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A Cost Function Approach to the easurement of
 
Elasticities of Factor De'iand and
 

Elasticities of Substitution
 

i. IntroducLion 

The use of a cost function rather twal a production function for estimating 

production parameters is shiown to have several riajor advantages. 

1) Homogeneity of degree one does not have Lo be imposed aln the production 

process to arrive at estimation equations. Cost functions are homogeneous in prices 

regardless of the homogeneity of the production function, uecause a doubling of all 

prices will double the costs but not affect factor ratios. 

2) In general, the estimation equations have prices as independent varialfles 

rather than factor quantities, which, at the firm or industry level, are not proper 

exogenous variaules. Enterpreneurs make decisions on factor use according to exogenous
 

prices, whicii makes factor levels endogenous decision variables.
 

3) To derive estimates in many-factor cases of elasticities of substitution 

or of factor demand, no matrix of estimates of the production function coefficients 

nas to be invested, a procedure wnich has a strong tendency to exaggerate estimation 

errors.
 

4) In the special case of me transl)y cost function (Christensen, Jorgensen 

and Lau, IdJO) to wnich the mutnod is applied, problems of neutral of non-neutral 

efficiency differences among observational units!-- (firmsor states in a cross section, 

I/A non-neutral efficiency difference in tne Ilicksian sense is one in which the 
isoquant does not shift inwards iioinotiietically, The factor ratio does not stay con
stant at constant factor price ratio. If the capital-labor ratio increases, the effi
ciency gain is labor saving. This implies that the labor share declines at a conc.ant
 
factor price ratio. Efficiency gain biases can therefore be defined as follows:
 

I < i factor i-saving
i 
- * - * * ficks factor i-neutral 

constant factor prices 3L Oi > factor i-using 

This definition is more easily iiandled in the many-factors case than the usual defi
nition in terms of marginal rates of substiLution. 
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years in a 	 time series) or of neutral and non-neutral economies of scale can be 

handled conveniently. Therefore=, these problems will not result in biased estimates 

of Lihe producti n pa ~r-u ,'.;. 	 AM%will I,! discu.%'vd, :tich dilfereii.e., Catn rc:. Lt 

from a variety of sources. Most metliods of estlimating pruduction parahieLers cannot 

handle this problem properly. 

5) In the case of tho translog cost function (as well as of the translog pro

duction function) all estimation equations are linear in logarithms. 

6) In production function estimation high multicollinearity among the input 

variables often causes problems. Since there is usually little multicollinearity
 

among factor prices tnis problem does not arise In cost function estimation. 

The plan of this paper is as follows. The second section is devoted to a deriva

tion of the Allen partial elasticity of substitution in terms of the cross derivatives
 

of the cost function. Tile results is applied to the case of the translog cost of
 

function in the rhird section. The fourth section is devoted to a discussion of 

methods to avoid problems of neutral and non-neutral efficiency differences. In 

sectionfive the translog method is used to derive estimates of elasticities of 

derived demand and of elasticities of substitition for the agricultural sector using 

U.S. cross 	section data of ne states for the years 194), 1951, !959 and 1364. 

2. 	Partial elasticities of substitution in terms 

of cost function parameters 

Corresponding 	 to the following cost minimization problems
 

n
 
min C = XIPi 	 Ci0= ,2,...n)

i=I
 

subject to Y = f(x I ,X2,. ..Xn)• 	 (2) 

x i = input 	levels,
 

Pi = factor prices, 

Y = output, 
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there exist a dual minimum cost function./
 

" 
C* = g(Y,P]"".Pn) (3)
 

This function (also called factor price frontier) assigns to every combination 

of input prices the minimum cost corresponding to the cost minimizing input levels 

C is homogeneous of degree of one in prices. If all factor prices douule the 

cost will double wnile leaving input quantities unaffected.
 

Shephard's lemma (Diewert, 1971) holds for the cost function: 

3C(I.)
 
apr Xr"
 

Let the bordered Hessian matrix of (2) be

0 fl......f 
Ifl I'l ...... fi
 

Ifn f, ..... fnn

U2j

= and fij = where fi 
axi o,,iaxj 

/

Partial elasticitis of substitution are defined by Allen as follows:}-


Xi f . .f-i)rk,(5) i_=.l 
K~r XkXr k
 

2While C of (I) is the cost of production under any feasible factor combination, 

C*: refers to tie cost of produnction when the cost minimizing input cormbination is 
used. Since tie optimal input combination is a function of the factor prices, so 
is the minimum. cost. 

31n the two factor case a different definition of the elasticity of substitution 
is usually used, which is as follows: 

d log -k
 
X
 

"k=r 

d log (-) 
Pr 

Tils definition is very cumbersome in the many-factors case (lundlak, lJ67). In 
the two-factor case 

Tkrt p li d 
Therefore tihe partial c;oncept (5) is used here. 



If 

where (f lrk is tn- rk-th elemeient 	 of f-. From (G) it is apparL.nt tnat 

Ukr 7=Ork (U) 

If estimates of ti! cue ffficients of a particular functioa Ilform of (2) are available 

tie iordereu hessian can ue computed, inverted and tLe i's found according to (.) 

for specific ijnut levels.-/ The inversion of a matrix of estimates aas, howuver, the 

tendency to ulow up estimation errors to an unknown extent and, because inversion is a 

ionlinear transformation, econometric properties of 0kr cannot be found even if such 

properties of toe production function parameters are known. 

In the case of tiL cost function estimates of 0 kr can be obtained as fullows if 

the parameters of tile function are know:n. 

n 

.rk XkXr 3praPk
 

Tis was originally proved for homorqneous production function in Uzawa (1j62).
 

Proof: The first order condition of the' cost minimizing problem (I) and (2) are:
 

f(Xi ,..., , n)-, 	 (=) 

P. -A f. i=l,...,Pi (b) 

Pi fI -

Write the total differential of the first order conuitions and rearrange the terms 

in the fdAlowing riatrix form (;lundlak 1961)
 

fl f...fndY dXX 

fI fIll ..... flII dX I dP 1 

•i fil • -111 On.(j 

Solving for the vector of endogenous variables:
 

d 	 dY
I 


f
I 

dX n ) o dP1a.0 

4t/See jrndt arid Cnrist:nsn (I.)7) for example, 

http:apparL.nt


This implies
 

Xr - (f-')rk (12) 
apk T 

= 

Substituting from (13) into (5) and substituting fi P. from (9)

A
 

SX.f. B.r E Xr 3Xr (13) 

ukr1,= r- - a ap 
I !ifi = 


rk XkXr _Pk 

viith respect to Pk'
 

Taking the derivative of (4)with changed indexes
 

32 C . Xr (14) 

arkDPr 3h, 

Combining (13) and (14) and (6) 

z X.P 2 
_ i C Q.EC.D.
 

ekr = rk = XkXr ~pr3pk 

Pk 
by k 

Multiplying and dividing (11) 

Xr
 

)
Ork =kr-(1
ak
 

=
where 'qrI ) . Pk and -k XPk is the sharc of factor k in total costs. 

wheejr =TPk r k =,p i t hes 

form of a cost function have been esti-
If the parameters of a specific functional 


usea to derive elasticities of substitution for given factor levels
mated (7) can he 

and total cos Ls.- /
 

3. The Translog Case
 

The Translog cost function is particularly useful in this context. It is written
 

as a logarithmic Taylor series expansion to the second term of a twice differentiable
 

comi/Also if ;k had been estimated in a demand for factors equation one can 

pute ork from (13). This may be particularly useful in the two factors case since 

be Because of hoinoyeneity of degree oneeien the own elasticity of demand can used. 
=
 of C*, '1ll + '112 0, and 112 = -nil can be substituted into (13).
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analytic cost function around varianle levels of I (i.e. In Y = 0, inPI 0, 

i = l,...n). Rewrite (3) in natural logaridimes 

.
In C* = f(In Y, In Pi, "'" In P.) (16). 

Denoting the first an-J second order derivatives at In () = 0 as follows: 

In C*o vo (17a) 

air, 
all 

C* 
10o 

- (17b) 

a ir,(.i vI (i = 0,...,n)(17c) 

a I.,i 1~ 
I2In C* = (ij= l,...,n) (17d) 

aln Pi ln Pjoi2 

2 Ili C* = = ,n) (l7e) 

1,i Pi 31n Y o
 

(7d) implies the symmetry consLraint 

Yij= i(18) 

Tnen the Taylor series expansion is as follows:
 

In C* = vo + vy ]l Y + E v i In Pi
i 

+ 1/2 E E Yij In Pi In Pj + Z yiy liiPi In Y 
i j y
 

+ rediiainder (19) 

-
This function 6/ is an approximation to an arbitrary analytic function. - It is a 

functional form in its own rigt if the re ainder is ricyleLtud aOnd if w'a ssume all 

01--/T;, first power terms of (19) r.nrosent a Cobb Douglas cost function. If all 
Yij and Yi were zero the production function would be Cbb Douglas as well because 
the productlon function of a Cobb Douglas cost function is Cobb Douglas and vice 
versa (Hanocl I970). 

7-6y a similar expans'on of a production function the translog proauction func
tion is found. 

In Y = o + Z wi In Xi + 1/2 E E. Tij In Xi in Xj. 
II
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This 	 latter constraint is imposed
derivatives and cross derivatives to be cunstant. 


if the parameters are estimated in regression equations.
 

,
is defineu as follows: X g(YPlt....P)
HIomogeneity in prices 


XPn)" It implies 

i 
(20)
 

E Yij U, E Yij - 0 

i j 

one 	of the production
prices does not impose nomogenei ty of degree

Homogeneity in 

on elasticities of substitution or
Ho constraints are 	 imposedfunction in inputs. 


more general than other functional forms

wliich makes the functionof factor demand, 

currently in use.
 

derivatives which, by 
The function can bu 	 estimated directly or in its first 


factor snares:
Shepard's lemma (4), 	 are 

( 	 ,.,Din 	 C: = V P. PI i i
36--. - = X 	 i 

Dln P	i aPi C*' C 

= + (i l,...,n.) (21)i Vi Yij In P 	 + Yiy In Y 

in logs and have proper exogenous varilinear
Both 	sets of estimation equations are 

/
 

to firms or an industry.
the right hand side 	if the analysis 

pertains

ables on 


We will prove that they

The Yij have little 	 economic meaning of their own. 

follows:
 
are 	related to variable elasticities of substitution and of 

factor demand as 


°iJ= aia j	 
for all ij: i~j. (22) 

= 	 I Yij + I 

translog production 	function the estimation equations are
 
Yin 	the case of the 

side. For the decision-waking
similar but with factor quantities on the right hand 

firm 	these are endogenous.
 



= ii (Yij + - ad for all i. (23) 
Ui. 

U Yij + €. for all ij: i~j. (24)
Yii 

-ii - + ai " I for all i. (25) 

Proof: 
2 In C* 3 a (Ct Pi 

Yij D)in Pi Din Pj OPj TT C 

2C P i Pi a v - ac e
- p( ~ - -C 11- OC* (296) 

-' ai OPji (C*l2 apjV 

Substituting OC* Xk from (4).
P.P 2 P.P. 

D c - _ _ 
.Jxi xj 

yij C* -PiDP 

Therefore,
 

2c * C* (yij + i cij). (27) 

api ap. Pi Pj
 

Substituting (27) into (7) 

OP i . (' i = Y + I Q.E.D. 

iJ PI Pj Xi Xj Y aiaj 

(24) follozs from (15). Toe proof of (23) is similar except that in (26') - i 

wnich accounts for -"i in equation (23). (25) follows again from (15). 

If the yij have oeen estimateu wi t equations (Li) and/or (21), and if tie 

factor shares are known, all elasticities can be estimated. Sinceaij and rQij are 

are knovn, thelinear transformations of the yij, watose econometric properties 

ecometric properties of taix elasticities are knowrn as aell. No matrix of estimates 

has to be invorted. / 

;'For estimlatingimarginal products tile cost function has LC same disadvantage 

the production function has in estimating elasticities of substitution. Estimates 



4. 	 Treatment of Neu.ral and don-Neutral 

Efficiency Differences 

If efficiency -differences exist among the observational units (states or firms 

in cross sections, yezirs in Lime series) die specification of the estimation equations 

must take account of the problem to avoid bias in estimation. 

It is best to dist;nquisni two kinds of efficiency differences: 

a) Oifforences which can be functionally related to a variable such as output 

(scale effects), a technical cnange index, time (as a proxy for tecnn*c'l chan ue) or 

education and management (the left out variables problem).
 

u) differences among cross-sectionai units arising from past differences in 

technical cange, which cannot be functionally related to a variauile. If tile cross 

sectional units nave had a different past history of technical cnange, tey are no 

longer ou the saie isuquant. This is likely to happen in many cross sections. 

Tie first case is easily handled. Let the variable Y in (Ia) and (21) stand 

for any of th,: variables whici cause the neutral and non-neutral efficiency differ

ences (output, time, teclinic31 coange indux or education). Then (1)) and (21) are 

immediately correctly specifiad, provided tOuat the variable Y changes efficiency 

at constant loyaritnic rates, and that data on the variable Y are available. As 

an example, if time series data are used for the regression and technical change 

alone causes the efficiency differences at constant logarithmic rates over time, let 

Y stand for time. Tne coefficient yy will then be an estimator of the rate of tech

nicdl change. The coefficients iY will le estii,ators of the rates of bias. If all 

YiY 	 were zero, time alone would not affect tne factor snares (2quation 21). This 

of 	its bordered liessian nave to be inverted. Since the translog cost functioll 
and tile translog production function use tic same basic data (input quantities and 
prices) it would be preferaule to estimate the u.j and .Iij using the furir function 
while using Lhu latter one for the marginal products. 
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is the definition of neutrality of footnote I. If YiY was greater then zero, the 

of factor i would rise at constant Factor prices at tile logarithmic ratesnare 

Yi Y. This would be factor i- using tecnnical change. 

If a variable causes efficiency differences oln whicn no data are available, 

the yij can still be estiimated in an unbiased way, provided the left out variaule 

affects efficiency neutrally. In tnat case all yiY are zero and (21) is still 

properly specified without data on the variable Y. But (19) is not correctly 

specifieu any more uccause yy is not zero. Therefore, the Yij parameters have 

to be estimated in (21) alone.LU/ 

In tiie next section scale effects will be assumed to be neutral. Output is 

tnerefore not included as a variable in (21). On tne other hand, technical change 

over time is assumed to oe non-neutral and time included as a variable (Y thus 

standing for time). 

Problem b/of efficiency differences among cross-sectional units can be handled
 

in the same way as toe left-out variables problems above, provided the efficiency
 

differences are neutral. The proper variable would be an efficiency index of the
 

cross-sectional units wnich is generally unknown. However, if the efficiency differ

ences are non-neutral due to biased technical change in different directions in 

previous periods, it would be necessary to know the efficiency indux and include it 

as a variable in (21). If tne index is not available but the cross-sectionai units 

can be grouped into regions, within which no non-neutral differences exist, regional 

dunmies in equation (21) will again insure unbiased estimates of the parameters of 

tne cost function, because they allow. the regions to have differing shares at equal 

factor prices. This again precudes simultaneous estimation of (17) and (1)).
 

O/lncluding education etc. in a Cobu Douglas product in function assumes that
 

tnese variaules affects efficiency of the other factors neutrally because all
 
elasticities of substitution are I.
 

http:alone.LU


The discussion of this entire section applies equally to the translog pro

duction function.
 

5. Estimation, Data aiu Conclusions 

The cost function was estimated wi tLh state data from the Uni ted States. Four 

sets of cross-sectional data were obtained for .39 states or groups of states. The 

cross sections were derived from census data and other agricultural statistics 

for the years lj4), 1)54, 19)5j, and 1UG4. The combination of cross sections over 

tine poses problems whicn are discussed below. In general, Grilicnes' (11j64) defi

nitions of factors were used. le distinguishes tne following five facLors: land, 

labor, machinery, fertilizer and all others. Intermediate inputs are included in 

this list and the function fitted corresponds to a gross output function rather 

tihan a value-added function.Li- For all data pooled the following model was fitted: 

ZI.ikt = Vi + Yij III Pjkt + 'it In t 

4 (26) 
+ E 6r dr + Fikt i = ,...,n-i, 

r=l r = ,...,n. 

wnere i and j stand for factors of production, k for state, t for time, r for groups 

of states and 

i1if k I r
dr 

J if k i r.
 

6 r is twe coefficient of non-neutral efficiency difference betweei, group r and group 

5 (Western States). One share equation has to be dropped from the model because 

only n-I equations are linearly independent due to the homogeneity constraint (20). 

In this form tne model allows for neutral efficiency differences of any kind among 

I -/Thu data are discussed in more detail in the appendix. 

http:function.Li
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states, non-neutral efficiency differences among groups of states arid non-neutral 

efficience differences over time.
 

Within each of the four cross sections (time period), tWe error, terms of tnu 

n-I estimation equations are not independent, since for each state Lite same variaules 

whi cii migot affect tc sharos in addition to the prices were left out of the m,1odel. 

If restrictions acruss equations (Gij = Y.ji) are imposed, OS usLimciturs are 110 

longer efficicnt despi tu tLc fact that all eqiJtion , contain thu -amie explanatory 

variaules on toe rigit hand side (Toeil Iil). Therefore, Lih seci ingly unrelated 

regression proble;.u applies and restricted generalized least squares (iRGLS) have to 

be applied to all equations simultaneously (Zellner 1,162, 1963, Theil U)71, Chapter 

7). 

If all four cross sections are pooled there is an addi tional problem of error 

interdependence over time. "ne correct way of handling botil problems would be to 

specify an equation for each share in each year, tlen test and impose the symmetry 

anu homogencity constraintLs and the constraints that the Yij paramUters are cunstant 

over time. This exceeded the capacity of the TTLS program. The correct procedure 

would also have required that one impose constraints of equality of the auto

correlation coefficients over time on the estiinated variance covariance matrix which 

was not possible wiitn TTLS. The following procedure was therefore adopted: The 

searci for an exact specification was done in RGLS regressions applied to the data 

of each cross section separately to avoid any biases in the tests used for this 

13/-purpose.- Once thme decision was made to use a specification includinl equations 

12/Tn, Computer Program used was Triangle Universities Computing enter: 
Two and Three Stage Least Squares, Research Triangle Partk, N.C., IJ12 (TTLS). 

13/io a priori information is available to decide which equation to drop and 
whether or not to include regional dummies. To make these decisions I was looking 
for the specification in which the imposition of the symmetry constraint yi! = Yji 
and the homogeneity constraint E yiJ = 0 led to the smallest weighted F-ratio according 

J 
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for land, labor, macninery and fertilizer, with regional dummies in all equations, 

all four cross sections were pooled and the symmetry and homogeneity constraints 

imposed in the restricted generalized least squares estimation of all four equa

tions simultaneously. Since the error interdepondence over time is neglected, the 

reported t-ratios will oe overstated to some extent,- 4 / but tile estimators are still 

unbiased. 

The results of the regressions are reported in Tables I and 2. Table I gives 

R2tile OLS single equations of the four shares equation witn ihoioyeneiLy imposed on 

-tile data. 15 Tie, R2 are not very ,oig:. 

R2 
Table 1: OLS Single Equation 

Equation Land Labor lachinery Fertilizer 

OLS R2 .68 .75 .45 .75 

to tie test static 3.6, p. 314, Tneil lV71. Since both of these constraints are 
"true" constraints, they can be used in this way to eliminate some specifications, 
although several specifications might satisfy toe constraints. A specification in 
which "otiner" inputs are excludeu and dummies added to all equations satisfied this 
criterion uesL for the four cross sections. Homogeneity was accepted at the .05 
level in all cross sections. Symr;etry was only rejected in the cross section of 
1964 with an F-ratio of 4.1) (Cr;.ical F.,) = 2.17). 

14/Despite the 5 year interval between the cross sections, error inter
dependancu over time was still quite large. Correlation coefficients of tile OLS 
errors of individual share equations between the years 1 49 and 1964 were between 
.62 and .87. To check wheter the neglect of this interdependence amonq cross 
sections had a large impact on the estimated values of the Yij the esti.,lates of 
the pooled cross sections were compared with the simple average of the estimates 
obtained in tile four cross sections individually. The differences of the estimates 
we re small. 

15/The residuals of these equations are used to estiimate the variance
covariance matrix for tne GLS rejressions. 



Table 2. 
Restricted estimates of the coefficients of the translog cost function and t-ratios- /
 

VARIABLE 

Equation 
Price Price Machinery 
of Land of Labor Price 

Fertiliz.r 
Price 

Ln 
year 

Inter-
cept 14N GR SE GSE / 

b/ 
Other-

Share of 
Land 

.07747 -.03613 
(6.02) (3.25) 

.oo478 
(.47) 

.01066 
(2.14) 

.0ov47 
(1.47) 

.2603 
(9.96) 

-.1021 
(IU.2) 

-.03)4 
(4.1) 

-.1073 
(6.9) 

-.0577 
(4.7) 

-.05678 

Share of 
Labor 

-.06367 
(3.67) 

-.00661 
(.59) 

-.023U5 
(4.97) 

-.o5482 
(9.0 ) 

.5218 
(14.91) 

.jI)4 
(1.63) 

-. ju16 
(.15) 

.0169 
(1.09) 

.o246 
(1.63) 

.13446 

Share of 
Machinery 

-.03485 
(1.31) 

-.0077 
(.97) 

.u2433 
(4.66) 

.026 
(3.46) 

-.0033 
(.41) 

.0369 
(5.08) 

-.31b6 
(1.86) 

.072 
(.73) 

.04545 

Snare of 
Fertilizer 

(Symmetric) 
.00063 
(.12) 

.0178 
(.63) 

.0745 
(5.6) 

.0104 
(2.5) 

-.0041 
(1.10) 

.0370 
(7.24) 

-. 0247 
(.49) 

.02548 

Share of 
-.14861 

Other 

a/Critical values with 578 degrees of freedom are t 0 5 
= 1.96 and t. = 1.65. F-ratios may be overstated 
due to error interdependence over time. 

b/Computed using the homogeneity constraint, not estimated.
 

C/Ma, GR, SE, GS are dummies for mixed northern agriculture, grain far,.aing states, Soutneast, and Gulf 
states respectively. 
The intercept stands for Western States and the coefficients of M:J, CR, SE, GS are
 
deviations from this intercept. 
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Front Table 2 the following conclusions emerge: 

a) Out of the tert yij only 5 are stacistically significant. This is not 

a "bad" result because yij = 0 implies that the elasticity of substitution is equal 

to the Cobb-Douglas value of I. 4ote, however, tnat when the Cobb-Douglas con

straint yij = 0 for all i, j was tested in various single cross section models, it 

was always rejected. Therefore, the conclusion is that the Cobb-Dougtlas form is 

inappropriate for aggregate production or cost function fitting. 

b) At the .05 level the coefficients of the time variable is significant in 

tile labor and machinery equations. This means that, at constant factor prices the 

factor shares would oave changed whici implies non-neutral technical enange during 

Lite period )4)to 1)64. The coefficient of time in the labor equation is -. )518. 

ilence, technical change was labor saving. On the other hand t:ie positive coefficient 

of time in twe machinery equation (+.025) implies machinery using techiuical change. 

Tihis is consistent witn tie finJings of Lianos (W)71) and .,iy own findings (Linswanger 

172). 

c) Six of tile regional dummies are significant. At equal factor prices the 

shares voulu not u% equal amtong t0e groups of states. The cofficients of tWe 

dummies in tLe land equation of all four regions is negative. Tis inplies that 

thie tecunoluyy in all req ions is land saving relative to tile Lccinology used ilt the 

tiusturn .states--,4asihington, Oregon and California. The significant po-.itiv 

coefficients in tle fertil izer equation of the dunimies for thz mixed northern 

stats and the soutneastern states would indicate that these regions usu a ,,ore 

fertilizer using technology than the western states. 

;lot too mucin siiould ou made out of these regional differences because tney may 

be due to differeti product t:ixes rather than to true technological differences in 

each production. If tney reflected product mix uifferancus, the dummies will at 

least correct for possible biases due to these differences. 



The y have little economic meaning. They are bust evaluated by Lite values 

wnich they imply for elasticities of factor demand and of subs tituion. 1 7/  The 

shares for all 33 stateS betweenvalues are computed for tile simple average of factor 

1949 and 1964. In Table 3 the elasticities are compared witl what tihey would ou 

= at equal factor soares in tile Coub-Douglas case (Yij 0). 

Tables 3 and 4 indicate tie following conclusions: 

Land demandd) All own elasticities of factor demand have the correct sign. 

inelastic. In empirical work with Cogg-Douglas production funcseems to be very 

land is usually between .15 anci .4. According to equationtions tile coefficient of 

(25) with Yij = J (tne Cobb-Douglas constraint) these values i iply land d.mand 

elasticities of -. 85 to -. 60 which is substantially higher than the elasticity 

found with tile translog cost function. 

Tlhe values of the other own demand elasticities are close to one and, except 

for fertilizer, igher than they would be in the Cobb-Douglas case. The fertiliZer 

estimate of -2.0.LuldemJand 	 is substantially less elastic than Crilicives (1959) 

e) Elasticities of suustitution and cross-elasticities of demand are posi

tive for substi tutes and negative for compleie-nts. These relationships are easier 

17/The elasticities were also computed using aggregate factor snares reported 

for tlhe years 1912, lj:)Z, 1964 and 1J6)1. wiii le differencesin binswanger (172) 
exist .ith tde values reported here tliey seemed not iportant enough to report
 

taese values. Tile main advantage of usimm,, a variable elasticity of substituLion
 
fanction ratner than a CES framework is not that, for 	observed values of shares, 

does not constrain all elasticitiestile elasticities vary widely, uut that this format 

of substitution to be equal.
 

.L/These estimates are not necessarily in conflict. 	 Grilice:is estilmates a 
if there is an inducedlong-run elasticity in a time series. This implies that, 

due to 	a fall in the price of fertilizer, ills price refertilizer-using innovation 
sponse picks up part of tloe adjustment due to the technical change. This is what 

happened in U.S. agriculture (binswanger 1)72). Since the inclusion of the time vari

anle in 	our regression equations picks up tne influer,ce of technical clango, the 
change 	 influence.estimal.es presented nere are net of any technical 

http:estimal.es
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Table 3. 
Factor demand arid cross uemand elasticities' implied in tile 
estimated -(ij and the standard errors around their value in 
the Cobb-Douylas caseb 

lachi n- FerL-

Landld Labor. _cry ilizer Other 
Lstiiated Transloq. valuusc 
Land -.33 6 .0613 .I 7J2 .Io62 -. 0112 

(.09 (.7) (.o7) (.J3) 
Laoor .O33Q

(.o4) 
-.J109

(.o~051 .1256 
.j4) (.)2 ) 

U.Ob77.3122 

ilactinery .1833 
(.-)7) 

.256c 
(.08) 

-I.0886 
. ) 

-. )2.")
(. ) 

.6733 

Fertilizer .4508 - if376 -.0)jI -.4o4..2 1.081 
(.(.O) (.30) (.16) 

Otmer -.u046 .66 0 .2720 .1053 -1.0417 

Cobb-bouglas valu.s for comp'arison e 

Land -.6431 .3003 .1475 .0356 .j;i).2 
Lauor .1030 -.6932 .1475 .03g. .3,5j2 

Fer ti Iizer .150) .3J08 -.3525 .036 .352 

iac: inery .15j .308s .147b -.)644 .36,2 

0ther .150, .3303 •lC .03 6 -.6343 

aiach element in Lhe tabl] is La elasticity uf d nanid for the input 
in tLe row aft..r a pricu change of the input in the colurin. These elas
ticities are not symicetric. 

OThe shares used are the samie as for the Cobb-DougIas '1i. 

Ii ii 

fnij = ,j, :lii i - I. 



Tanle 4. 	Estioaates of tv partial elasticities of substitution and standard 
errors with resject to the valie of +1 (Cobb-Douglas :ase)a/ 

tIJc i -7 Fert-
Land Labor cry i Iizer Other 

Lan6 -2.225 .204 1.2152.381 -.J31 

(.57) (.24) (.46) (.93) 

Labor -3.028 .351 -1.622 2.224 
(.19) (.25) (.53) 

Mtacn i ne ry -7.37b -, 72 1.44 
Syo ae tri c (1.22) (1.71) 

Fertilizer 	 -26.573 2.961
 
(4.61)
 

Uther -2.052
 

a = Yij + 1 , = -- (Yi + i2 _ i)IJj CAiLC
 ii 


The elasticities uf sabstLit:tion are syiinetric.
 
Tue own elasticity of substitution nas little economic wleaning except that it has
 
to obey the constraint 2.a.. oij = 0.
 

j J 

evaluatcd by the clasticities of substitution in table (4) tnan tht: cross

elasticitius of Jemand because the latter reflect the rI.lative iimportance (shiare) 

of a factor while t:ie foarer do not. CoIplrlcn tari ty seur is Lu exist bc tween the 

labor-fertilizer pair, the nachinery-fertilizer pair and the land-other inputs 

pair. That tie first two pairs should be bad sub, titutes coi,:s a,; o surprise but 

the significant corplementarity of the labor-fertili:'.r pair was not expecteJ. The 

elasticity of suostitution between machinery and fertilizer is not significantly 

different fro:- zuro. Hunce that complementarity mijnt be spurious. lihe value for 

tie land-other inputs pair is very small and probably not significantly different 

from zero. 
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Th. bast substi tuaui Ii ty relation exists between la.nd and fertil ier, which 

1ias epected. It t.as a surpr ise!, h*wcvr..r, to find L,,:L ,vcim,:ry i S . -L t- s jsLi

L~u ,or i aid an for la, r (.IL o, JA thec . ry-l .&ir Zi a!,LiciLy falls ji th in 

une SLa;.,..iru deviatio- of thfe 1ind-labor :-IasLicity, so that tlmcru is tv sLa LisLical 

di fferencu) . IvCltic elasticity wure oVer-usLimdLed Lu bCjIItf maciiinery-land 

extent tae finding sSIould cast doubt ,-n tine notion that one can dichLo. r 

cultural technology in a,.-coattical technology whi cls acts cxcltisively as a laLor 

substitutu and uiological technology whiico acts exclusively as a land subsLitite.! J 

Tne small elasticity of sub'stitution oetween land and lauor was expecteu. 

Overall twe result seems to be reasonable and show that cost Functions in 

general and toe translog cosc function in particular lead to valuable metiods of 

production parae ter es timat ion. 

L-/Tnis idea is put forward in Ilayami and ltuttan (1,72). 
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APPE;IDIX 

VARIAoLL CONSTRUCTIONI AUL DATA SOURCLS
 

For the 39 states and groups of states (see Table DI) aggregate input 

quanticy data and expenditure data were derived.
 

IQIuanti ty Data
 

Except for "other" inputs, the quanti ty data were taken from Fishelson (1968), 

who used Griliches (062) data with some changs. His discussion of Lhe coll

struction of the variable. is reproduced ivre: 

"iaterial Inputs 

... Land. In tnu U. S. Census of Agriculture (U. S. Bureau of the 
Census, T952, 1956, 1)62 and 190"), the average valuc of land and buildings 
per farm in eacil state was reported. However, the land value represented 
not only the value of land to agricultural production but also included 
the site value of land. The value of buildings included both farm struc
tures and dwellings. hnence, census data on value of land and buildings 
were inadequate for Gie purposes of this study. To measure land by tWe 
nurnuer of acres per farh (giving eacn acre a value of one) is also in
adequate because of tLe diversity of soil quality, fertility and uses. 

In this study the weighting procedure for measuring land value was 
oased on a study by Hoover (1)61). The value of each acre in each state 
at each cross section was measured by its )i40 price relative to that of an 
acre of pasture in tine corresponding state. The value of an acre of pasture 
in each state in 1949 was calculated by dividing tfie total value of land 
in 1941J uy the number of pasture equivalent units of the land in 1J4'i. This 
value of an acre uf pasture ,/was kept constant over time. Since all prices 
were deflated to tne I9Ae) price level in tis study, the value of an acre 
of pasture in 1)4J was also adjusted to tile 1949 price levl. The de
flator used was total value of land in Lie United States agriculture sector 
in 194 , i.e., the value of agricultural land in Il4) rmeasured in I1,10 
relative land'prices ratio. Tne ratio was 2.2. The use of this method 
provided a measure of t'ie stock of land in constant prices. According to 
this mnetnod, changes iii the stock of land occurred only because of changes 
in the number of acres or their use. The stock of land was unaffected by 
changes in prices of agricultural products, site effects, or government 
prog rams.
 

"eop'l1 



Table D.1. Listing of states and their grouo)s 

State %o. Listil.q of states and their groups Groupa 

Maine, Nlew Hlampshire, Vermont, Massachusetts, 1114 
Rhode Island and Connecticut 

2 4Jew York 1,1:4 
3 N1ew Jersey AII 
4 Pennsylvania M 
5 Ohio ;AN 
6 Indiana 'Md 
7 Illinois GR 
U :ichigan fill 
9 
10 

Wisconsin 
14 i neso ta 

"Ill 
G R 

i Iowa GR 
12 '1issouri GP 
13 ;ortih Dakota GR 
14 South Uakota GR 
15 ievada Git 
G Kansas GR 
7 Delaware, 1aryland SE 

l8 Virginia SE 
19 West Virginia 

23 ;orth Carolina SE 
21 South Carolina SE 
22 aeorgia SE 
23 Florida SE 
24 Kentucky AN 
25 Tennessee "i!N 
26 Alabama SL 
27 :tississippi Gs. 
23 Arkansa., as 
2: Louisiaiia 
30 Ok I ahoma (IS 
31 Texas GS 
32 Mon tana ' R 
33 
34 

Idaho 
Wyoming, ULan, devada 

MW 
1W 

35 Colorado GR 
36 Nevi lexi co, Arizona .Vl 
37 '1ash i Uo1 0W eg 
33 Oregon best CoPY 
3) California :1W 

a.'1 4 Mixed agriculture, north 
GR Grain farrning 
SL South Last 
GS Gulf States 
MW ;iixed agricul Lure, wust 
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Labor. The labor input was measured ;n physical flow units aefined as 
the number of days worked per farm per year. The labor input was obtained 
from three sources, operator's labor, labor of other family members and 
unpaid workers, and hired labor. Physical labor was adjusted for age (.6 for 
operators above 55) and for labor supplied by other family members (.65).
 
rio adjustments were iiade for changes in labor's quality.
 

Tile computational equation for labor is given in Grilicoes (1964, p. 7/).
 

:iactinery. ihe rachinery variable was a measure, in constant prices,
 
of Lte cost of Lth-flow Lof services obtained through tihe usu of farri 
machinery and equi p ,If t. Tho varaole,, wua the sum of deflated expenditurus 
on r air, .,. c.'L,, (1 .,'i=l)) i3nd I'd purcent of th,-stock valuz (after 
a:'ijusLinj to 1 Prices) (f ri.achinery and equipmeit on fans. Tie latter 
itui was an attempt to appruximate machinery services by the costs of 
interest and depreciaLion assuming a constant proportion, over states and 
time, between the stock value and the flow of services. 

Fertilizer. Thc fertilizer input was defined to be the weighted sun 
of the quani ty of plan nutrients. Tile ntutrients are nitrogen (N), phosphoric 
acid (P2 05-) and potas (K20). The weights were their 1955 re'ative prices 
or 1.62, .93 and .45, respectively (Griliches, 1)64, p. 967). Thus, the 
fertilizer input was measured in equivalent tons pzr year, i.e., a flow 

measure. This measure provided a more accurate estimate of thl real input 
than a cost measure because of the declining price per unit of nutrient 
over time and the changing nutrient content per ton of fertilizer over 
s3tates." 

Tile only change which was made in these quantity data was that, whenever 

quantities per farm were used, the farm number was taken from the Census of 

Agriculture (U.S. Department of Commerce, 1950 - 1964), rather than froii Farri 

Labor (U. S. Department of Agriculture, 1945 - 1372). 

Otlher Inputs: Since expenditre data corresponding to Fshelson's quantity 

data could not be constructed, new quantity data were defined as follows: They
 

are the sum of tile explicit and implicit annual expenditures on all other material
 

inputs used in production. The explicit expenditures were tile cash expenditures
 

on purchase of livestock, poultry, feed, seedi, plants and bulbs, operation and
 

repairs of farm structures and other miscellaneous costs. The implicit expenditures
 

were 3 percent interest on livestock and crop inventories, depreciation (i.2'%)and
 

I-ReprodUcop . 
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interest (:;%) on Lhu value of farm structures, and thu share of real estate taxes 

falling on buildings. Eacn of the expenditures was separately deflated to its
 

lJ4j price level .o arrive at a quantity measurement (for taxes the "igricultural 

vl.!tput price index was used.) 

Expenditures and Factor Shares: 

The expenditure variables were defined, as far as possible, to cr)rrespond to 

tie quantity variables. EX'oenditure shares were obtained by dividing the expendi

tures through the sum of the expenditures. 

Land: Expenditures on land is simply 6 percent of the value of land plus the 

share of real estate taxes falling on land.
 

LaLor: Expenditures for labor is the number of man days of labor from 

Fishelson (168) multiplied by a daily wage rate without room and board (Farl 

Lauor, U)45-1972). This assumes that the opportunity cost of farm operators is 

thu wage rate which they could earn as workers on other farms. 

Machinery: Expenditures are assumed to be 15 percent of the value of farm 

macninery and equipment for interest and depreciation plus the current expenditures 

for operation and repair of machinery and equipment. 

Fertilizer: Fertilizer expenditures are directly reported by the U.S.D.A.
 

Other Expenditures: These expenditures were computed exactly as the quantity, 

except that the individual items were not deflated. Aggregate expenditures esti

mated in this way had a tendency to exceed aggregate income by up to ten percent. 
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Prices: 

Prices were taken to be the expenditures divided by the quantities. They 

were then deflated to the 1941) price level using the U.S. Agricultural output 

price index. :,ate tliaL this procedure implies that the price of other inputs 

is equal to one for all states in the year 49. Table D2 lists all the data 

sources.
 

Taule D2. Sources for the cross section data 

Variables 
 Source
 

Farm income, change in inventories, Farm Income Si tuation, 
rental value of dwellings, all July supplement, 
explicit current operating USDA (1354-1372)
 
expenditures
 

Annual average daily wage rate Various issues of Farm Labor, 
without board or room USDA (1945=1972) 3 

Farm number Various Issues of Census of 
Agriculture. U. S. Depart
ment of Commerce, 
(1930, 1954, 1959, 1964) 

Input and output price indexes Various issues of Agricultural 
Statistics, USDA, (j36-1372) 

Repairs and operation of farm USDA, unpublished 
dwellings and service structures,
 
depreciation of dwellings, service
 
buildings, i.b)tor vehicles, other
 
tachinery and equipment, value
 
of farm maciiinery and equipment,
 
value of crop inventories
 


