ofim and u are the values describing the rain­
fall proce.;ss thlat we arc olw ,rv1rg, atire Vet.'t Ia tl e-att, a Ths , posterlor 
di tribution; are us:cd in a coa.ult]er t ::u it i ,n to d.v ,)ol.] tht, po:;terior dl tri­.1 a 
bution of TR(k). The rean of thit; dl.;tr butiin Iii th(. cxj c,ted return period 

Ef7,(k"J fer i k-ilich rullnfal l. Ce.Iut,.r r.".u t I :vc, ly la)Ivl s, t.t ,il. (197P) 

Indicate th.rit the return lr-rlo of poirnt riinft, ll t.jc to con-I derabil, 
uncerteit t-v,'; with y, of, dta. Ti. hftnid rttitas'1 C) eitiorin'n ; ru 1-1p 

itrItare obv i , r fli-, Ao lr, o , dry n. Ing. valt, ; hi:ac, vatr iluIply, 
NOxt, we extrli the 3.ixc,-,n to UJilrt1tillity tit rututi'Jl l~crImIdt (fo+t.n! flow 

Voluer ( ti '1 -t jI WItt-rt.h,-cdt$. 

2.0 	 F ti.lt,1 a. ', '.1 l I; Vi Volt.~ e 
I1I tb tfodL - t jl1 : l.tV ! -2uI j i .t In ot' 10t! 't!rMI ove t ! ux 

%| hti ll  e ltlC L rlf00400,t %t~ C l,tettl r t ' 4 , t) t,r tt+io !tfsii n eioaipoa4t 

mr f V ultt t i o, %411d er o~u r' !,previ Ocl !1y!.,t h O : , 

T9 (ylf,u) -[ )IOIb.t $ V 	 (0) 

Vhii. V (Y)Ai) 1- 11- ,ittt4tiosif. t1;4ettt if rtutuff &..r@v.ont. 9 Vhi th will 

9t (1) A) b " =r 1 tt 	 (6 ) 
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;f we let
 
P = R-A for R > A.
 

•=0 for R < A
 

then 	Equation (6)becomes Q = CP or y = cx; the distribution function of P is 

Fp(X) = 1 -exp (-u(x+A)) for x > 0 	 (7) 

and that of (Feller, 1967, Chapt. 2) is
 

F9(y) = fFp(c) fc(c) dc 	 (8) 

because C is a random variable as noted in previous work by the coauthors
 
(Duckstein et al. 1972). Since, physically, we cannot obtain more runoff than 
rainfall, then 0 < C < 1, and a beta distribution for C seems to be most appro­
priate: 

fC~ c a b r(a)r(b)" ­f (clab) r(+b) Ca-l (-c) b , 0 < c < 1 	 (9) 

The uncertainty on a,b will not be considered in the present study. To sum up,
 

Equationn (7), (8)and (9)may be combined to obtain
 

)(0)
F (y) F(ylu) = 1-exp r- (bye I(y 

vhere IOexp )ea- )b-1
 
- f(ylu)€-. uc (-c dc (ii)
 

0 
Equations (10) tnd (11) tre now substituted into Equation (5) to obtain an ex­
plieit (J,ofr,-onT. (yjm,.u). Pecao~tio we have the Putficient tatiotice, 

* and 0, our .vlwldr:t o. m hitd C ctin be exprceaed a a pdf (Tiao and Box, 1973). 
Hence, thin r;c: Lt-iu hi4nttjjj;ty re-i:tb in e itdf on TQ (Yj;M,.) 

3.0 	 H.t,,,Y.v 
j\) ( t.* tjar or t le return r IOiA os hriz. TQ(yIm.u,?t) lb n problem of 

71ub , iaIt~ t a I t U C a~chho 11(IV b " (a et',oidlt ft edI~ 

yoA7tirly~ rltjv Lj4 yk), to N vailurn . t tc tlrivi from tho 

lit (ur 4t1bCPPlolvoo'&te lirz, ,(k[V,,,) ca e.(u,,,), rCI.Aet bby,1 III 

Of Nviati ki (4). (A-) ,,c Vk. br , td L tt-d iti 7 (y,V.1u) to 

otto hr r a +"IkCt Y (!t cctut, yi - 0.1 1#c i t,13W 1~), 

04A 6ttI C'e "-C 141v~I b it cii t u rc IA41 t a .,It ( 	 to 

th4e C 0 "CCkl i Ur 	 I'AaayicIer or lgdcuect imkt4Cr4d~t 	 711ts~ dc~cth 
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.0 Results 
The results of the computer simul ition are summarized in Tables 1 and 2 and 

Figures 1 and 2. In these we consider the variance of C, representative of con­
ditions on the watershed, and the variance in our knowledge about rainfall 
parameters m and u. 

Table 1 shows that u, the average rain per event, is much more important
 
than m, the average number of storms per season, as judged by the variance of
 

T ,(Var T), for different values of Var C. We also note the following
 
(a) As Var C increases, ELT and Var decreaseo Thus by not randomizing
 

C the estimated return period of Q - 0.7 is much higher. By varying C 
the variable effects of rainfall intensity and watershed behavior on 
the return period are anticipated; 

(b) Var T9 increases dramatically when Var C = 0 for Joirt uncertainty in
 

m and u; 
(C) The mean reciprocal return period (= exceedance probability = p) and
 

Var TQ- increase rapidly ais Var C increases. This result iL, shown 

because p is commonly used as the design parareter in hydrologic risk 
analysis.
 

These patterns hold for all values of runoff volume d in the sensitivity analysis 
(Q a 0.5, 0.7 ard 0.9 inches. of' runoff) a.-, hown Jn T,,e 2. ( 

As expcectLd, the Vat T decreases with doX r ,vtlabl data (109A
 

to 20 year: uid the n suI.'.'1tied T:hle 2. hIC ": onlyI sirmlau itl(In)nn in E[TQ1 

lightly cL.ttn,'ed. A ::ore 1ecerral .mni e.t,Antion of the s Ju) at ed proc,,: : It, ,vident 
-' tho fot(': 0. IUrioin Fi gure wnire t' t V 2tTI'OC pd Vof r Ltu rn ,r 1-, a rb#l.d ff ) 

on P!0 of 1,!,I: r.,rhir l t.ni the. 0,:t,.rI Jhdf lUt.11:dyear' dtti t mtich . vnltu r 
on 10 ye, it, of dt not" thaft rteanl ",Q justJ to t he r L4. of the . While 

J, " 141r;,;r1.zs. more n"s 
s'e offr t or uc : I r uw,,: vow t- I t , : [' J, VAr Tf anti 

not ohhOVli, thti 't(c t' c(e i.a-d Vnr" (, . 
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the event-based approach outlined here results in evaluation of uncertainty in
 

TQ from physically meaningful parameters like m and u. This is a much more
 

efficient use of the available data on rainfall and runoff.
 
We have seen how the design would depend on the uncertainty in m and u and
 

on the interaction between uncertainty in m and u and Var C. The end result, a
 
posterior distribution on TQ, is of value to inference on hydrologic stochastic
 

processes as disccrned from limited data and of value to the next important stcp
 
of invoking Bayesian decision theory for evaluating design decisions and for
 
judging if better designs are possible by waiting for additional data.
 

It would be desirable to express the moments (ELTQI and Var T ) of the
 

posterior pdf in terms of m, u, Q and C, but this is intractable. The next best 
approach for thinking about our results in simpler terms is to consider the 
mean and variance cf Q z CP: 

E [9] = E[c] [P] (12) 

Var Q E2 [C] Var p + E2[J Var C + (Var C) (Var P) (13) 

as given by Benjamin and Cornell (1970, p. 169). Wh-;n C is not random, these
 

=
! variance 
thus its frequcuncy of execvdance and its return period) is dramatically affected 
by randomization of C. It is coi:.on in hydrologic design to choose it "frequency 

factor" z (o, .,tn.dardlzed v riate) in the reitttion 9 B,j + z (Var. )1/2 

To contrn:.t prwuj,,riy this cli itic:it ipijroach to flridlnj, a dsJ1,,:n flow Q with the 
method outlint.I in tihl puIer would require itF'ull-flIfdgcd de i:1on thcuoretIc 
analyviiS for t , - :;a irob.::. 'The.,valiution ool have to be repeated 
for each dv uim wlf the poLtterior di'. woi' be done 

equations become = ClvP] and Var Q C2 Var P. The of g (and 

jItin 1tiuch rei.t Ii., to in thin 
direction. 

Let the I,,., ',Wutit, thfl t.; g oi,: itIJ protr'Ction trtcturr, any 

a dlkt,, 1,o 1,(i,') wl:vro h in thi hielht cr Jht. hnl T In it , return. ga, 
(1riodtuc.O qqxct-tdani,, 1ro'ddl ity (T . '1140Q 01 . rcult of our 

VC,. tt)T Iliott tho dt giiven. in 2.0 1,0tercior 3Mp ) atts Yigurv 

Thus, vo orv nov titile to ci!cuute ]i:yes .1'k,whIch corrappenda to tho optimm 

do lho) P vin L,(h Th Mdt 
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approach to other runoff-producing precipitation events (including snow) during
the year. The use of the Gumbel distribution in this paper goes beyond its 
classical use for the instantaneous rainfall and flood maxima during the year.

We thus have found the following points in our theoretical and simulation 
analysis: 

(a) 	The approach enables us to design structures, relying only on rain­
fall 	data, on watersheds with ungaged streams by taking into accouht 
uncertainty of the site parameters.


(b) Using t1'is approach we can tailor the design to a specific problem 
rather than use a pre-specified design flood, such as the magical
 
100-year flood.
 

(c) 	Simulation is an appropriate method for evaluating uncertainty in
 
estimates of physically-meaningful parameters arising in the event­
based approach.
 

(d) 	Return period varies with record length, rainfall, and watershed events, 
etc. We have given an event-based approach to evaluate this variation. 

(e) 	The sensitivity analysis denonstrates the dramatic importance of un­
certainty in the average amount of rainfall per event and the importance 
of considering variability in the rainfall and watershed paranneter 
called C in this paper. 

(f) The results, if encoded in the posterior pdf of the return period 
TQ, allow the user to exercise inference or to find sensitivity of the 

analysis to design decisions in the face of inadequate data. Bayesian
 
decision theory is tne framework suggczted for undertaking the decision 
analysis.
 

The results have inplications for desirn of a variety of hydraulic structures
 
in both urban and rural waterzhed:;, in tenperate and arid climates, and in 
regions of the world con:rcntei wth inadequ-.te hyrol 'ic data. In the face 
Of changingi -.ter;h,d ccnruiitic::;, a:; rerie-wt-d by Yc~r, et P.I. (1972), the 
approach cffcre, in t. paper.crF:ia:; c: 	 the of- e.ercise ,n effects 
lac:h of 1., w :irae.;eo: ncnstaticr.ry .':-tecrolc ic and hy'1ro1c;,,ic parameters 
such an r, u and C. in ou.,' ,luU;ent, ca:; sical. e!.rPiricnl frequency methods do 
not pruvi'e zuch a cear basis; for evaluaticn. :Ixtensicn to nonlinear water­
shed model are por:sIble as noted by Duckstein, et al. (1972) and Fogel, et al, 
(1972).
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Table 1: 	 Sensitivity analysis*on return period moments as 
function of uncertain parameters for rural water­
shed with only 10 years of data. 

Uncertain . Reciprocal 
parameters Var C Moments of return period T return period 

Mean TQ (years) Var Q CV(TQ)** mean variance 

& u 0 41.82 538. .555 .0314 .000299
 

.0005 39.00 4h2. .539 .0332 .000318
 

.005 26.33 153. .470 .0453 .000328
 

.05 6.30 2.35 .243 .1685 .001809
 

only m 	 .X005 35.36 8.30 .081 

•005 	 23.41 3.89 .084 

.05 	 6.20 .19 .070 

only u 	 .0005 37.61 383. .521 

.005 24.14 110. .435 

.05 6.52 1.96 .215 

* Conditions for the analysis: A = 0.4 inches, mean C = 0.3 for beta 
distribution, Q = 0.7 inches on the average; rainfall is 
distributed on basis of an exponential distribution for 
amounts above 0.3 inches with an average of 14.0 storms/ 
season and an average of 0.39 inches/event. 

** Coefficient of variation of T9 



Table 2: Sensitivity analysis on return period moments
 
afuntion of rainfall P, length of record n
 
and variance of C; both m and u are uncertain;
 
watershed is rural; conditions are as noted in
 
Table 1.
 

Average n Var C Moments of return period T
runoffQ
 

volume Q (years of Mean TQ Var TQ V(T9
 
for season data) (years) "
 
(inches)
 

0.5 10 .001 1.70 58.07 .65o
 

.005 6.97 14.90 .553
 

.05 2.94 .27 .177
 

0.5 20 .005 6.25 4.38 .335
 

0.7 10 0 41.82 538 .555
 

.0005 39.00 441 .539
 

.005 26.33 153 .470
 

.05 6.30 2.35 .243
 

0.7 20 .0005 37.44 245 .418
 

.005 24.36 68 .339
 

.05 6.41 1.09 .163
 

0,9 10 0 271 48,085 .809
 

.005 103 3,602 .582
 

.05 14.29 21.25 .323
 

0.9 20 .005 95.95 1,721 .32
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Figure 1: The effect of the variance of C on the return period of 
runoff volume. 
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Figure 2: 	 Posterior probability density function of return periods for, 

0.7-inch runoff as function of record length. 
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