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A Cost Function Approach to the Measurement of
Elasticities of Factor Dewmand and
Elasticities of Substitution

l. fintroduction

Tne use of a cost function ratier than a production function for estimating
production parameters is siown to have several major advantages.

1) iiomogeneity of degree one does not have Lo be imposed cn tihe production
process to arrive at estimation cquations. Cost functions are homogeneous in prices
regardless of tie homogenecity of the production function, vecause a doubling of all
prices will double the costs but not affect factor ratios.

2} In genceral, the estimation equations have prices as independent variavles
rather than factor yuantitics, which, at the firm or industry level, are not proper
exogenous variavles., Enterpreneurs make decisions on factor use according to exogenous
prices, whicih makes factor levels endogenous decision variables.

3) To derive estimates in many-factor cases of elasticities of substitution
or of factor demand, no matrix of estimates of the production function coefficients
has to be invested, a procedure winicih has a strong tendency Lo exaggerate estimation
errors,

b) In the special case of tie translog cost function (Christensen, Jorgensen
and Lau, 13/0) to wnich the metnod is applied, problems of neutral of non-neutral

efficiency differences among vbservational unitsl! (firmsor states in a cross section,

i/

- A non=neutral efficiency difference in toe Hicksian sensc is one in which the
isoquant does not siift inwards nomotietically., The factor ratio does not stay con-
stant at constant factor price ratio. |If the capital-labor ratio increases, the effi-
ciency gain is labor saving. This implies that the labor share declines at a conciant
factor price ratio., Efficicncy gain biases can therefore be defined as follows:

Ja | < factor i-saving
B; = L. — = 0 > Hicks <{factor i-neutral
constant factor prices 9t &j factor i-using

Tiis definition is more easily inandled in the many-factors case than the usual defi-
nition in terms of marginal rates of substitution.



years in a time series) or of neutral and non-neutral economies of scale can be
handled conveniently, Therefor:, these problems will not result in biased estimates
of the production parameters, As will be discussed, such differences can result
from a variety uf sources. Most methods of estimating production parameters cannot
handle tihis problem properly.

5) In the case of the translog cost function (as well as of the translog pro-
duction function) all estimation equations are linear in logaritims.

6) In production function estimation high mul ticollinearity among the input
variables often causes problems. Since there is usually littie multicollinearity
among factor prices this problem does not arise In cost function estimation.

The plan of this paper is as follows. Thesecond section is devoted to a deriva-
tion of the Allen partial elasticity of substitution in terms of the cross derivatives
of the cost function. Tne results is applied to the case of the transiog cost of
function in the third section. The fourth section is devoted to a discussion of
methods to avoid problems of neutral and non=neutral efficiency differences. In
sectionfive the translog metiod is used to derive estimates of clasticities of
derived demand and of elasticities of substitition for the agricul tural sector using
U.S. cross section data of tne states for the years 1943, 1354, 1959 and 1364,

2. Partial elasticities of substitution in terms
of cost function parameters

Corresponding to the tollowing cost minimization problems

n
min C= ¥ X;P; (i =1,2,...n) (1)
i=]
subject to Y = f(x,,xz,...xn). (2)
A; = input levels,
P, = factor prices,
Y = output,



there exist a dual minimum cost functiongj

Cx = g(Y,P,...P ). (3)

This function (also called factor price frontier) assigns to every combination

:

of input prices the minimun cost corresponding to the cost minimizing input levels
YT. C* is homogeneous of degree of one in prices. |f all factor prices douvle the
cost will double wnile leaving input quantities unaffected.

Shephard's lemma (Diewert, 1971) holds for the cost function:

AL ... ()
P,

Let the bordercd liessian matrix of (2) be

O fl se s ese f
f'l f‘l esceen f‘
F= . . S

fn fnl sevves fnn

2
where f; = Y and f;j = —3-3——- .
ax; axiaxj
Partial elasticiti-'s of substitution are defined oy Allen as follows:éf
2
X: f.
i= U - .
3J, = lml——————- (f l)rk' (b)
kr Xk

2yhile C of (1) is the cost of production under any feasible factor combination,
C* refers to the cost of production when tihe cost minimizing input combination is
used, Since the optimal input combination is a function of the factor prices, so
is the minimun cost.

3In the two factor case a different definition of the elasticity of substitution
is usually used, which is as follows:

X

d log (%)
gl —__.._X_E_
kr Pk
d 1 —

og (Pr)
Tiis definition is very cumbersome in the many-factors case (Mundlak, 1967). In
the two-factor case .

Ukr = Ukro

Therefore the partial concept (5) is used here.



where (f'l) . is tie rk=th elenent of =1 From (s) it is apparent tnat

re
rk (6)

-

O p =9
If estimates of tne coefficients of a particular functional form of (2) are available
tae vordered liessian can ve computed, inverted and tae g's found according to (5)

for specific inout Ievcls.ﬂ/ The inversion of a matrix of estimates nas, however, tie
tendency to blow up estimation errors to an unknown extent and, because inversion is a
aonlinear transformation, econumetric properties of Gkr cannot be found even if such
propertics of tue production function parameters are hnown,

In the case of the cost function cstimates of 0., can be obtained as fullows if

the parameters of tie function are known.
n
Urk = i£| Pi&i . azc* .
_ N kar BPraPk

(7)

This was originally provad for homoguneous production function in Uzawa (1962).

Proof: The first order condition of the cost minimizing problem (1) and (2) are:

FlKjpenest) =Y =0 (V)
P =) f; =0 =1 ,00, ()

Write the total Jifferential of the first order conuitions and rearrange the terms

in the fcllowing matrix form (Hundlak 1967)

. N r | N
U S P IR 11 V2 AdY
fofin o eeeee ) YK JPy
Aol . . . = |. (19)
. L L4 . ! .
£of fonl 19 | dp
('n 'nl ettt Tan nJ L n
Solving for the vector of endogenous variables:
REE) [ av )
Xm dP
2 b=l !
. X'f . (1)
| dx, P, )

i'--/See derndt and Cnristensen (171) for example.
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A %2}

This implies

e _ 1 =)
'57;':—3‘-“ ) rke (12)
P
Substituting from (10) into (5) and substituting f; = L from (9)
. A
[ q )
Gp = % ) e PR axe (13)
. . ]
TN, P XiXe 9P
vith respect to Pk'
Taking the derivative of (4) with changed indexes
2 .. X
a” ¢x % (14)
app ok, Tk
Combining (13) and (14) and (b)
Z P
o, = ey P ot o Q.L.D
[} Ur - p . . .
“r XXy 0PaPy
C oy e Pk
Multiplying and dividing (11) by T
r
Okr = Ork = gﬁﬁ. (15)
g Pk R "L .
h L= e . d 4 = = the share of factor k in total costs.
vhere ngy, e X:.an K P, is the sharc o cto in to

If the parameters of a specific functional form of a cost function have been esti-
mated (7) can be used to Jerive elasticities of subs titution for given factor levels

and total costs.é/

b

3. The Translog Case

The Translog cost function is particularly useful in this context. It i5 written

as a logaritiamic Taylor scries expansion to the second term of a twice differentiable

2/also if nge had been estimated in a demand for factors equation one can com-
pute gpy from (|3§. This may be particularly useful in the two factors case since
then the own elasticity of demand can be used. Because of homoyeneity of degree one
of C¥, n)} + njz = 0, and ny2 = =nj| can be substituted into (13).



analytic cost function arcund varianle levels of 1 (i.e. InY =0, In P} =0,

i =1,0..n). Rewrite (3) in natural logaritimes

InCx=f(in Y, In Py, ... InP,). (16) .

Denoting the first and second order derivatives at In () = 0 as follows:

In C‘-‘-'I9 = Vo (17a)
3ln C*
S| = 17b
aln Y |, Yy (170)
3 ln Cx! .
= Vv t = l e n) (17‘:)
T bl ! (= b
2 .
o In Cx | -
=Y-o (l’J = l,ooo’n) (l7d)
aln P; aln leg H
2 .
2 ln Cx I = Yiy (i = l,-o-,ﬂ) . (‘78)
aln P; 3in Y|9
(17d) implies the symmetry constraint
Yij = i (18)
Tnen the Taylor series expansion is as foliows:
In €& = v, + Yy InY + ? v; In Pi
+ 1/2 ? ? Yij In Py In Pj + ? Yiy In P In Y
4+ reamainder - (19)

174

This functionﬂ/ is an approximation to an arbitrary analytic function,& It is a

functional form in its own rigat if the remainder is neglected and if we assume all

B/Thc first power terms of (19) represent a Cobb Douglas cost function. |If all
Yij and y;, were zero the production function would be Ccbb Douglas as well because
the produc‘ion function of a Coub Douglas cost function is Cobb Douglas and vice

versa (Hanoch 197v).

Z/By a similar expansion of a production function the translog production func-

tion is found.



derivatives and cross derivatives to be constant. This latter constraint is imposed
if the paramcters arc estimated in regression equations.
Homogenaity in prices is defineu as follows: A g(Y,Pl,.ee,P) = g{Y, AP ,eee,

AP,). It iaplies

a |

£y,
!

(20)

Dyij= 0 Dyij=0

i J
Homogeneity in prices does not impose howogenei ty of degree one of the production
function in inputs. ilo constraints are imposed on elasticitics of subs ti tution or
of factor demand, which makes the function more general than other functional forms
currently in use.

The function can be estimated directly or in its first derivatives which, by

Shepard's lemma (4), are factor snares:

* % P i
aln O a0k Tioy Bl (i = 1yeeeyna)
3l P, aP;  C c*
a; = vi + ? Yij In Pj * Yiy InY (i = 1,00eyn) (21)

J
Both sets of estimation equations are linear in logs and have proper exogenous vari=

[y
ables on the right hand side if the analysis pertains to firms or an industry.f!

The yjj have little economic meaning of their own. We will prove that tiey
are related to variable clasticities of substitution and of factor demand as follows:

= )
oij aia.j

Yij + ! for all i,j: idj. (22)

§/ln the case of the translog production function the estimation equations are
similar but with factor guantities on the right hand side. For the decision=-making
firm these are endogenous.



gij = — (Yij + u% a') for all i. (23)
@
]
Yo-
..a_l-é- 1.0 i#
N . +a; for all i,j: i#j. (24)
Y.
nii -—-'—i-'l' a; < I for all 1. (25)
“q
Proof:
32 In c* s ¢ Pi
Yij = = Pj (3P . -;J =
3ln P; dln P ey P O
W2, P. P. - ’
= p, (oLr  Cho 1 aLracky (26)
JTaP AP, T O (g2 9Py 5?}

Substituting %gf.= R from (4).
K

PlPJ 2 2¢ PiPJ
= A Xy oo
Vi Cx 3P 0P (cx)2 J
Therefore,
2
acc (W
3, op; PP Cej + i aj)e (27)

Subs tituting (27) into (7)

ZP,iXi L Yij
Je ¢ T cmmmetcmmm——— e ¥ 0t = + ‘ .E.DQ
1 Py Pj Ay Xj (Y"J ! J) ajaj Q
NN
(24) follows from (i15). Tae proof of (23) is similar except that in (20) %Fl-= 1

wnici accuunts for =-a; in equation (23). (25) follows again from (15).

If the Yij have peen estimateu wita equations (1Y) and/or (21), and if we
factor shares are known, all elasticities can be estimated. Since g ij and ;ij are
linecar transformations of the Yjj» wWhose econometric properties are known, the
ecometric properties of the elasticities are known as well. No matrix of estimates

J/

has to be inverted.:

Yeor estimating marginal products tne cost function has Lic same disadvantage
the production function has in estimating elasticities of substitution. tstimates



4, Treatment of Neutral and don=Neutral
Efficiency Differcences

If efficiency differences exist among the observational units (states or firms
in cross sections, years in time series) tine specification of the estimation equations
must take account of the provlem to avoid bias in estimation.

It is pest to Jistinguisn two kinds of efficiency differencas:

a) Viffarences which can ve functionally related to a variable such as output
(scale effects), a technical cnange index, time (as a proxy for tecanical chanqe) or
education and management (the left out variables problem).

v) vifferences among cross=sectional units arising from past differences in
technical cnange, which cannot be functionally related to a variable. |If the cross
sectional units nave had a different past history of technical cnange, tuey arc no
longer on the same isoquant. This is likely to happen in many cross sections.

Tie first case is easily handled. Lct the variable Y in (13) ana (21) stand
for any of the variables whicn cause the neutral and non-ncutral efficiency Jiffer-
ences (output, time, technical coange indux or education). Then (13) and (21) are
immediately correctly specified, proviued that the variable Y changes efficiency
at constant logaritanic rates, and that data on the variable Y are available. As
an example, if %ime series Jata are used for the regression and technical change
alone causes the efficiency differences at constant logarithmic rates over time, let
Y stand for time. Tne cocfficient Yy will then be an ecstimator of the rate of teci-
nical change. The coefficients yiy will be estimators of the rates of bias. If all

Y,y Were zero, time alone would not affect tne factor snares (zquation 21). This

of its bordercd Hessian nave to be inverted. Since tie translog cost function
and the translog production function usce tie same basic data (input quantities and
prices) it would be preferavie to estimate the u;; and A;j: using the former function

e - . l
witile using the latter one for the marginal produéts. !
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is the definition of neutrality of footnote I, If Y;y was greater then zero, the
share of factor i would rise at consiant factor prices at the logarithmic rate
Yiye This would be factor i=- using technical change.

If a variable causes efficiency differences on whicn no data are available,
the Yij can still be estimated in an unbiased way, provided the left out variaole
affects efficiency neutrally, In tnat case all y;y are zero and (21) is still
properly specified without data on the variable Y. But (19) is not correctly
specifieu any more pecause Yy is not zero. Therefore, the Yi; parameters have
to be estimated in (21) alone.l0/

In the next section scale effects will be assumed to be neutral. Output is
tnerefore not included as a variable in (21). On tne other hand, technical change
over time is assumed to pe non-neutral and time included as a variable (Y thus
standing for time).

Provlem by of efficiency differences among cross-sectional units can be handled
in the same way as tue left-out variables problems above, provided the efficiency
differences are neutral. The proper variable would be an efficiency index of the
cross-sectional units wnich is generally unknown. Howcver, if tie efficiency differ=
ences are non-neutral due to biased technical change in different directions in
previous periods, it would be necessary to know the efficicncy index and include it
as a variable in (21). If tne index is not available but the cross=-sectionai units
can be grouped into regions, within which no non-neutral differences exist, regional
dummies in equation (21) will again insure unbiased estimates of thz parameters of
the cost function, because they allow the regions to have differing shares at equal

factor prices. This again preciudes simultanecous estimation of (17) and {19).

lg/lncluding education etc. in a Cobb Douglas product in function assumes that
these variavles affects efficiency of the other factors neutrally because all
elasticities of substitution are 1.
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The discussion of this entire section applies equally to the translog pro-

duction function.

5. Estimation, Data and Conclusions

The cost function was cstimated with state data from the United States. Four
sets of cross=sectional data wiere obtained for 39 states or yroups of states. The
cross sections were derived from census data and other agricultural statistics
for the years 14, l)Sh,.IDSJ, and 1)04. Tae combination of cross sections over
time poses problems which are Jiscussed below. In general, Grilicnes' (1u04) defi-
nitions of factors were used. ile distinguishes tne followiny five factors: land,
labor, machinery, fertilizer and all others. Intermediate inputs are included in
this list and the function ficted corresponds to a gross output function rather

11/

than a value-added function.— For all data pooleu the following model was fitted:

“ikt = \)i + :ll: Yij In ijt + Yit In t
(20)

l dr dl’+eikt i'= l,...,n'i,
J

+
[T e B 3

r

| IR | X

wnere i and j stand for factors of production, k for state, t for time, r for groups
of states and-

1l ifker

Jif k& r.
Gr is tne coefficient of non-neutral efficiency difference between group r and group
5 (Western States). One share equation has to be dropped from the model because

only n-1 equations are linearly independent due to the homogeneity constraint (20).

In this form the model allows for neutral efficiency differences of any kind among

ll!Thu data are discussed in more detail in the appendix.
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states, non-neutral cfficiency differences among groups of states and non-neutral
efficience differences over time.

Within each of the four cross scctions {time period), the error terms of the
n=-1 estimation equations are not independent, since for cach state the same variavles
wiicn migint affect thc shares in addition to tihe prices were left out of the wodel,

If restrictions acruss equations (y:; = ) are imposed, OLS eslimators are no
4 [} [ ’

Tji
longer efficient despite tae fact that all equations contain the same explanatory
variaples on tihe rigat hand side (Tneil 1j71). Tonerefore, tie secmingly unrciated
regression proovlen applics and restricted generalized least squares (RGLS) have to
be applied to all cquations simultaneously (Zellner 1362, 1963, Tacil 1971, Chapter
7.1/

{f all four cruss sections are poolad there is an addi tional provlem of error
interdependence over time. Tne correct way of handling botih problems would be to
specify an equation for each share in each year, tien test and impose the symmetry
anu homogenecity constrainis and the constraints that the Yj; parameters are constant
over time. This exceeded the capacity of the TTLS program. The correct proccdure
would also have required that onc impose constraints uf equality of the aulo-
correlation cocefficients over time on the estinated variance covariance matrix which
was not possible witn TTLS. The following procedure was tnerefore adopted: The
scarch for an exact specification was done in RGLS regressions applied to the data
of eacn cross éection separately to avoid any biases in the tests used for tiis

13/

purpose.—= Once the decision was made to use a specification including cquations

1271, Computer Program used was Triangle Universitics Computing Center:
Two and Tnree Stage Least Squares, Rescarch Triangle Partk, N.C,, 1972 (TTLS).

li/wo a priori information is available to decide which equation to drop and
vihether or not to include rcegional dummies. To make these decisions | was looking
for the specification in which the imposition of the symmetry constraint yj; = vi;
and the homogenelity constraint § Yij = 0 led to the smallest weighted F-ratio according
J
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for land, labor, macninery aﬁd fertilizer, with regional dummies in all equations,
all four cross sections were pooled and the symmetry and homogeneity constraints
imposed in the restricted generalized least squares estimation of all four equa-
tions simul taneously., Since the error interdepcndence over time is neglected, the
reported t-ratios will oe overstated to some extent,lﬁ! put the estimators are still
unbiased.

The results of the regressions are reported in Tables | and 2. Table 1 gives
tie OLS single equations R% of the four shares equation witn homogenceity imposed on

the data.lz/ The R are not very aigh,

Table 1: JLS Single Equation R2

Equation Land Labor MNaciinery Fertilizer

oLs R2 .68 .75 N .75

to the test static 3.0, p. 314, Taeil 1271, Since both of these constraints are
“true" constraints, they can be used in this way to eliminate some specifications,
al though several specifications might satisfy toe constraints. A specification in
which "other' inputs are excludeu and dunmies added to all equations satisfied this
critericn vest for the four cross sections. lomogeneity was accepted at the .05
level in all cross sections. Symmetry was only rejected in the cross section of
1964 with an F-ratio of 4.13 (Critical F 5, = 2.17).

lﬂjDeSpite the b year interval between the cross sections, error inter-
dependence over time was still quite large. Correlation coefficients of the OLS
errors of individual share equations between the years 1549 and 1954 were between
.02 and ,87. To check whether the neglect of this interdependence among cross
sections nad a large impact on the estimated values of the y;; the estimates of
the pooled cross sections were compared with the simple average of the estimates
obtained in the four cross sections individuaily, The differences of the estimates
were small,

lB/The residuals of these cquations arc used to estimate the variance-
covariance matrix for tie GLS regressions,



Table 2. Restricted estimates of the coefficients of the translog cost function and t- ratuosa/

——

— ———

VARIABLE

Price Price Machinery Ferttlizar Ln (nter=- b/
Equation of Land of Labor Price Price year cept Mi GR SE GsS/ Other—
Share of ,07747 -.03613 .00470 .01066 .00uh7 L2603 -.1021 -.0394 -.1973 -.0577 =-.05578
Land (6.02) (3.25) (.47) (2.14) (1.47) (9.38) (1v.2) (4.1) (6.9) (4.7)
Share of -.06367 ~-.00661 -.02305 -.05462 .5H218 LA194 ~-.2016 0169 L0245 . 13446
Labor (3.67) (.59) (4.97) (9.908) (14.91) (1.63) (.15) (1.09) (1.63)
Share of -.G3485 -.00b77 02430 .0926 -,0033 .03639 -.J0160 0072  .04545
Machinery (1.31) (.37 (4.66) (3.46)  (.41)  (5.08) (1.86) (.73)
(Symmetric)
Share of .00063 .00178 L0745 .0104 -.0041 .0376C -.00247 .02548
Fertilizer (.12) (.63) 5.6) (2.5) (1.10) (7.24) (.49)
Share of -. 14861
Other
3/critical values witn 573 degrees of freedom are t 05 = 1.96 and't.0| = 1,65. F-ratios may be overstated

due to error interdependence over time.
-/Computed using the homogeneity constraint, not estimated.

C/Ml GR, SE, GS are dummies for mixed northern agriculture, grzin faruing states, Soutneast, and Gulf
states reSpectlvely The intercept stands for Western States and the coefficients of Mil, CR, SE, GS are
deviations from this intercept.

e ———

1



From Table 2 the following conclusions emerge:

a) Out of the ten Yij only 5 are statistically significant. This is not
a ''bad" result because Yij = 0 implies that the elasticity of substitution is equal
to the Cobb=Douglas valuc of 1. Wote, however, tnat when the Cobb-Douglas con-
straint i = 0 for all i, j was tested in various single cross section models, it
was always rcjected. Tacrefore, the conclusion is that the Cobb-Douglas form is
inappropriate for aggregate production or cost function fitiing.

b) At the .05 level the coefficicents of the time variable is significant in
tie labor and machinery equations. This means that, at constant factor prices the
factor shares would nave changed which implies non-neutral technical ciange during
tie period 134y o 1304, The coefficient of time in the labor cquation is =-.9548,
ilence, technical change was labor saving. On the otner hand the pusitive coefficient
of time in the machinery cquation (+.025) implies machinery using technical change.
This is consistent witi tne findings of Lianos (1J71) and wy own findings (Linswanger
1372).

c) Six of the regional dummies are significant, At equal factor prices the
shares would not e equal awong the groups of states. The cucfficients of tine
dunmies in toe land equation of all four regiuns is negative, Tiis implies that
tae tecnnoloyy in all regions is land saving relative to tne tecimology used in the
Western states==Jasihington, Oregon and California. The significant positive
coefficients in the fertilizer equation of the dumies for the mixed northern
states and the soutncastern states would indicate that these regions use a wore
fertilizer using technoloygy than the western states.,

Aol too mucihh snould ve made out of these regional dJdifferences because they may
be due to different product mixes rather than to Lrue technological differences in
cach production, If tney reflected product mix differences, the dummies will at

least correct for possible biases due to these differences.



The Yij have little cconomic meaning. They arc best evaluated by Lhe values
wmicih they imply for elasticities of factor dewand and of substitution.ll/ The
values are computed for the simple average of factor shares for all 3) states between
194G and 1y6h. In Table 3 the elasticities are compared witn what tiey would be
at cqual factor snares in the Cobb=Douglas case (Yij = 0).

Tavles 3 and % indicate the following conclusions:

Jd) All own elasticities of factor demand have the correct sign. Land demand
seems to be very inelastic. In empirical work with Coyg-Douglas production func-
tions the coefficient of land is usually petween .15 and 4. According to equation
(25) with Yij = ) (the Cobb-Douglas constraint) these values inply land dzmand
clasticities of -.85 to -.00 which is substantially higher tnan the clasticity
found with the translog cost function.

The values of the other own demand elasticities are close to one and, except
for fertilizer, higher than they would be in the Cobb=Douglas case. The fertilizer
demand is substantially less elastic than Griliches (1959) estimate of -Z.O.lfy

e) tlasticities of sunstitution and cross-elasticities of demand arc posi=

tive for substitutes and negative for complements. These relationships are casier

lZ/Thc elasticities were also computed using aggregate factor snares reported
in binsuanger (1972) for tie years 1912, 1uy2, 1964 and 1962, Mnile differences
exist with the values reported here they scemed not fmportant enough to report
these valuas. The main advantage of using a variable elasticity of substitution
function rather than a CES framework is not that, for observed values of shares,
tihe elasticities vary widely, wut that this format does not constrain all elasticities
of substitution to be cqual.

"

lB/Thesc estinates are not necessarily in conflict. Grilicaes estinates a
long=run elasticity in a time series. This implies that, if therc is an induced
fertilizer-using innovation due to a fall in the price of fertilizer, itis price re-
sponse picks up part of tne adjustment due to the technical change. This is what
happened in U.S. agriculture (Binswanger 1J)72). Since the inclusion of the time vari-
avle in our regression equations picks up the influence of technical chanyge, the
estimales presented nerc are net of any technical change influence,


http:estimal.es

Table 3. Factor demand and cross uemand elasticitics® implicd in the
astimated ti; and the standard errors around tiheir value in

the Cobb-bouglas case

ticities are not symactric.

“The shares used are the sane as for the Cobb-Douglas i je

Y

Chys = odd 4, R
l]iJ -:-i-+.tj, 255 -Ti-+ aq 1.
d . SL(T..)
SE(nij) = '_-TTLL- .

Macnin- Fert-
Lanud  Labor ery ilizer Other
Estimated Translog values®
Land ~.3350 L0013 JA7i2 12 =, 0112
Lavor L0350 =.5109 1250 =.9577 L0122
(.04) (-35) (. oh) (.02)
Hacninery .1833 2500 ~1,0886 -.J239 L0733
(.27) (.08) T (.20)
Fertilizer 4508  ~.4370 -,09y] LY 1.0615
(.10) (.20) (.39) 2.135
Other =-. 0046 6650 .2720 .1053 -~1.0417
Cobi=bouglas valuzs for comparison® .
Land -. o8l . 3003 47y U350 . 3052
Lavor 505 _-,6992 475 03506 30352
Fertilizer <1505 3008 -.4525 «9350 .3052
Hacirinery <1597 . 3008 REYD -.J0h4 3652
Other 1503 3900 A7 0356 -,0340
a

tacih element in the table is tae elasticity of dumand for the input

in the row after a price change of the input in the colunn, These clas-

17



Tanle h, Estimates of the partial elasticities of substitution and standard
errors with respect to the value of +1 (Cobb-Douglas <ase)a/

Haciin- Fert-

Land Lobor ery ilizer Other

Lanu ~2.225 .204 1.215 2.98/ -.031
(.57) (. 24) (.46) (.93)

Labor -3.028 . 351 -1.622 2,224
(.19) (.25) (.53)

Macninery =71.574 -.072 ). 344
Syametric (1.22) (1.71)

Fertilizer -20.573 2,961
(4.61)

Uther -2.52

Yoa
E!Oij =y, Jii = —l:-(yii + aiz - ai).
aiaj ,_Li‘-

The elasticities of substitution are sywnetric.
Tne own clasticity of substitution has little economnic meaning except tnat it has
to obey the constraint i “j £ 045 T 0.

J

eveluated by tne clasticitivs of substitution in table (4) tnan the cruss-
elasticitivs of dumand because tie latter reflect the ralative importance (sharce)
of a factor while thue foruer do not. Complementarity secns Lo exist betweun the
labor=fertilizer pair, tie machinery-fertilizer pair and the landjnther innuts
pair. That toe first two pairs should be bad substitutes cones as no surprise but
the significant complementarity of the labor=fertiliser pair was not cxpected, The
elasticity of suostitution between machinery and fertilizer is not significantly
different from zero. tHence that complementarity mignt be spurious. The value for
tne land=other inputs pair is very small and probably not significantly dJifferent

from zaro,



19

Thz vest substituasility relation exists betucen land and fertilizer, unich
was cxpected. 1t was a surprisae, ncwever, Lo find thao micaiuery is a wslter sausti-
tuce Jor land Laan for law } (althouga the wacaincry=labor 2lasticity falls Jsithin
une slaiward Jdeviatior of the lund=labor zlasticity, so that there is no slatistical
di fference). dven if the machinery=land elasticity were over-estimated tu sone
extent tne finding siould cast doubt vn tne notion that vne can dichtomiae agri-
cul tural tachnology in mecananical technology which acts exclusively as a labor
substitute and viological techinology wivicih acts exciusively as a land Substilute.lij
Tne small elasticity of substitution vetween land and lavor was expuected.

Overall the result seems to pe reasonable and show that cost functions in
general and kne translog cost function in particular lead to valuabic methods of

production parawmeter estimation.

Yo this idea is put forward in Hayami and Ruttan {(1v72).
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APPLIIBIA

VARIAuLL COHSTRUCTION AitD DATA SOURCLS
For the 39 states and groups of states (see Table DI) aggregate input

quantiiy data and expenditure data were derived.

Juantity Data

Except for "other'" fnputs, tie quantily data were taken from Fishelson (1968),
who used Griliches (1Y02) data with some changes. His discussion of the con-

struction of the variables is reproduced nere:

"Material Inputs

«ookand. In tne U. S. Census of Agriculture (U. S. Bureau of the
Census, 1352, 1956, 1)62 and 13960), the average valuc of land and buildings
per farm in eaci state was reported. However, the land value represented
not only the valuc of land to agricultural production but also included
tie site value of land. The value of buildings included both farm struc-
tures and dwellings. liecnce, census data on value of land and buildings
vwerce inadequate for tac purposes of this study., To measure land by the
nunver of acres per farm (giving each acre a valuz of one) is aiso in-
adequate because of tne diversity of soil quality, fertility and uscs.

In this study the weighting procedure for measuring land value was
pased on a study by Hoover (1)61). The value of each acre in cacih state
at eachh cross section was neasured by its 1J40 price relative to that of an
acre of pasture in the corresponding state, Toe value of an acre of pasture
in 2ach state in 1949 was calculated by dJividing tie total value of land
in 1949 by the number of pasture equivalent units of the lanu in 1yb4), This
value of an acre of pasture was kept constant over time. Since all prices
were deflated to tac 1943 price level in tais study, the value of an acre
of pasture in 1J4J) was also adjusted to the 1949 price level, The de-
flator uscd was total value of land in tae United States agricul ture sector
in 1243, i.e., the value of agricultural land in 154y measured in 1940
relative land prices ratio. Tne ratio was 2.2, The usc of this metiod
provided a measure of tie stock of land in constant prices. According to
this metnod, cihanges in the stock of land occurred only because of changes
in the number of acres or their use. Tae stock of land was unaffected by
changes in prices of agyricultural products, site ¢ffects, or government
programs,




Table D.1. Listing of states and their grouns

— t———

N —— S ———————

State lio. Listing of states and their groups

firoup®
] Maine, ilew Hampshire, Vermont, assachusetts, VN
Rhode Island and Connectlcut

2 New York i
3 Hew Jersey hitl
4 Pennsylvania Al
5 Oihio M
) Indiana |
7 I1linois GR
3 Nichigan Mit
9 Wisconsin B
19 Minnesota aR
1 lowa aR
12 Hissouri GR
13 Jdortih Dakota GR
14 Soutiv bakota GR
15 ilevada 1
16 ansas GR
17 Delaware, Maryland St
18 Virginia SE
19 West Virginia HI
2 iorth Carolina SE
21 South Carolina SL
22 aeorgia St
23 Florida SC
24 Ken tucky HH
25 Tennesseu Hu
26 Alabama e
27 Hississippi (S
238 Arkansa: 3S
23 Louisiana 6o
30 Ok tahoma (S
31 Texas GS
2 Montana GR
33 I daho v
34 Wyoming, ULan, .evada "W
35 Colorado a
35 Wew iexico, Arizona !
37 Washington HW
33 Oregon My
3) California Y
4N Nixed agriculture, north

GR  Grain farming

SL  South East

¢S Gulf States

MW itixed agricul ture, west




Labor, The labor input was measured in physical flow units cafined as
the number of days worked per farm per ycar. The labor input was obtained
from three sources, operator's labor, labor of other family meinbers and
unpaid workers, and hired labor. Physical labor was adjusted for age (.6 for
operators above 55) and for labor supplicd by otiher family members (.0Y).
flo adjustments were wade for changes in labor's quality.

The computational cquation for labor is given in arilicoes (1904, p. 374).

dachinery. ‘e machlnery variable was a measure, in constant prices,
of the cost of the flow uf services obtained through tie use of farn
maciinery and squipment,  The variaule was the sum of deflated expenditures
on rupdics ad woaraiioa (1,5=129) and 15 percent of the stock value (after
adjusting to 1J4, prices) of machinery and equipment on faras., Toe latter
item was an attempt to appruximate machinery services by the costs of
interast and depreciation assuming a constant proportion, over statzs and
time, bDetween the stock value and the flow of services,

Fertilizer., Tac fertilizer input was defined to be the weighted sum

T . " . . y ) .
of the quantity of plan nutrients. Tie nutrients are nitrogen (M), phosphoric
acid (PZOE) and potasn (Ky0). Tie weights were their 1355 re’ative prices
or 1.62, 793 and .45, respectively (Griliches, 1964, p. 967). Thus, the
fertilizer input was measured in equivalent tons per year, i.e., a flow
measure, This measure provided a more accurate estimete of the rea! input
than a cost measure because of the declining price per unit of nutrient
over time and the changing nutrient content per ton of fertilizer over
states," '
The only change wihich was made in these quantity data was that, whenever

suantitics per farm were used, tihe farm number was taken from the Census of
Agricul ture (U.S. Department of Commerce, 1950 - 1964), rather than from Farm

Labor (U. $. Department of Agriculture, 1945 - 1372).

Other Inputs: Since expenditure data corresponding to Fishelson's quantity
data could not be constructed, new quantity data were defined as follows: They
are the sum of the explicit and implicit annual expenditures on all other material
inputs used in production. The explicit expendituras were tie cash expendi turcs
on purchase of livestock, poultry, feed, seedy, plants and bulbs, operation and
rapairs of farm structures and other miscel laneous costs. The implicit expenditures

were 3 percent intcrest on livestock and crop inventories, depreciation (ii.2%) and

N2
oduced from fﬂé =
ng.r available copy. IS

Y

N\




interast (%) on tie value of farm structurcs, and the share of real estate taxes
falling on buildings. Each of the expenditures was separately deflated to its
104y price level to arrive at a guantity measurement (for taxes the agricul tural

ountput price index was used.)

cxpendi tures and Factor Shares:

The expendi ture variables were defined, as far as possible, to corresponu to
the quantity variables, Exoenditure shares were obtaineu by dividing the expendi-

tures through the sum of the expenditures,

Land: Expenditures on land is simply & percent of the value of land plus the

sitare of real estate taxes falling on land.

Lavor: Expenditures for labor is the number of man days of labor from
Fishelson (1368) multiplied by a daily wage rate without room and board (Faru
Lavor, 1J45-1972). This assumes that the opportunity cost of farm operators is

the wage rate which they could earn as workers on other farms.

Machinery: Expenditures are assumed to be 15 percent of the value of farm
macninery and equipment for interest and depreciation plus the current expenditures

for operation and repair of macihinery and equipment,
Fertilizer: Fertilizer expenditures are directly reported by the U.S.D.A.

Other Expenditures: Tiese expenditures were computed exactly as the quantity,

except that the individual items were not deflated. Aggregate expenditures asti-

mated in this wvay had a tendency to exceed agyregate income by up to ten percent.



Prices:

Prices were taken to bLe the expenditures divided by the quantities. They

were tilen deflated to the 1949 price level using the U.S. Agricul tural output

price index. iote that this procedure implies that the price of other inputs

is equal to one for all states in the year 49,

sources.,

Tavle D2. Sources for the cross section data

Table D2 lists all the data
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Variables

Source

Farim income, change in inventories,
rental value of dwellings, all
explicit current operating
expencitures

Annual average daily wage rate
vithout board or room

Farm number

{nput and output price indexes

Repairs and opcration of farm
dwellings and service structures,
depreciation of dwellings, service
Luildings, motor vehicles, other
nachiinery and equipment, value
of farm machiinery and equipnent,
value of crop inventorics

Farm Income Situation,

July supplement,
USDA (1)54-1372)

Various issues of Farm Labor,

USDA (1945=1372)

Various Issues of Census of
Agricul ture. U, S. Depart~
ment of Commerce,

(1959, 1954, 1959, 1964)

Various issucvs of Agricultural

Statistics, USDA, (1336=1372)

USDA, unpublished




